arXiv:0911.1585v1 [math-ph] 9 Nov 2009

Yukawa Institute Kyoto DPSU-09-5 YITP-09-69

Infinitely many shape invariant potentials and cubic identities of the Laguerre and Jacobi polynomials

S. Odake^a and R. Sasaki^b

a Department of Physics, Shinshu University, Matsumoto 390-8621, Japan b Yukawa Institute for Theoretical Physics, Kyoto University, Kyoto 606-8502, Japan Abstract We provide analytic proofs for the shape invariance of the recently discovered (Odake and Sasaki, Phys. Lett. B679 (2009) 414-417) two families of infinitely many exactly solvable one-dimensional quantum mechanical potentials. These potentials are obtained by deforming the well-known radial oscillator potential or the Darboux- Pöschl-Teller potential by a degree ℓ (ℓ = 1, 2, . . .) eigenpolynomial. The shape invariance conditions are attributed to new polynomial identities of degree 3ℓ involving cubic products of the Laguerre or Jacobi polynomials. These identities are proved elementarily by combining simple identities.

1 Introduction

In a previous Letter [1], two sets of infinitely many shape invariant [2] potentials were derived by deforming the radial oscillator potential [3, 4] and the Darboux-Pöschl-Teller (DPT) potential [5, 6] in terms of a polynomial eigenfunction of degree ℓ (ℓ = 1, 2, . . .). As the main part of the eigenfunctions of these exactly solvable quantum mechanical systems, the exceptional (X_ℓ) Laguerre and Jacobi polynomials were obtained [1]. The lowest (ℓ = 1) examples, the X_1 Laguerre and Jacobi polynomials, are equivalent to those introduced in the pioneering work of Gomez-Ullate et al [7, 8] within the Sturm-Liouville theory. The reformulation in the framework of quantum mechanics and shape-invariant potentials was done by Quesne et al [9, 10]. By construction these new orthogonal polynomials satisfy a second order differential equation (the Schrödinger equation) without contradicting Bochner’s theorem [11], since they start at degree ℓ, (ℓ = 1, 2, . . .) instead of the degree zero constant term.

Here we present analytical proofs of the main assertion that these deformed potentials are indeed shape invariant, which could not be given in the Letter [1] due to the lack of space. For both the deformed radial oscillator potential and deformed trigonometric/hyperbolic DPT potentials, the condition for shape invariance for each ℓ is satisfied if a certain identity involving cubic products of the Laguerre or Jacobi polynomials holds. To the best of our knowledge, these infinitely many identities were not presented before. We show that these identities are derived by combining several elementary relations among the Laguerre or Jacobi polynomials.

This paper is organised as follows. In section two the general setting of shape invariance and the deformation of a potential in terms of a polynomial eigenfunction is recapitulated together with many preparatory materials. In section three we show that the condition for shape invariance for each ℓ is attributed to a certain polynomial identity of degree 3ℓ involving cubic products of the Laguerre or Jacobi polynomials of various parameters, (3.4) and (3.11). Then we show that these identities are simply derived by combining simple relations among the Laguerre polynomials (3.5)–(3.6) and Jacobi polynomials (3.12)–(3.13). The final section is for a summary and comments on related results to be published in a forthcoming paper.

2 General setting

As in [1], let us start with a generic one-dimensional quantum mechanical system in a factorised form:

H = A^†A = p^2 + U(x), p = −i∂_x, U(x)^{def}= ( ∂_xw(x) )_2 + ∂^2_xw(x), (2.1) A^{def}= ∂_x − ∂_xw(x), A^† = −∂_x − ∂_xw(x). (2.2)

Here we call a real and smooth function w(x) a prepotential. It parametrises the groundstate wavefunction ϕ_0(x), which has no node and can be chosen real and positive, ϕ_0(x) = e^{w(x)}. It is trivial to verify Aϕ_0(x) = 0 and Hϕ_0(x) = 0.

Shape invariance is realised by specific dependence of the potential, or the prepotential on a set of parameters λ = (λ_1, λ_2, . . .), to be denoted by w(x; λ), A(λ), H(λ), E_n(λ), etc.

The shape invariance condition to be discussed in this paper is written simply:

A(λ)A(λ)^† = A(λ + δ)^†A(λ + δ) + E_1(λ), (2.3) or ( ∂_xw(x; λ) )_2 − ∂^2_xw(x; λ) = ( ∂_xw(x; λ + δ) )_2

+ ∂^2_xw(x; λ + δ) + E_1(λ), (2.4)

in which δ is a certain shift of the parameters. Then the entire set of discrete eigenvalues and the corresponding eigenfunctions of H = H(λ),

H(λ)ϕ_n(x; λ) = E_n(λ)ϕ_n(x; λ), n = 0, 1, 2, . . . , (2.5) ϕ_n(x; λ) = ϕ_0(x; λ)P_n(η(x); λ), (2.6)

is determined algebraically [2, 4, 12, 13]:

E_n(λ) = n−1∑ k=0 E_1(λ + kδ), (2.7) ϕ_n(x; λ) ∝ A(λ)^†A(λ + δ)^† · · · A(λ + (n − 1)δ)^† × e^{w(x;λ+nδ)}. (2.8)

The polynomial eigenfunction P_n(η(x); λ), which is the Laguerre or Jacobi polynomial in η(x), satisfies

− ∂^2_xP_n(η(x); λ) − 2∂_xw(x; λ)∂_xP_n(η(x); λ) = E_n(λ)P_n(η(x); λ). (2.9)

Here η(x) is a function of x called the sinusoidal coordinate [14].

In [1] a shape invariant prepotential w(x; λ) = w_0(x; λ) is deformed by a polynomial eigenfunction ξ_ℓ of its Hamiltonian to produce another shape invariant prepotential w_ℓ (ℓ = 1, 2, . . . .): w_ℓ(x; λ)^{def}= w_0(x; λ + ℓδ) + log ξ_ℓ(η(x); λ + δ) ξ_ℓ(η(x); λ) , (2.10) in which ξ_ℓ is related to the polynomial eigenfunction P_n above (2.6). It should be noted that the normalisation of the polynomial ξ_ℓ(x; λ) is irrelevant to the deformation. The ℓ = 0 case corresponds to the original system. The ℓ-th Hamiltonian and eigenfunctions, etc are given by

A_ℓ(λ)^{def}= ∂_x − ∂_xw_ℓ(x; λ), A_ℓ(λ)^† = −∂_x − ∂_xw_ℓ(x; λ), (2.11) H_ℓ(λ)^{def}= A_ℓ(λ)^†A_ℓ(λ), (2.12) H_ℓ(λ)ϕ_{ℓ,n}(x; λ) = E_n(λ + ℓδ)ϕ_{ℓ,n}(x; λ), (2.13) ϕ_{ℓ,n}(x; λ) = ψ_ℓ(x; λ)P_{ℓ,n}(η(x); λ), ψ_ℓ(x; λ)^{def}= e^{w0(x;λ+ℓδ)} ξ_ℓ(η(x); λ) . (2.14)

The orthogonality of the eigenfunctions of the Hamiltonian H_ℓ(λ) reads ∫ ψ_ℓ(x; λ)^2P_{ℓ,n}(η(x); λ)P_{ℓ,m}(η(x); λ)dx = h_{ℓ,n}(λ)δ_{n m}, h_{ℓ,n}(λ) > 0, (2.15) in which ψ_ℓ(x; λ)^2 is the orthogonality measure and P_{ℓ,n}(x; λ) is the n-th member of the exceptional (X_ℓ) orthogonal polynomial. It is expressed in terms of ξ_ℓ(x)’s and P_n(x)’s as shown in (2.22), (2.27) and (2.34).

In this paper we will demonstrate that the deformed prepotential w_ℓ (ℓ = 1, 2, . . .) actually satisfies the shape invariance condition

Δ_ℓ(x; λ) = 0, (2.16)

in which Δ_ℓ(x; λ) is defined by

Δ_ℓ(x; λ)^{def}= ( ∂_xw_ℓ(x; λ) )_2 −∂^2_xw_ℓ(x; λ)− ( ∂_xw_ℓ(x; λ+δ) )_2 −∂^2_xw_ℓ(x; λ+δ)−E_1(λ+ℓδ), (2.17)

for the three cases, the radial oscillator and the trigonometric/hyperbolic DPT discussed in [1]. The proof consists of two steps. Firstly in section three we transform, by utilising the differential equations for ξ_ℓ(η(x); λ) (2.41) etc, the shape invariance condition (2.17) into an identity involving products of three Laguerre or Jacobi polynomials of various parameters, (3.4) and (3.11). The trigonometric and hyperbolic DPT lead to the same identities. Secondly these cubic identities are proved by combining simple identities among the Laguerre or Jacobi polynomials of neighbouring degrees n, n − 1 and parameters α, α ± 1, β, β ± 1.

Here we show various data necessary for the proof. They are recapitulated from [1].

1 radial oscillator:

λ^{def}= g, δ = 1, g > 0, (2.18) E_n(λ) = 4n, η(x)^{def}= x^2, 0 < x < ∞, (2.19) ϕ_0(x; λ)^{def}= e^{− x} 2 2 x^g ⇔ w_0(x; λ)^{def}= − x^2 2 + g log x, (2.20)

P_n(x; λ)^{def}= L^{(g−} 1 2 ) n (x), ξ_ℓ(x; λ)^{def}= L^{(g+ℓ−} 3 2 ) ℓ (−x), (2.21) P_{ℓ,n}(x; λ) = ξ_ℓ(x; g + 1)P_n(x; g + ℓ) − ξ_{ℓ−1}(x; g + 2)P_{n−1}(x; g + ℓ). (2.22)

2 trigonometric DPT:

λ^{def}= (g, h), δ = (1, 1), h > g > 0, (2.23) E_n(λ) = 4n(n + g + h), η(x)^{def}= cos 2x, 0 < x < π 2 , (2.24) ϕ_0(x; λ)^{def}= (sin x)^g(cos x)^h ⇔ w_0(x; λ) = g log sin x + h log cos x, (2.25) P_n(x; λ)^{def}= P^{(g− 12 , h− 12 )} n (x), ξ_ℓ(x; λ)^{def}= P^{(−g−ℓ− 12 , h+ℓ− 32 )} ℓ (x), (2.26) P_{ℓ,n}(x; λ)^{def}= a_{ℓ,n}(x; λ)P_n(x; λ + ℓδ) + b_{ℓ,n}(x; λ)P_{n−1}(x; λ + ℓδ), (2.27) a_{ℓ,n}(x; λ)^{def}= ξ_ℓ(x; g + 1, h + 1) +

2n(−g + h + ℓ − 1) ξ_{ℓ−1}(x; g, h + 2) (−g + h + 2ℓ − 2)(g + h + 2n + 2ℓ − 1) − n(2h + 4ℓ − 3) ξ_{ℓ−2}(x; g + 1, h + 3) (2g + 2n + 1)(−g + h + 2ℓ − 2)

, (2.28)

b_{ℓ,n}(x; λ)^{def}=

(−g + h + ℓ − 1)(2g + 2n + 2ℓ − 1) (2g + 2n + 1)(g + h + 2n + 2ℓ − 1) ξ_{ℓ−1}(x; g, h + 2). (2.29)

3 hyperbolic DPT:

λ^{def}= (g, h), δ = (1, −1), h > g > 0, ℓ < n_B^{def}= [^1_2 (h − g)]^′, (2.30) E_n(λ) = 4n(h − g − n), η(x) = cosh 2x, 0 < x < ∞, (2.31) ϕ_0(x; λ)^{def}= (sinh x)^g(cosh x)^{−h} ⇔ w_0(x; λ) = g log sinh x − h log cosh x, (2.32) P_n(x; λ)^{def}= P^{(g− 12 , −h− 12 )} n (x), ξ_ℓ(x; λ)^{def}= P^{(−g−ℓ− 12 , −h+ℓ− 32 )} ℓ (x), (2.33) P_{ℓ,n}(x; λ)^{def}= a_{ℓ,n}(x; λ)P_n(x; λ + ℓδ) + b_{ℓ,n}(x; λ)P_{n−1}(x; λ + ℓδ), (2.34) a_{ℓ,n}(x; λ)^{def}= ξ_ℓ(x; g + 1, h − 1) + 2n(−g − h + ℓ − 1) ξ_{ℓ−1}(x; g, h − 2) (−g − h + 2ℓ − 2)(g − h + 2n + 2ℓ − 1) − n(−2h + 4ℓ − 3) ξ_{ℓ−2}(x; g + 1, h − 3) (2g + 2n + 1)(−g − h + 2ℓ − 2)

, (2.35)

b_{ℓ,n}(x; λ)^{def}=

(−g − h + ℓ − 1)(2g + 2n + 2ℓ − 1) (2g + 2n + 1)(g − h + 2n + 2ℓ − 1) ξ_{ℓ−1}(x; g, h − 2). (2.36)

In (2.30) [x]^′ denotes the greatest integer not equal or exceeding x. Here L^{(α)}n (x) is the Laguerre polynomial and P^{(α, β)}n (x) is the Jacobi polynomial. The polynomial eigenfunction P_{ℓ,n}(x; λ) (2.22), (2.27) or (2.34) is a degree ℓ + n polynomial in x. In a future publication [15] we will present equivalent forms of the X_ℓ polynomials P_{ℓ,n}(x; λ) which appear much simpler than those given in (2.22), (2.27) and (2.34). Needless to say that the deforming polynomials ξ_ℓ(η(x); λ) and ξ_ℓ(η(x); λ + δ) are of the same sign in the domain for all the three cases. In other words, the deforming polynomials do not have a zero in the domains listed in (2.19), (2.24) and (2.31), respectively. To see this we use the expansion formula of the Laguerre and Jacobi polynomials:

L^{(α)}_n (x) = 1 n! n∑ k=0 (−n)_k k! (α + k + 1)_{n−k}x^k, (2.37)

P^{(α, β)}_n (x) =

(α + 1)_n n! n∑ k=0 1 k! (−n)_k(n + α + β + 1)_k

(α + 1)_k (1 − x 2 )_k . (2.38)

For the radial oscillator we obtain

ξ_ℓ(η(x); λ) = ℓ∑ k=0 (g + ℓ + k −^1_2 )_{ℓ−k} k! (ℓ − k)! x^{2k} > 0, (2.39)

and for the trigonometric/hyperbolic DPT

(−1)^ℓξ_ℓ(η(x); λ) =

(g +^1_2 )_ℓ ℓ! ℓ∑ k=0 (ℓ − k + 1)_k(h − g + ℓ − 1)_k k! (g + ℓ − k +^1_2 )_k

(sin x)^{2k} > 0,

(g +^1_2 )_ℓ ℓ! ℓ∑ k=0 (ℓ − k + 1)_k(g + h + 2 − ℓ − k)_k k! (g + ℓ − k +^1_2 )_k

(sinh x)^{2k} > 0,

(2.40)

because each term in summation is positive. This guarantees the positive definiteness of the orthogonality measure ψ_ℓ(x; λ)^2 (2.14) and the singularity free structure as well as the hermiticity (self-adjointness) of the Hamiltonian. The oscillation theorem for the onedimensional quantum mechanical systems dictates that the n-th excited state polynomial eigenfunction P_{ℓ,n}(η(x); λ) has n zeros in the domain (2.19), (2.24) or (2.31), although it is a degree ℓ + n polynomial in η.

Let us note that the terms of the form of the complete square ( ∂_xξ_ℓ(η(x); λ)/ξ_ℓ(η(x); λ) )_2 , ( ∂_xξ_ℓ(η(x); λ + δ)/ξ_ℓ(η(x); λ + δ) )_2 and ( ∂_xξ_ℓ(η(x); λ + 2δ)/ξ_ℓ(η(x); λ + 2δ)

)_2

, cancel out in Δ_ℓ(x; λ) (2.17). Then we use the fact that, corresponding to (2.9), the deforming polynomial ξ_ℓ(η(x); λ) also satisfies a second order linear differential equation

− ∂^2_xξ_ℓ(η(x); λ) − 2∂_x ~w_0(x; λ, ℓ)∂_xξ_ℓ(η(x); λ) = ~E_ℓ(λ)ξ_ℓ(η(x); λ), (2.41)

where ~w_0(x; λ, ℓ) and ~E_ℓ(λ) are

~w_0(x; λ, ℓ) = 1 2 x^2 + (g + ℓ − 1) log x : radial osci. w_0(x; −g − ℓ, h + ℓ − 1) : trig.DPT w_0(x; −g − ℓ, h − ℓ + 1) : hyper.DPT,

(2.42)

~E_ℓ(λ) = −4ℓ : radial osci. E_ℓ(−g − ℓ, h + ℓ − 1) : trig.DPT E_ℓ(−g − ℓ, h − ℓ + 1) : hyper.DPT.

(2.43)

Substituting (2.10) into (2.17) and using the shape invariance of the undeformed system

Δ_0(x; λ + ℓδ) = 0 and (2.41), we obtain

Δ_ℓ(x; λ) × 1 2 ξ_ℓ(η; λ) ξ_ℓ(η; λ + δ) ξ_ℓ(η; λ + 2δ)

= ∂_x ~w_0(x; λ + 2δ, ℓ) ∂_xξ_ℓ(η; λ + 2δ) ξ_ℓ(η; λ) ξ_ℓ(η; λ + δ)

− ∂_x ~w_0(x; λ, ℓ) ∂_xξ_ℓ(η; λ) ξ_ℓ(η; λ + δ) ξ_ℓ(η; λ + 2δ)

+^1_2 ( ~ E_ℓ(λ + 2δ) − ~E_ℓ(λ) ) ξ_ℓ(η; λ) ξ_ℓ(η; λ + δ) ξ_ℓ(η; λ + 2δ)

+ ∂_xw_0(x; λ + ℓδ) ( ∂_xξ_ℓ(η; λ + δ) ξ_ℓ(η; λ) − ∂_xξ_ℓ(η; λ) ξ_ℓ(η; λ + δ) ) ξ_ℓ(η; λ + 2δ)

− ∂_xw_0(x; λ + ℓδ + δ) ( ∂_xξ_ℓ(η; λ + 2δ)ξ_ℓ(η; λ + δ) − ∂_xξ_ℓ(η; λ + δ)ξ_ℓ(η; λ + 2δ) ) ξ_ℓ(η; λ) − ∂_xξ_ℓ(η; λ) ∂_xξ_ℓ(η; λ + δ) ξ_ℓ(η; λ + 2δ) + ∂_xξ_ℓ(η; λ + δ) ∂_xξ_ℓ(η; λ + 2δ) ξ_ℓ(η; λ), (2.44)

where η = η(x). It is essential that the r.h.s. of (2.44) is now a polynomial in η(x), because

∂_xη(x)∂_xw_0 and ∂_xη(x)∂_x ~w_0 and (∂_xη(x))^2 are expressed by η(x),

∂_xη(x)∂_xw_0(x; λ) = 2 × g − η(x) : radial osci. − ( g − h + (g + h)η(x) ) : trig.DPT g + h + (g − h)η(x) : hyper.DPT,

(2.45)

∂_xη(x)∂_x ~w_0(x; λ, ℓ) = 2 × g + ℓ − 1 + η(x) : radial osci. g + h + 2ℓ − 1 + (g − h + 1)η(x) : trig.DPT − ( g − h + 2ℓ − 1 + (g + h + 1)η(x) ) : hyper.DPT,

(2.46)

( ∂_xη(x) )_2 = 4 × η(x) : radial osci. 1 − η(x)^2 : trig.DPT − ( 1 − η(x)^2 ) : hyper.DPT.

(2.47)

3 Cubic identities

The conditions for the shape invariance (2.16) are shown to be equivalent to cubic identities

involving the Laguerre or Jacobi polynomials.

3.1 radial oscillator

We fix ℓ and use a new parameter α instead of g,

α^{def}= g + ℓ −^1_2 . (3.1)

By using the forward shift relation for the Laguerre polynomial,

∂_xL^{(α)}_n (x) = −L^{(α+1)}_{n−1} (x), (3.2)

the polynomial ξ_ℓ and its derivative are expressed as

ξ_ℓ(η; λ) = L^{(α−1)}_ℓ (−η), ∂_xξ_ℓ(η; λ) = ∂_xη L^{(α)}_{ℓ−1}(−η), (3.3)

where η = η(x). After replacing −η(x) with x and dividing by 4, the condition for the shape invariance (2.16) with (2.44), is transformed into the following polynomial identity of degree 3ℓ in x which contains products of three Laguerre polynomials of various parameters:

0 = − xL^{(α+2)}_{ℓ−1} (x)L^{(α−1)}_ℓ (x)L^{(α)}_ℓ (x) − αL^{(α)}_{ℓ−1}(x)L^{(α+1)}_ℓ (x)L^{(α)}_ℓ (x) + (x + α + 1)L^{(α+1)}_{ℓ−1} (x)L^{(α+1)}_ℓ (x)L^{(α−1)}_ℓ (x) + xL^{(α)}_{ℓ−1}(x)L^{(α+1)}_{ℓ−1} (x)L^{(α+1)}_ℓ (x) − xL^{(α+1)}_{ℓ−1} (x)L^{(α+2)}_{ℓ−1} (x)L^{(α−1)}_ℓ (x). (3.4)

To the best of our knowledge, this identity has not been reported before. For ℓ = 0 this identity is trivial, since L^{(α)}_{−1} (x) = 0. For lower ℓ it can be easily verified by direct calculation.

Below we will prove the identity (3.4) for an arbitrary positive integer ℓ by combining a few elementary relations among the Laguerre polynomials of neighbouring degrees n and n − 1 and neighbouring parameters α, α ± 1:

Lemma (A) L^{(α−1)}_n (x) + L^{(α)}_{n−1}(x) = L^{(α)}_n (x), (3.5) Lemma (B) xL^{(α+1)}_{n−1} (x) − αL^{(α)}_{n−1}(x) = −nL^{(α−1)}_n (x), (3.6)

which can be verified elementarily based on the expansion formula of the Laguerre polynomial (2.37). The r.h.s. of the identity (3.4) can be written as

r.h.s. of (3.4) = −xL^{(α+2)}_{ℓ−1} (x)L^{(α−1)}_ℓ (x) { L^{(α)}_ℓ (x) + L^{(α+1)}_{ℓ−1} (x) } + xL^{(α+1)}_{ℓ−1} (x)L^{(α+1)}_ℓ (x) { L^{(α−1)}_ℓ (x) + L^{(α)}_{ℓ−1}(x) } + L^{(α+1)}_ℓ (x) ( (α + 1)L^{(α+1)}_{ℓ−1} (x)L^{(α−1)}_ℓ (x) − αL^{(α)}_{ℓ−1}(x)L^{(α)}_ℓ (x) ) = L^{(α+1)}_ℓ (x) ( L^{(α)}_ℓ (x) { xL^{(α+1)}_{ℓ−1} (x) − αL^{(α)}_{ℓ−1}(x) } + L^{(α−1)}_ℓ (x) { −xL^{(α+2)}_{ℓ−1} (x) + (α + 1)L^{(α+1)}_{ℓ−1} (x) }) = L^{(α+1)}_ℓ (x) ( L^{(α)}_ℓ (x) ( −ℓL^{(α−1)}_ℓ (x) ) + L^{(α−1)}_ℓ (x) ( +ℓL^{(α)}_ℓ (x) )) = 0. (3.7)

Here we have used Lemma (A) in the first two curly brackets {· · · } and Lemma (B) in the next two curly brackets. This concludes the proof of the identity (3.4).

3.2 trigonometric DPT

We fix ℓ and use new parameters α and β instead of g and h,

α^{def}= −g − ℓ −^1_2 , β^{def}= h + ℓ −^3_2 . (3.8)

By using the forward shift relation for the Jacobi polynomial,

∂_xP^{(α, β)}_n (x) =^1_2 (n + α + β + 1)P^{(α+1, β+1)}_{n−1} (x), (3.9)

the polynomial ξ_ℓ and its derivative are expressed as

ξ_ℓ(η; λ) = P^{(α, β)}_ℓ (η), ∂_xξ_ℓ(η; λ) = ∂_xη^1_2 (ℓ + α + β + 1)P^{(α+1, β+1)}_{ℓ−1} (η), (3.10)

where η = η(x). The condition for the shape invariance (2.16) with (2.44), after replacing η(x) with x and dividing by −(ℓ + α + β + 1), is simplified to a polynomial identity of degree 3ℓ, which contains products of three Jacobi polynomials of various parameters:

0 = 2(α − 1)(1 + x)P^{(α−1,β+3)} ℓ−1 (x)P^{(α,β)}_ℓ (x)P^{(α−1,β+1)} ℓ (x) + 2(β + 1)(1 − x)P^{(α+1,β+1)} ℓ−1 (x)P^{(α−2,β+2)} ℓ (x)P^{(α−1,β+1)} ℓ (x) − 2 ( α(1 + x) + (β + 2)(1 − x) ) P^{(α,β+2)} ℓ−1 (x)P^{(α,β)}_ℓ (x)P^{(α−2,β+2)} ℓ (x) + (ℓ + α + β + 1)(1 − x^2)P^{(α+1,β+1)}_{ℓ−1} (x)P^{(α,β+2)}_{ℓ−1} (x)P^{(α−2,β+2)}_ℓ (x) − (ℓ + α + β + 1)(1 − x^2)P^{(α,β+2)}_{ℓ−1} (x)P^{(α−1,β+3)}_{ℓ−1} (x)P^{(α,β)}_ℓ (x). (3.11)

To the best of our knowledge, this identity has not been reported before, either. For ℓ = 0 this identity is trivial, since P^{(α,β)}_{−1} (x) = 0. It is straightforward to verify this identity for lower ℓ by direct calculation.

Below we will prove the identity (3.11) for an arbitrary positive integer ℓ by combining a few elementary relations among the Jacobi polynomials of neighbouring degrees n and n − 1 and neighbouring parameters α ± 1, β ± 1:

Lemma (C) 2(α − 1)P^{(α−1,β)} n (x) − (n + α + β)(1 − x)P^{(α,β+1)}_{n−1} (x) = 2(n + α − 1)P^{(α−2,β+1)}_n (x), (3.12) Lemma (D) 2(β + 1)P^{(α−1,β+1)} n (x)+(n + α + β + 1)(1 + x)P^{(α,β+2)}_{n−1} (x) = 2(n + β + 1)P^{(α,β)}_n (x). (3.13)

It is straightforward to demonstrate Lemma (C) by using the expansion formula for the Jacobi polynomials (2.38). By using the property P^{(α, β)}n (−x) = (−1)^nP^{(β, α)}n (x), Lemma (D) is obtained from Lemma (C) with the replacements x → −x, α → β + 2, β → α − 1. The r.h.s. of the identity (3.11) can be written as

r.h.s. of (3.11) = (1 + x)P^{(α−1,β+3)}_{ℓ−1} (x)P^{(α,β)}_ℓ (x) × { 2(α − 1)P^{(α−1,β+1)} ℓ (x) − (ℓ + α + β + 1)(1 − x)P^{(α,β+2)}_{ℓ−1} (x) } + (1 − x)P^{(α+1,β+1)} ℓ−1 (x)P^{(α−2,β+2)} ℓ (x) × { 2(β + 1)P^{(α−1,β+1)} ℓ (x) + (ℓ + α + β + 1)(1 + x)P^{(α,β+2)}_{ℓ−1} (x) } − 2 ( α(1 + x) + (β + 2)(1 − x) ) P^{(α,β+2)} ℓ−1 (x)P^{(α,β)}_ℓ (x)P^{(α−2,β+2)} ℓ (x) = P^{(α,β)}_ℓ (x)P^{(α−2,β+2)} ℓ (x) × ( (1 + x) { 2(ℓ + α − 1)P^{(α−1,β+3)} ℓ−1 (x) − 2αP^{(α,β+2)}_{ℓ−1} (x) } + (1 − x) { 2(ℓ + β + 1)P^{(α+1,β+1)} ℓ−1 (x) − 2(β + 2)P^{(α,β+2)}_{ℓ−1} (x) }) = P^{(α,β)}_ℓ (x)P^{(α−2,β+2)} ℓ (x)P^{(α+1,β+3)} ℓ−2 (x) × (ℓ + α + β + 2) ( (1 + x)(x − 1) + (1 − x)(x + 1) ) = 0. (3.14)

Here we have used Lemma (C),(D) in the curly brackets {· · · }. This concludes the proof of the identity (3.11).

It is well known that the Laguerre polynomial is obtained from the Jacobi polynomial in the following limit: lim_{β→∞} P^{(α, β)}_n ( 1 −^{2x}_β ) = L^{(α)}_n (x). (3.15) When the same limit is applied, the Lemma (C)–(D) reduce to Lemma (A)–(B). Likewise the cubic identity for the shape invariance of X_ℓ Jacobi polynomial (3.11) reduces to that of the X_ℓ Laguerre polynomial (3.4), when divided by −4 and α is replaced by α + 1.

3.3 hyperbolic DPT

Here we briefly remark that the shape invariance condition for the deformed hyperbolic DPT reduces, as expected, to the same identity as that for the trigonometric DPT (3.11) derived above. We fix ℓ and use new parameters α and β instead of g and h,

α^{def}= −g − ℓ −^1_2 , β^{def}= −h + ℓ −^3_2 . (3.16)

By using (3.9), the polynomial ξ_ℓ and its derivative are expressed just same as (3.10). The conditions for the shape invariance (2.16) with (2.44), after replacing η(x) with x and dividing by ℓ + α + β + 1, is simplified to the same identity (3.11) as that for the trigonometric DPT.

4 Summary and Comments

Analytic proofs are provided for the shape invariance of the recently derived infinite family of potentials [1] obtained by deforming the radial oscillator potential and the trigonometric/hyperbolic Darboux-Pöschl-Teller potential [5, 6] by a degree ℓ (ℓ = 1, 2, . . .) eigenpolynomial. The shape invariance conditions are reduced to new polynomial identities of degree 3ℓ involving cubic products of the Laguerre (3.4) or Jacobi polynomials (3.11). Then these identities are proved elementarily by combining simple linear identities (3.5)–(3.6) among the Laguerre and (3.12)–(3.13) among the Jacobi, polynomials of neighbouring degrees n, n − 1 and of neighbouring parameters, α, α ± 1 and β, β ± 1. Even these linear identities seem not widely recognised.

The totality of the eigenvalues and the corresponding eigenfunctions together with the normalisation constants etc. of these infinite family of quantum mechanical systems are obtained via the Rodrigues type formulas (2.7) and (2.8) and reported as (17)–(21), (29)–(36) and (44)–(46) of [1]. In a future publication [15], we will present analytic derivation of various results reported in [1]. They include: derivation of equivalent but much simpler looking forms of the X_ℓ polynomials together with the normalisation constants, the verification of the actions of the forward and backward shift operators on the X_ℓ polynomials, Gram-Schmidt orthonormalisation for the algebraic construction of the X_ℓ polynomials, the analysis of the second order differential equations for the X_ℓ polynomials within the framework of the Fuchsian differential equations in the entire complex x-plane, etc. In these analysis, the linear identities Lemma (A)–(D) play important rôles. The forward and backward shift relations mentioned above (eqs.(49),(22),(37),(47) of [1]) are also reduced to polynomial identities involving cubic products of the Laguerre or Jacobi polynomials. We will provide proofs for them in the future publication [15], too.

Let us also mention that the same method, deformation in terms of a degree ℓ eigenpolynomial, applied to the discrete quantum mechanical Hamiltonians for the Wilson and Askey-Wilson polynomials produced two sets of infinitely many shape invariant systems together with exceptional (X_ℓ) Wilson and Askey-Wilson polynomials (ℓ = 1, 2, . . .) [16].

Acknowledgements

This work is supported in part by Grants-in-Aid for Scientific Research from the Ministry of Education, Culture, Sports, Science and Technology, No.19540179.

References

[1] S. Odake and R. Sasaki, “Infinitely many shape invariant potentials and new orthogonal polynomials,” Phys. Lett. B679 (2009) 414-417, arXiv:0906.0142[math-ph].

[2] L. E. Gendenshtein, “Derivation of exact spectra of the Schrodinger equation by means of supersymmetry,” JETP Lett. 38 (1983) 356-359.

[3] L. Infeld and T. E. Hull, “The factorization method,” Rev. Mod. Phys. 23 (1951) 21-68.

[4] See, for example, a review: F. Cooper, A. Khare and U. Sukhatme, “Supersymmetry and quantum mechanics,” Phys. Rep. 251 (1995) 267-385.

[5] G. Darboux,“Leçons sur la théorie des surfaces,” Vol 2, 210-215, 2nd ed., Gauthier- Villars, Paris, (1915).

[6] G. Pöschl and E. Teller, “Bemerkungen zur Quantenmechanik des anharmonischen Oszillators,” Z. Phys. 83 (1933) 143-151.

[7] D. Gómez-Ullate, N. Kamran and R. Milson, “An extension of Bochner’s problem: exceptional invariant subspaces,” arXiv:0805.3376[math-ph]; “An extended class of orthogonal polynomials defined by a Sturm-Liouville problem,” J. Math. Anal. Appl. 359 (2009) 352, arXiv:0807.3939[math-ph].

[8] D. Gómez-Ullate, N. Kamran and R. Milson, “Supersymmetry and algebraic Darboux transformations,” J. Phys. A37 (2004) 10065-10078.

[9] C. Quesne, “Exceptional orthogonal polynomials, exactly solvable potentials and supersymmetry,” J. Phys. A41 (2008) 392001 (6 pages), arXiv:0807.4087[quant-ph]; “Solvable Rational Potentials and Exceptional Orthogonal Polynomials in Supersymmetric Quantum Mechanics,” SIGMA 5 (2009) 084 (24 pages), arXiv:0906.2331

[math-ph].

[10] B. Bagchi, C. Quesne and R. Roychoudhury, “Isospectrality of conventional and new extended potentials, second-order supersymmetry and role of PT symmetry,” Pramana J. Phys. 73 (2009) 337-347, arXiv:0812.1488[quant-ph].

[11] S. Bochner, “Über Sturm-Liouvillesche Polynomsysteme,” Math. Zeit. 29 (1929) 730- 736.

[12] M. M. Crum, “Associated Sturm-Liouville systems,” Quart. J. Math. Oxford Ser. (2) 6 (1955) 121-127, arXiv:physics/9908019.

[13] S. Odake and R. Sasaki, “Shape Invariant Potentials in “Discrete Quantum Mechanics,” J. Nonlinear Math. Phys. 12 Suppl. 1 (2005) 507-521, arXiv:hep-th/0410102; “Orthogonal Polynomials from Hermitian Matrices,” J. Math. Phys. 49 (2008) 053503 (43 pages), arXiv:0712.4106[math.CA]; “Exactly solvable ‘discrete’ quantum mechanics; shape invariance, Heisenberg solutions, annihilation-creation operators and coherent states,” Prog. Theor. Phys. 119 (2008) 663-700, arXiv:0802.1075[quant-ph].

[14] S. Odake and R. Sasaki, “Unified Theory of Annihilation-Creation Operators for Solvable (‘Discrete’) Quantum Mechanics,” J. Math. Phys. 47 (2006) 102102 (33 pages),

arXiv:quant-ph/0605215; “Exact solution in the Heisenberg picture and annihilation-

creation operators,” Phys. Lett. B641 (2006) 112-117, arXiv:quant-ph/0605221.

[15] C-L. Ho, S. Odake and R. Sasaki, “Properties of the exceptional (X_ℓ) Laguerre and Jacobi polynomials,” YITP-09-70, in preparation.

[16] S. Odake and R. Sasaki, “Infinitely many shape invariant discrete quantum mechanical systems and new exceptional orthogonal polynomials related to the Wilson and Askey- Wilson polynomials,” Phys. Lett. B (2009) in press, arXiv:0909.3668[math-ph].