arXiv:0706.0768v1 [quant-ph] 6 Jun 2007

Yukawa Institute Kyoto DPSU-07-1 YITP-07-26

arXiv:0706.0768

June 2007

Exact Heisenberg operator solutions for multi-particle quantum mechanics

Satoru Odake^a and Ryu Sasaki^b

a Department of Physics, Shinshu University, Matsumoto 390-8621, Japan b Yukawa Institute for Theoretical Physics, Kyoto University, Kyoto 606-8502, Japan Abstract Exact Heisenberg operator solutions for independent ‘sinusoidal coordinates’ as many as the degree of freedom are derived for typical exactly solvable multi-particle quantum mechanical systems, the Calogero systems based on any root system. These Heisenberg operator solutions also present the explicit forms of the annihilation-creation operators for various quanta in the interacting multi-particle systems. At the same time they can be interpreted as multi-variable generalisation of the three term recursion relations for multi-variable orthogonal polynomials constituting the eigenfunctions.

1 Introduction

Modern quantum physics is virtually unthinkable without annihilation-creation operators, which are defined as the positive/negative energy parts of the Heisenberg field operator solutions of a free field theory, an infinite collection of independent harmonic oscillators. These annihilation-creation operators map an eigenstate of a free Hamiltonian into another, but not connecting those of a full theory. Our knowledge of the Heisenberg operator solutions of a full interacting theory, on the other hand, is quite limited in spite of the central role played by the Heisenberg operator solutions in field theory in general. In the so-called exactly solvable quantum field theories, factorised S-matrices and some of the correlation (Green’s) functions are the highest achieved points up to now.

Following our embryonic work [1] on the construction of exact Heisenberg operator solutions for various degree one quantum mechanics, we present in this paper a modest first step in the quest of deriving exact Heisenberg operator solutions for a family of interacting multiparticle dynamics. These are the Calogero systems [2], which are integrable multi-particle dynamics based on root systems. For the theories based on the classical root systems, the A, B, C and D series, the number of particles can be as large as wanted, but not infinite as in field theories. A complete set of exact Heisenberg solutions for ‘sinusoidal coordinates’ [1, 3], as many as the degree of freedom, is derived elementarily in terms of the universal Lax pair [4, 5, 6], which is a well-established solution mechanism for classical and quantum Calogero-Sutherland-Moser systems [2, 7, 8] based on any root system [9]. Explicit forms of various annihilation-creation operators are obtained as the positive/negative energy parts of the Heisenberg operator solutions. They map an eigenvector of the full Hamiltonian into another. These sinusoidal coordinates and the corresponding annihilation-creation operators provide multi-variable generalisation of the three term recursion relations [1] of orthogonal polynomials constituting the eigenfunctions of the Calogero Hamiltonian.

This paper is organised as follows. In section two, the rudimentary facts and notation of Calogero systems based on any root system are recapitulated together with the universal Lax pair matrices. In section three the complete set of exact Heisenberg operator solutions is derived quite elementarily based on generating functions constructed from the universal Lax matrices. Remarks on the special features of the D-type theories are given at the end of the section. The final section is for a summary and comments for further research. The Appendix gives the list of the preferred sets of weight vectors for explicit representations of Lax matrices based on the exceptional and the non-crystallographic root systems.

2 Calogero Systems

In this paper we will derive exact Heisenberg operator solutions for the Calogero systems. They are one-dimensional multi-particle dynamics with inverse (distance)^2 potential inside a harmonic confining potential. They have a remarkable property that they are exactly solvable at the classical [10] and quantum [2, 6] levels. The exact quantum solvability has been shown in the Schrödinger picture, as the entire energy spectrum is known and the corresponding eigenfunctions can be constructed explicitly by a finite number of algebraic processes (the lower triangularity of the Hamiltonian in certain basis) [6]. The exact quantum solvability in the Heisenberg picture of the Calogero systems will be demonstrated in the next section by constructing the explicit Heisenberg operator solutions for the independent ‘sinusoidal coordinates’ as many as the degree of freedom. Let us briefly recapitulate the essence of the quantum Calogero systems [2, 6] together with appropriate notation necessary in this paper.

2.1 Quantum Hamiltonian

A Calogero system is a Hamiltonian dynamics associated with a root system [4, 9] Δ of rank r, which is a set of vectors in R^r with its standard inner product. Its dynamical variables are the coordinates {q_j } and their canonically conjugate momenta {p_j}, satisfying the canonical commutation relations^1:

[q_j , p_k] = iδ_{jk}, [q_j , q_k] = [p_j , p_k] = 0, j, k = 1, . . . , r. (2.1)

These will be denoted by vectors in R^r ,

q^{def}= (q_1, . . . , q_r), p^{def}= (p_1, . . . , p_r), p · q^{def}= r∑ j=1 p_j q_j, p^{2 def}= r∑ j=1 p^2_j , q^{2 def}= r∑ j=1 q^2_j . (2.2)

The momentum operator p_j acts as a differential operator p_j = −i ∂ ∂q_j , j = 1, . . . , r. The ‘factorised’ Hamiltonian is

H(p, q)^{def}= 1 2 r∑ j=1 ( p_j − i ∂W ∂q_j )( p_j + i ∂W ∂q_j ) , (2.3)

= 1 2 p^2 + ω^2 2 q^2 + 1 2 ∑ ρ∈Δ_+ g_{|ρ|}(g_{|ρ|} − 1)|ρ|^2 (ρ · q)^2

− E_0, (2.4)

W (q)^{def}= − ω 2 q^2 + ∑ ρ∈Δ_+ g_{|ρ|} log |ρ · q|, g_{|ρ|} > 0, ω > 0. (2.5) The summation is over the set of positive roots Δ_+, with Δ = Δ_+ ∪ (−Δ_+). The real positive coupling constants g_{|ρ|} are defined on orbits of the corresponding Coxeter group, i.e.

1 For the A-type theory, it is customary to consider A_{r−1} and to embed all the roots in R^r . This is accompanied by the introduction of one more degree of freedom, q_r and p_r. The genuine A_{r−1} theory corresponds to the relative coordinates and their momenta, and the extra degree of freedom is the center of mass coordinate and its momentum.

they are identical for roots of the same length. The Hamiltonian is invariant under the finite reflection group (Coxeter group, or Weyl group) generated by the set of roots Δ: H(s_α(p), s_α(q)) = H(p, q), ∀α ∈ Δ, (2.6) with the reflection s_α defined by

s_α(x)^{def}= x − (α^∨ · x)α, ∀x ∈ R^r , α^{∨ def}= 2α/|α|^2. (2.7)

Obviously the Heisenberg equations of motion for the coordinates {q_j} are trivial i[H, q_j ] = d dt q_j = p_j , j = 1, . . . , r, (2.8)

whereas those for the canonical momenta {p_j } have the same form as the Newton equations:

d^2 dt^2 q_j = d dt p_j = i[H, p_j ] = −ω^2q_j + ∑ ρ∈Δ_+ g_{|ρ|}(g_{|ρ|} − 1)|ρ|^2ρ_j (ρ · q)^3 , j = 1, . . . , r. (2.9)

The hard repulsive potential ∼ 1/(ρ · q)^2 near the reflection hyperplane H_ρ^{def}= {q ∈ R^r | ρ·q = 0} is insurmountable at the quantum level as well as the classical. Thus the motion is always confined within one Weyl chamber. This feature allows us to constrain the configuration space to the principal Weyl chamber (Π: set of simple roots)

P W^{def}= {q ∈ R^r | α · q > 0, α ∈ Π}, (2.10)

without loss of generality.

The positive semi-definite form of the factorised Hamiltonian (2.3) simply allows the determination of the ground state wavefunction:

Hϕ_0(q) = 0, ϕ_0(q)^{def}= e^{W (q)} = ∏ ρ∈Δ_+ |ρ · q|^{g|ρ|} · e^{− ω2 q2} , (2.11)

which is real and obviously square integrable ∫ P W ϕ^2_0(q) d^rq < ∞. (2.12)

The constant part E_0 of the Hamiltonian (2.3) is usually called the ground state energy

E_0^{def}= ω (r 2 + ∑ ρ∈Δ_+ g_{|ρ|} ) . (2.13)

The excited energy spectrum is integer spaced and is independent of the coupling constants {g_{|ρ|}} [6]: Hϕ_n(q) = E_nϕ_n(q), n^{def}= (n_1, . . . , n_r), n_j ∈ N^{def}= Z_{≥0}, (2.14)

E_n^{def}= ωN_n, N_n^{def}= r∑ j=1 n_j f_j . (2.15)

Here {f_j } are the integers related to the exponents {e_j} of Δ:

f_j^{def}= 1 + e_j . (2.16)

They indicate the degrees where independent Coxeter invariant polynomials exist. The set of integers F_Δ^{def}= {f_1, f_2, . . . , f_r} (2.17) is shown in Table I for each root system Δ. Δ F_Δ Δ F_Δ A_{r−1} {2, 3, . . . , r, 1} E_8 {2, 8, 12, 14, 18, 20, 24, 30} B_r {2, 4, 6, . . . , 2r} F_4 {2, 6, 8, 12} C_r {2, 4, 6, . . . , 2r} G_2 {2, 6} D_r {2, 4, . . . , 2r − 2, r} I_2(m) {2, m} E_6 {2, 5, 6, 8, 9, 12} H_3 {2, 6, 10} E_7 {2, 6, 8, 10, 12, 14, 18} H_4 {2, 12, 20, 30} Table I: The set of integers F_Δ = {f_1, f_2, . . . , f_r} for which independent Coxeter invariant polynomials exist.^2

Excited states eigenfunctions have the following general structure:

ϕ_n(q) = ϕ_0(q)P_n(q), (2.18)

in which P_n(q) is a Coxeter invariant polynomial in {q_j} of degree N_n.

2 For A_{r−1} root system, f_r = 1 corresponds to the degree of freedom for the center of mass coordinate. The B_r and C_r Calogero systems are equivalent.

2.2 Quantum Lax Pair

The derivation of the Heisenberg operator solutions depends heavily on the universal Lax pair which applies to any root system. The universal Lax pair operators [5, 6] are

L(p, q)^{def}= p · Ĥ + X(q), X(q)^{def}= i ∑ ρ∈Δ_+ g_{|ρ|} (ρ · Ĥ) ρ · q ŝ_ρ, (2.19)

M(q)^{def}= − i 2 ∑ ρ∈Δ_+ g_{|ρ|} |ρ|^2 (ρ · q)^2 ŝ_ρ + i 2 ∑ ρ∈Δ_+ g_{|ρ|} |ρ|^2 (ρ · q)^2

× I, (2.20)

in which I is the identity operator and {ŝ_α : α ∈ Δ} are the reflection operators of the root system. They act on a set of R^r vectors R^{def}= {μ^{(k)} ∈ R^r | k = 1, . . . , d }, permuting them under the action of the reflection group. The vectors in R form a basis for the representation space V of dimension d. The operator M satisfies the relation [5, 6] ∑ μ∈R M_{μν} = ∑ ν∈R M_{μν} = 0, (2.21)

which is essential for deriving quantum conserved quantities and annihilation-creation operators. The matrix elements of the operators {ŝ_α : α ∈ Δ} and {Ĥ_j : j = 1, . . . , r} are defined as follows:

(ŝ_ρ)_{μν}^{def}= δ_{μ,sρ(ν)} = δ_{ν,sρ(μ)}, (Ĥ_j)_{μν}^{def}= μ_jδ_{μν} , ρ ∈ Δ, μ, ν ∈ R. (2.22)

The Lax equation i[H, L] = d dt L = [L, M] (2.23) is equivalent to the Heisenberg equation of motion for {q_j } and {p_j } for the Hamiltonian (2.4) without the harmonic confining potential, i.e, ω = 0. It should be emphasised that the l.h.s. of (2.23) is a quantum commutator, whereas the r.h.s. is a matrix commutator as well as quantum. The full Heisenberg equations of motion with the harmonic confining potential read i[H, L^±] = d dt L^± = [L^±, M] ± iωL^±, (2.24) in which M is the same as before (2.20), and L^± and Q are defined by

L^{± def}= L ± iωQ, Q^{def}= q · Ĥ, (L^+)^† = L^−, (2.25) with L, Ĥ as earlier (2.19), (2.22). One direct consequence of the Lax pair equation (2.24) is the existence of a wide variety of quantum conserved quantities: d dt Ts(L^{ϵ1} L^{ϵ2} · · · L^{ϵk} ) = 0, ϵ_j ∈ {+, −}, ∀k ∈ 2N, k∑ j=1 ϵ_j = 0, (2.26)

in which Ts(A) denotes the total sum of a matrix A [5, 6] with suffices μ, ν ∈ R:

Ts(A)^{def}= ∑ μ,ν∈R A_{μ ν} . (2.27)

This is a simple outcome of the property (2.21) of the matrix M [5, 6, 11, 12]. The quantum conserved quantities are the simplest example of more general results:

i[H, Ts(L^{ϵ1} L^{ϵ2} · · · L^{ϵk} )] = d dt Ts(L^{ϵ1} L^{ϵ2} · · · L^{ϵk} ), ∀k ∈ N, = iωm Ts(L^{ϵ1} L^{ϵ2} · · · L^{ϵk} ), k∑ j=1 ϵ_j = m. (2.28)

In other words, Ts(L^{ϵ1} L^{ϵ2} · · · L^{ϵk} ) shifts the eigenvalue of H by m unit (or, ωm) when it acts on any eigenstate of H. Namely such operators are all candidates of annihilation-creation operators for H: e^{iHt} Ts(L^{ϵ1} L^{ϵ2} · · · L^{ϵk} )e^{−iHt} = Ts(L^{ϵ1} L^{ϵ2} · · · L^{ϵk} ) e^{iωmt}, k∑ j=1 ϵ_j = m. (2.29)

Note that the order of L^+ and L^− is immaterial.

The results and statements in this subsection are universal, i.e. they are valid for any root system Δ and for any choice of the Lax pair matrices, i.e. the choice of R. For deriving the explicit forms of the Heisenberg operator solutions, however, it is convenient to choose as R the set of the least dimensions for each Δ. For the classical root systems, A, B and D, they are the set of vector weights^3:

A_{r−1} : R^{def}= {e_1, e_2, . . . , e_r}, d^{def}= #R = r, (2.30) B_r, D_r : R^{def}= {±e_1, ±e_2, . . . , ±e_r}, d^{def}= #R = 2r, (2.31)

in which {e_j} are the orthonormal basis of R^r , e_j · e_k = δ_{j k}. We list in the Appendix the preferred choice of R for the exceptional and the non-crystallographic root systems.

3 To be more precise, for B_r they should be called the set of short roots.

3 Exact Heisenberg Solutions

Now let us proceed to derive the explicit Heisenberg operator solutions for various ‘sinusoidal coordinates’ [1, 3] as many as the degree of freedom. For simplicity of presentation, let us fix the angular frequency of the harmonic confining potential as unity, ω = 1 hereafter. We have already known one exact Heisenberg operator solution. In [1] it was shown that the quadratic invariant η^{(1)} ∝ q^2 = r∑ j=1 q^2_j (3.1)

is the simplest sinusoidal coordinate:

[H, [H, η^{(1)}]] = 4(η^{(1)} − c_1H − c_2), c_1, c_2 : const, (3.2)

where c_1 is given by η^{(1)} = c_1q^2 and c_2 = c_1E_0. As shown in [1] the exact Heisenberg solution

e^{iHt} η^{(1)} e^{−iHt} (3.3)

is easily evaluated. It should be noted that any root system has a degree 2 Coxeter invariant 2 ∈ F_Δ (Table I), which is proportional to η^{(1)}. In fact, η^{(1)} is a sinusoidal coordinate [1] for a Hamiltonian H_{ge} more general than the Calogero system; a general homogeneous potential of degree −2 within a confining harmonic potential [13]:

H_{ge} = 1 2 r∑ j=1 (p^2_j + q^2_j ) + V (q), r∑ j=1 q_j ∂ ∂q_j V (q) = −2 V (q), (3.4)

which satisfies [H_{ge}, [H_{ge}, q^2]] = 4(q^2 − H_{ge}).

For the Calogero system based on any root system Δ, we will derive the explicit forms of the Heisenberg operator solutions: e^{iHt} η^{(j)} e^{−iHt}, j = 1, . . . , r, (3.5) for a complete set of sinusoidal coordinates defined by

{η^{(1)}, η^{(2)}, . . . , η^{(r)}}, η^{(j) def}= Ts(Q^{fj} ) = Tr(Q^{fj} ), f_j ∈ F_Δ. (3.6)

In (3.6), the matrix Q (2.25) is diagonal therefore its total sum (Ts) is the same as the trace (Tr). Let us note that any Coxeter invariant polynomial in {q_j } can be expressed as a polynomial in {η^{(1)}, η^{(2)}, . . . , η^{(r)}}. It is easy to verify η^{(1)} ∝ q^2 for an root system. The higher sinusoidal coordinates for the classical root systems are: A_{r−1} : η^{(k)} ∝ r∑ j=1 q^{k+1}_j , k = 1, . . . , r − 1; η^{(r)} ∝ r∑ j=1 q_j , (3.7)

B_r, D_r : η^{(k)} ∝ r∑ j=1 q^{2k}_j , k = 1, . . . , r, (3.8) except for η^{(r)} for D_r which reads η^{(r)} ∝ r∏ j=1 q_j . (3.9)

See the remark at the end of the section. As shown in Table I, all the integers {f_j} are even for B_r and D_r, except for f_r = r for odd r of D_r. This is also related to the fact that Tr(Q^{2l+1}) = r∑ j=1 q^{2l+1}_j + r∑ j=1 (−q_j )^{2l+1} = 0,

for the Lax operators based on the vector weights (2.31).

The sinusoidal coordinates take various different forms for the exceptional and noncrystallographic root systems. Note that the overall normalisation of {η^{(k)}} is immaterial.

The derivation of exact Heisenberg operator solutions is quite elementary. Let us introduce a generating function of the total sum of the homogeneous polynomials in L^+ and L^−:

G^{(j)}(s)^{def}= Ts ( (L^+ + s L^−)^{fj} ) , s ∈ C , f_j ∈ F_Δ, (3.10) which is a polynomial in s of degree f_j

G^{(j)}(s) = f_j∑

l=0 b_{fj ;fj −2l} s^l, b^†_{fj ;l} = b_{fj ;−l}. (3.11) The coefficient b_{fj ;fj −2l} is the total sum of a completely symmetric product consisting of f_j − l times L^+ and l times L^− and it can be explicitly evaluated. As shown in (2.29), we obtain e^{iHt} b_{fj ;fj −2l} e^{−iHt} = b_{fj ;fj −2l} e^{i(fj −2l)t}. (3.12) Namely b_{fj ;fj −2l} is either an annihilation operator (l > f_j /2) being the positive energy part or a creation operator (l < f_j /2) being the negative energy part or a conserved quantity (l = f_j /2), the constant part. The conserved quantities are in general not in involution [b_{fj ; 0}, b_{fk; 0}] ≠ 0, j ≠ k. (3.13)

On the other hand, for s = −1 we obtain

L^+ − L^− = 2iQ and G^{(j)}(−1) = (2i)^{fj} Ts(Q^{fj} ) = (2i)^{fj} η^{(j)} = f_j∑

l=0 (−1)^l b_{fj ;fj −2l},

η^{(j)} = (2i)^{−fj} f_j∑

l=0 (−1)^l b_{fj ;fj −2l}. (3.14)

Thus we arrive at the main result of the paper; the complete set of exact Heisenberg operator solutions for the ‘sinusoidal coordinates’ {η^{(j)}}:

η^{(j)}(t)^{def}= e^{iHt} η^{(j)} e^{−iHt} = (2i)^{−fj} f_j∑

l=0 (−1)^l b_{fj ;fj −2l} e^{i(fj −2l)t}, j = 1, 2, . . . , r. (3.15)

This clearly shows that η^{(j)}(t) is a superposition of various sinusoidal motions. The trivial fact that these ‘sinusoidal coordinates’ commute among themselves

η^{(j)}η^{(k)} = η^{(k)}η^{(j)}, j ≠ k = 1, . . . , r (3.16)

is translated into the commutation relations among the annihilation-creation operators ∑ l,m l+m:fixed [b_{fj ;fj −2l}, b_{fk;fk−2m}] = 0. (3.17)

Among the annihilation-creation operators belonging to η^{(j)}, the two extreme ones corresponding to l = 0 and l = f_j have a special meaning. They consist of L^+ (L^−) only

b_{fj ;fj} = Ts ( (L^+)^{fj} ) , b_{fj ;−fj} = Ts ( (L^−)^{fj} ) , b^†_{fj ;fj} = b_{fj ;−fj} (3.18) and commute among themselves [b_{fj ;fj} , b_{fk;fk} ] = 0, [b_{fj ;−fj} , b_{fk;−fk} ] = 0, j, k = 1, . . . , r, (3.19) as is clear from (3.17). These special annihilation-creation operators have been known for some time [6, 9, 12, 14].

Since the l-th term in (3.15) is annihilated by d/dt − i(f_j − 2l), we obtain a linear differential equation with constant coefficients satisfied by η^{(j)}(t): f_j∏

l=−fj step 2 ( d dt − il ) · η^{(j)}(t) = 0. (3.20)

Equivalently this can be rewritten as f_j∏

l=−fj step 2 ( ad(H) − l ) · η^{(j)} = 0. (3.21)

Here ad(H) denotes a commutator ad(H)X^{def}= [H, X] for any operator X. For even f_j case, the factor d/dt − i(f_j − 2l) for l = f_j /2 could be omitted as it annihilates the conserved quantity. Then we obtain a differential equation of order f_j f_j∏

l=−fj ,≠0 step 2 ( d dt − il ) · ( η^{(j)}(t) − 2^{−fj} b_{fj ; 0} ) = 0, (3.22) f_j∏

l=−fj ,≠0 step 2 ( ad(H) − l ) · ( η^{(j)} − 2^{−fj} b_{fj ; 0} ) = 0, (3.23)

instead of f_j + 1 for odd f_j case. In [1], for a wide class of solvable quantum systems with one degree of freedom, we discussed the ‘closure relation’

[H, [H, η]] = ηR_0(H) + [H, η]R_1(H) + R_{−1}(H) (3.24)

with R_i(H)^† = R_i(H). By introducing α_±(H) as R_1(H) = α_+(H) + α_−(H) and R_0(H) = −α_+(H)α_−(H), this closure relation is rewritten as ( ad(H) + α_+(H) )( ad(H) + α_−(H) )( η + R_0(H)^{−1}R_{−1}(H) ) = 0. (3.25)

Eqs. (3.21) and (3.23) are multi-particle generalisation of this relation.

When a sinusoidal coordinate η^{(j)} is multiplied to an eigenvector ϕ_n of H,

(2i)^{fj} η^{(j)}ϕ_n = f_j∑

l=0 (−1)^lb_{fj ;fj −2l} ϕ_n, (3.26)

the l-th term belongs to the eigenspace of H with the eigenvalue E_n + f_j − 2l. Thus these f_j + 1 terms are all orthogonal to each other. This is a multi-variable generalisation of the three-term recursion relation of the orthogonal polynomials of one variable [1]. Through a similarity transformation in terms of the ground state wavefunction ϕ_0(q) (2.11), let us define L̃^{def}= ϕ^{−1}_0 ∘ L ∘ ϕ_0, L̃^{± def}= ϕ^{−1}_0 ∘ L̃^± ∘ ϕ_0 = L̃ ± iQ, (3.27) b̃_{fj ;fj −2l}^{def}= ϕ^{−1}_0 ∘ b_{fj ;fj −2l} ∘ ϕ_0, j = 1, . . . , r, l = 0, 1, . . . , f_j . (3.28) Needless to say the identity

ϕ^{−1}_0 ∘ Ts(A^n) ∘ ϕ_0 = Ts ( (ϕ^{−1}_0 ∘ A ∘ ϕ_0)^n )

holds for any matrix A consisting of operators. Then one can present the corresponding results for the multi-variable orthogonal polynomials {P_n(q)} (2.18) constituting the eigenvectors:

(2i)^{fj} η^{(j)}P_n(q) = f_j∑

l=0 (−1)^lb̃_{fj ;fj −2l} P_n(q). (3.29)

The operators L̃, L̃^± and b̃_{fj ;fj −2l} are closely related to the Dunkl operators [6, 15].

The annihilation-creation operators provide an algebraic solution method of the Calogero systems. The entire Hilbert space is generated by the multiple application of creation operators on the ground state wavefunction ϕ_0(q) = e^{W (q)}: r∏ j=1 ∏ 0<l≤fj l≡fj (mod 2) b^{n(j,l)}_{fj ;l} · ϕ_0, ∀n_{(j,l)} ∈ N, (3.30)

whereas ϕ_0 is destroyed by all the annihilation operators

b_{fj ;l}ϕ_0 = 0, −f_j ≤ l < 0, l ≡ f_j (mod 2). (3.31)

Obviously the above states (3.30) are over-complete and the orthogonality of various eigenvectors belonging to the same degenerate eigenspace is not guaranteed. For example, a complete basis of the Hilbert space is given by using b_{fj ;fj} only [6] r∏ j=1 b^{nj}_{fj ;fj} · ϕ_0, ∀n_j ∈ N. (3.32)

Remark on D-type Theory As noticed above, the D-type theory requires separate treatment due to the special f_r = r. We need Lax pairs based on the spinor and anti-spinor weights: R^{def}= { ± 1 2 e_1 ± 1 2 e_2 ± · · · ± 1 2 e_r } , d^{def}= #R = 2^{r−1}. (3.33) Here the the number of − signs is even (odd) for the spinor (anti-spinor) weights. They both form 2^{r−1} dimensional representations of the Lie-algebra D_r, and these representations are called minimal. The minimal weights for the A, D and E root systems have played an important role in constructing simple Lax pair representations [4].

For D_{odd} we simply use the Lax matrix L^±_{(sp)} (L^±_{(as)}) based on either the spinor (sp) or the anti-spinor (as) weights and proceed in the same way as above: G^{(r)}_{(sp)}(s)^{def}= Ts ( (L^+_{(sp)} + s L^−_{(sp)})^r ) , s ∈ C , f_r = r, = r∑ l=0 b_{(sp) r;r−2l} s^l. (3.34)

Then we obtain the expansion of η^{(r)} in terms of the annihilation-creation operators and the corresponding exact Heisenberg operator solution

G^{(r)}_{(sp)}(−1) = (2i)^rTs(Q^r_{(sp)}) = (2i)^rη^{(r)} = r∑ l=0 (−1)^l b_{(sp) r;r−2l}, (3.35)

η^{(r)} = (2i)^{−r} r∑ l=0 (−1)^l b_{(sp) r;r−2l} ∝ q_1q_2 · · · q_r, (3.36)

η^{(r)}(t)^{def}= e^{iHt} η^{(r)} e^{−iHt} = (2i)^{−r} r∑ l=0 (−1)^l b_{(sp) r;r−2l} e^{i(r−2l)t}. (3.37)

For D_{even}, the situation is slightly more complicated, partly because of the existence of another sinusoidal coordinate η^{(r/2)}, which is a Coxeter invariant polynomial of {q_j} of degree r, too. Here we prepare the Lax matrices based on both the spinor L^±_{(sp)} and the anti-spinor weights L^±_{(as)}, since η^{(r)} ∝ Ts(Q^r_{(sp)}) − Ts(Q^r_{(as)}) ∝ q_1q_2 · · · q_r. (3.38) It is quite elementary to verify (3.36) and (3.38). Let us introduce two ‘generating functions’

G^{(r)}_{(sp)}(s)^{def}= Ts ( (L^+_{(sp)} + s L^−_{(sp)})^r ) = r∑ l=0 b_{(sp) r;r−2l} s^l, (3.39)

G^{(r)}_{(as)}(s)^{def}= Ts ( (L^+_{(as)} + s L^−_{(as)})^r ) = r∑ l=0 b_{(as) r;r−2l} s^l. (3.40)

Next we introduce the sinusoidal coordinate η^{(r)} as their difference at s = −1,

η^{(r) def}= (2i)^{−r} ( G^{(r)}_{(sp)}(−1) − G^{(r)}_{(as)}(−1) ) = Ts(Q^r_{(sp)}) − Ts(Q^r_{(as)})

= (2i)^{−r} r∑ l=0 (−1)^l ( b_{(sp) r;r−2l} − b_{(as) r;r−2l} ) . (3.41)

We obtain the corresponding exact Heisenberg operator solution

η^{(r)}(t)^{def}= e^{iHt} η^{(r)} e^{−iHt} = (2i)^{−r} r∑ l=0 (−1)^l ( b_{(sp) r;r−2l} − b_{(as) r;r−2l} ) e^{i(r−2l)t}. (3.42) This completes the derivation of the exact Heisenberg operator solutions for the D-type Calogero systems.

4 Summary and Comments

A complete set of exact Heisenberg operator solutions, as many as the degree of freedom, is constructed for the Calogero systems based on any root system, including the exceptional and non-crystallographic ones. Based on the complete set, one can write down the Heisenberg operator solution e^{iHt} A e^{−iHt} for any operator A expressible as a polynomial in the sinusoidal coordinates {η^{(j)}}. This is the first demonstration of the exact solvability of multi-particle quantum mechanics in the Heisenberg picture. At the same time, these Heisenberg operator solutions provide the explicit forms of various annihilation-creation operators, as the positive and negative energy parts. Their commutation relations are, in general, quite involved. As in the simplest case of degree one quantum mechanics [1], these sinusoidal coordinates and their expansion into the annihilation-creation operators provide the explicit forms of the multivariable generalisation of the three term recursion relations for the orthogonal polynomials constituting the multi-variable eigenfunctions. The derivation of the Heisenberg operator solutions is a simple consequence of the universal Lax pair, which manifests the quantum integrability of Calogero systems based on any root system.

Let us conclude this paper with a few comments on possible future directions of the present research. For better understanding of multi-particle quantum mechanics in general, it is desirable to enlarge the list of exact Heisenberg operator solutions. The obvious candidates are: the Sutherland systems [7] having trigonometric potentials, various super-symmetric generalisations of the Calogero-Sutherland systems [5, 11], the Ruijsenaars-Schneider-van-

Diejen systems [16] which are ‘discrete’ counterparts of the Calogero-Sutherland systems, and the (affine) Toda molecules.

The newly found annihilation-creation operators suggest an interesting possibility of introducing multi-particle coherent states as common eigenstates of certain annihilation operators. It is a good challenge to construct explicit examples of such multi-particle coherent states having mathematically elegant structure and/or practical use.

A completely integrable system, including the Calogero-Sutherland-Moser systems, has the so-called hierarchy structure. It is characterised by the existence of mutually involutive conserved quantities H_1, H_2, . . . , H_r, [H_j , H_k] = 0, j, k = 1, . . . , r, (4.1) which could be adopted as independent Hamiltonians generating different but compatible time-flows; t_1, t_2,. . . , t_r, as many as the degree of freedom. It is a good challenge to construct common Heisenberg operator solutions to all the flows of the hierarchy e^{i ∑rj=1 Hj tj} η̃^{(k)}e^{−i ∑rj=1 Hj tj} , k = 1, . . . , r. (4.2) Acknowledgements

This work is supported in part by Grants-in-Aid for Scientific Research from the Ministry of Education, Culture, Sports, Science and Technology, No.18340061 and No.19540179.

Appendix: The Preferred Choice of R

Here we list, for the exceptional and the non-crystallographic root systems, the set R to be used for the explicit evaluation of the Heisenberg operator solutions. They are of the lowest dimensionality.

1. E_6: The weights of 27 (or 27) dimensional representation of the Lie algebra. They are minimal representations.

2. E_7: The weights of 56 dimensional representation of the Lie algebra. This is a minimal representation.

3. E_8: The set consisting of all 240 roots.

4. F_4: Either of the set consisting of all 24 long roots or 24 short roots.

5. G_2: Either of the set consisting of all 6 long roots or 6 short roots.

6. I_2(m): The set consisting of the vertices R_m of the regular m-gon

R_m = { v_j = ( cos(2kπ/m + t_0), sin(2kπ/m + t_0) ) ∈ R^2 | | k = 1, . . . , m}, (A.1) in which t_0 = 0 (π/2m) for m even (odd).

7. H_3: The set consisting of all 30 roots.

8. H_4: The set consisting of all 120 roots.

References

[1] S. Odake and R. Sasaki, “Unified theory of annihilation-creation operators for solvable (‘discrete’) quantum mechanics,” J. Math. Phys. 47 (2006) 102102 (33 pages), arXiv:

quant-ph/0605215; “Exact solution in the Heisenberg picture and annihilation-creation

operators,” Phys. Lett. B641 (2006) 112–117, arXiv:quant-ph/0605221.

[2] F. Calogero, “Solution of the one-dimensional N-body problem with quadratic and/or inversely quadratic pair potentials,” J. Math. Phys. 12 (1971) 419-436.

[3] M. M. Nieto and L. M. Simmons, Jr., “Coherent states for general potentials,” Phys.

Rev. Lett. 41 (1978) 207-210; “Coherent states for general potentials,” 1. Formalism, Phys. Rev. D 20 (1979) 1321-1331; 2. Confining one-dimensional examples, Phys. Rev. D 20 (1979) 1332-1341; 3. Nonconfining one-dimensional examples, Phys. Rev. D 20 (1979) 1342-1350.

[4] A. J. Bordner, E. Corrigan and R. Sasaki, “Calogero-Moser models I: a new formulation,” Prog. Theor. Phys. 100 (1998) 1107-1129, arXiv:hep-th/9805106.

[5] A. J. Bordner, N. S. Manton and R. Sasaki, “Calogero-Moser models V: Supersymmetry, and quantum Lax pair,” Prog. Theor. Phys. 103 (2000) 463-487,

arXiv:hep-th/ 9910033; A. J. Bordner, E. Corrigan and R. Sasaki, “Generalised

Calogero-Moser models and universal Lax pair operators,” Prog. Theor. Phys. 102 (1999) 499-529, arXiv: hep-th/9905011.

[6] S. P. Khastgir, A. J. Pocklington and R. Sasaki, “Quantum Calogero-Moser models: Integrability for all root systems,” J. Phys. A33 (2000) 9033-9064, arXiv:hep-th/0005277.

[7] B. Sutherland, “Exact results for a quantum many-body problem in one-dimension. II,” Phys. Rev. A5 (1972) 1372-1376.

[8] J. Moser, “Three integrable Hamiltonian systems connected with isospectral deformations,” Adv. Math. 16 (1975) 197-220; “Integrable systems of non-linear evolution equations,” in Dynamical Systems, Theory and Applications, Lecture Notes in Physics 38 (Springer-Verlag, 1975).

[9] M. A. Olshanetsky and A. M. Perelomov, “Completely integrable Hamiltonian systems connected with semisimple Lie algebras,” Inventions Math. 37 (1976), 93-108; “Quantum integrable systems related to Lie algebras,” Phys. Rep. 94 (1983) 313-404.

[10] R. Sasaki and K. Takasaki, “Explicit solutions of the classical Calogero and Sutherland systems for any root system,” J. Math. Phys. 47 (2006) 012701 (13 pages), arXiv:

hep-th/0510035.

[11] B. S. Shastry and B. Sutherland, “Super Lax pairs and infinite symmetries in the 1/r^2 system,” Phys. Rev. Lett. 70 (1993) 4029-4033, arXiv:cond-mat/9212029.

[12] H. Ujino, M. Wadati and K. Hikami, “The quantum Calogero-Moser model: algebraic structures,” J. Phys. Soc. Jpn. 62 (1993) 3035–3043.

[13] P. J. Gambardella, “Exact results in quantum many-body systems of interacting particles in many dimensions with SU(1, 1) as the dynamical group,” J. Math. Phys. 16 (1975) 1172-1187.

[14] L. Brink, T. H. Hansson and M. A. Vasiliev, “ Explicit solution to the N body Calogero problem,” Phys. Lett. B286 (1992) 109-111, arXiv:hep-th/9206049.

[15] C. F. Dunkl, “Differential-difference operators associated to reflection groups,” Trans.

Amer. Math. Soc. 311 (1989) 167-183.

[16] S. N. M. Ruijsenaars and H. Schneider, “A new class of integrable systems and its relation to solitons,” Ann. of Phys. 170 (1986) 370-405; J. F. van Diejen, “Integrability of difference Calogero-Moser systems,” J. Math. Phys. 35 (1994) 2983-3004.