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Abstract

Crum’s theorem and its modification a la Krein-Adler are formulated for the dis-
crete quantum mechanics with real shifts, whose eigenfunctions consist of orthogonal
polynomials of a discrete variable. The modification produces the associated polyno-
mials with a finite number of degrees deleted. This in turn provides the well known
Christoffel transformation for the dual orthogonal polynomials with the corresponding
positions deleted.

1 Introduction

In a previous paper [I] we have developed a new paradigm for the orthogonal polynomials of
a discrete variable [2| 3], [4), 5], which is called the discrete quantum mechanics with real shifts.
Various well-known orthogonal polynomials, for example, the (¢)-Racah, (¢)-(dual)-Hahn,
(q)-Meixner, etc. [5] are derived in [I] as the main parts of the eigenvectors of specific tri-
diagonal real symmetric (Jacobi) matrices of finite or infinite dimensions. The orthogonality
of the eigenpolynomials is evident by construction and the orthogonality weight function is
obtained as the square of the groundstate eigenvector. The dual pair of orthogonal poly-
nomials (the Leonard pair) [6l [7] is naturally defined and the three term recurrence relation
for the dual polynomials is built in automatically. It should be emphasised that the present
paradigm offers a unified understanding [8 9] of the (¢)-Askey scheme of hypergeometric
orthogonal polynomials [3] [5]. Various properties of the discrete quantum mechanical sys-

tems with real shifts, for example, the duality, the orthogonality, the exact solvability in the
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Schrodinger as well as the Heisenberg picture [10], the dynamical symmetry algebras (the
Askey-Wilson algebra [11] and its degenerations [12]), the quasi-exact solvability, etc. can
be understood in a unified fashion, not one by one specifically.

In the present paper we start with the formulation of the discrete quantum mechanics
version of the well-known Crum’s theorem [I3] for one-dimensional quantum mechanics or
Sturm-Liouville theory. Crum’s seminal paper asserts, in the language of quantum mechan-
ics, the existence of an infinite family of associated Hamiltonian systems (i.e. the Hamilto-
nian together with its eigenvalues and eigenfunctions) which are essentially iso-spectral with
each other. We will show that the situation is the same in the discrete quantum mechan-
ics with real shifts. The associated Hamiltonians are tri-diagonal real symmetric (Jacobi)
matrices, too. See Fig.1 for the general structure of the associated Hamiltonian systems.
Crum’s theorem for the discrete quantum mechanics with pure imaginary shifts [14], [15] §]
has been formulated in [I6]. This covers the orthogonal polynomials with absolutely contin-
uous weight functions, for example, the Wilson and the Askey-Wilson polynomials and their
various degenerate forms. See also [17] in this context.

Next we will present the discrete quantum mechanics (with real shifts) version of Krein-
Adler [I8] modification of Crum’s theorem [19]. The Krein-Adler modification goes as fol-
lows: starting from a given Hamiltonian with eigenvalues {€(n)} and the corresponding
eigenfunctions {¢,}, n = 0, 1,.. ., one can again construct an associated Hamiltonian system
by deleting a finite number of energy levels {£(d;)}, d; € Zso, j = 1,...,¢, which satisfy
certain conditions (4.I]). We will demonstrate that the situation is the same in the discrete
quantum mechanics. The associated Hamiltonian is again a tri-diagonal real symmetric (Ja-
cobi) matrix and the eigenfunctions form a complete set of orthogonal functions. See Fig. 2a
for its schematic structure to be contrasted with the original Crum’s case in Fig. 2b, which
corresponds to the very special choice of deletion {dy,ds, ..., d;} ={0,1,2,...,¢—1}. If the
starting system is exactly solvable, as those examples given in [I], the modified system is
also exactly solvable.

Crum’s theorem and its modification will be presented generically, at the beginning.
That is, no extra condition is imposed on the functions B(z) and D(x) in the Hamiltonian,
other than the positivity, the boundary (asymptotic) conditions (2.3]). Many formulas will
be drastically simplified when the eigenfunctions consist of polynomials and/or the system

is shape invariant [20], which is the case for most practical applications. We will present



these simplified formulas, too.

It is important to stress that the modified Crum’s theorem provides a unified theory
of dual Christoffel transformations [21] for orthogonal polynomials of a discrete variable.
The dual Christoffel transformation has the merits that the formulas are universal, concise
and algorithmic compared with the original Christoffel transformation, which should be
performed specifically for each case, the polynomials and the set of deletion D. This situation
is explained in some detail in section

As an illustration of the modified Crum’s theorem, we will derive in Appendix a uni-
fied expressions of the eigenpolynomials for the special case of deletion {di,ds,...,d;} =
{1,2,...,¢}. The same formulation and examples for the discrete quantum mechanics with
pure imaginary shifts are reported in [19]. As is well known these orthogonal polynomials of
a discrete variable have many important applications in many arenas of physics and mathe-
matics [2], B, 4]. To name a few recent applications, the linear quantum registers [22], quan-
tum communications [23] and the birth and death processes. As shown in [24], the explicit
examples of 18 orthogonal polynomials in [I], the (¢)-Racah, (¢)-(dual)-Hahn etc, provide
exactly solvable birth and death processes [4, 25]. That is, for the given birth and death
rates { B(x), D(z)} which define the Hamiltonian (2.I]), the corresponding transition proba-
bilities are given explicitly, not in a general spectral representation form of Karlin-McGregor
[26]. By applying the present modification of Crum’s theorem to these polynomials, one can
generate an (in)finite variety of exactly solvable birth and death processes.

This article is organised as follows. In section 2l we recapitulate the essence of the discrete
quantum mechanics with real shifts in order to introduce necessary notions and notation.
In section [3] the discrete quantum mechanics version of Crum’s theorem is formulated in
its full generality. The modification of Crum’s theorem a la Krein-Adler is developed in
section 4l Section [ provides various simplifications of the formulas in the presence of shape
invariance and/or polynomial eigenfunctions. In section 6] the Christoffel transformations
for orthogonal polynomials of a discrete variable are shown to be dual to the modification of
Crum’s theorem developed in the preceding sections. The final section is for a summary and
comments. Appendix gives the simplest examples of the modified Hamiltonian systems ob-
tained by deleting the lowest lying ¢ excited states for various exactly solvable Hamiltonians

discussed in [IJ.



2 Discrete Quantum Mechanics with Real Shifts

Let us review the discrete quantum mechanics with real shifts formulated in [I]. The Hamil-
tonian ‘H = (H,,) is a very special type of tri-diagonal real symmetric (Jacobi) matrices and
its rows and columns are indexed by non-negative integers z and y (x,y = 0,1,..., ZTmax),
in which Z,.y is either finite (xn.x = N) or infinite (Zy.c = 00). The Hamiltonian H has a

form

H Y _\/B(z)’/D(x) — \/D(z) e ?\/B(z) + B(z) + D(z), (2.1)
Hyy =—vB(x)D(x+1) 6,415 — /B(x —1)D(z) 0y, + (B(x) + D(:)s))éx,y, (2.2)

in which 9 = - is the differentiation operator (0f)(z) = %, (eX2f)(z) = f(x £ 1). The

two functions B(z) and D(x) are real and positive but vanish at the boundary:
B(x) >0, D(z)>0, D(0)=0; B(zmax) =0 for the finite case. (2.3)

The problem at hand is to find the complete set of eigenvalues and the corresponding eigen-

vectors of the hermitian matrix H (npax = N or 0o):

Hon(x) = EM)pp(x) (n=0,1,... Nmax), (2.4)

which is the Schrodinger equation of the discrete quantum mechanics with real shifts. It has

non-degenerate spectrum thanks to the generic property of Jacobi matrices,
E0)<&(1)<€&2)<---. (2.5)

The Hamiltonian (2.1]) can be expressed as a product of a bi-diagonal lower triangular matrix

A" and a bi-diagonal upper triangular matrix A:

H=AA  A=(A,), A =(ANey) = (Ae) (2,y=0,1,... Tma), (2.6)
ALY /B(x) — ®/D(z), A'=+/B(z)—/D(x)e?, (2.7)
Avy = VB(@) 60y — /D@ +1) 0041y, (ADay=+VB(@) 60y — /D(x) 601, (2.8)

The zero mode A¢y(x) = 0 is easily obtained:




with the normalisation ¢,(0) = 1 (convention: J[}_. * = 1). Note that the groundstate wave-
function ¢o(x) of (21]) is positive (¢o(z) > 0) throughout the range of = (x =0, 1,. .., Tmax)-

Then the Hamiltonian is positive semi-definite:
£(0) =0. (2.10)

The finite #2-norm condition of ¢y(x)

Tmax

> do(2)? < o0, (2.11)

imposes conditions on the asymptotic forms of B(z) and D(x) for the infinite case.

The orthogonality relation is

(G 6) D 0()n (1) = 3 B (1 = 0,1, ). (2.12)
=0 n

Here 1/d? is the normalisation constant. For the infinite case (Zma = 00), the eigenfunctions
should satisfy the asymptotic condition ¢, (Zmay) = 0 and the finite £2-norm condition.

If the eigenfunction has the factorised form,

where P,(n) is a polynomial of degree n in the sinusoidal coordinate n = n(x) with the
normalisation,
P0)=1 (n=0,1,...,nma), Pa(n) =0, n0)=0, (2.14)

then the above orthogonality relation becomes that of the orthogonal polynomials

Tmax 1

Z ¢0(5£)2Pn(77(1’))Pm(77(1’)) = 2 Onm  (mym=0,1,..., Nax). (2.15)

n

Here the discrete weightfunction ¢g(z)? is given explicitly (Z.9). The orthogonal polynomials

P,(n(x)) are the ‘eigenfunctions’ of the similarity transformed Hamiltonian H = (H,.,)
(x,y=0,1,..., Tmax)

=~ def

H = po(z) " oHogo(z) = Bz)(1 —e) + D(z)(1 —e9), (2.16)

Hay = B(@)(0ay = 0z41y) + D(@)(00y — 02-1), (2.17)



HP,(n(2)) = EM)Pu(n(z)) (0 =0,1,..., ") (2.18)
= B(2)(Pa(n(2)) = Pa(n(z + 1)) + D(2)(Pa(n()) = Pa(n(z = 1))).

The dual polynomial Q),(E), which is a degree x polynomial in £ with the normalisation

condition
Q:(0)=1 (z=0,1,...,Zmax), @-1(E) =0, &(0)=0, (2.19)

is defined by the three term recurrence relation

B(ZL’) (Qx(g) - Qx-ﬁ-l(g)) + D(ZL’) (Qx(g) - Q:c—l(g)) = ng(g) (ZL’ = 07 1a SRR xmax)' (220)

For & = £(n), the above difference equation for P, (n(x)) (21]) is identical with the three

term recurrence relation under the identification

Pun(@) = Qu(E(n)) (x=0,1,..,2ma)y (n=0,1,... 12max). (2.21)

This establishes the duality [0], [7]. The orthogonality relation for the dual orthogonal poly-
nomials Q),.(£(n)) takes a dual form to (2.I5)

T'max 1

;0 d,Q2(E(n))Qy(E(n)) = ST

For more details of the duality in the context of discrete quantum mechanics with real shifts,
see §3 of [1].
For all the examples presented in [I], the eigenfunctions have the form (2.I3)) and the

Ooy (2,y=0,1,... ZTmax). (2.22)

square of the groundstate wavefunction ¢y(z)? can be analytically continued to the whole

complex z plane and it has (at least) a simple zero at integral points outside [0, Zyax],

do(x)2 =0 forx € Z\{0,1,..., Trmax}. (2.23)

14x.

due to the factors of ¢g(z)? such as (¢;¢);' = ("7 @)oo(q; 0L, (¢7V;q)s, etc. Thanks to

this situation, various expressions in the subsequent sections whose arguments appear to go

beyond the defined range of [0, Zyay] cause no harm.

3 Crum’s Theorem

Crum’s theorem [I3] describes the relationship between the original and the associated Hamil-

tonian systems, which are iso-spectral except for the lowest energy state. The relationship
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among various associated Hamiltonian systems is quite general, as depicted in Fig. 1, and it
is shared by the most general ordinary quantum mechanical systems [13] as well as discrete
quantum mechanical systems with real and pure imaginary shifts [16] [17]. As shown below,

the factorised form of the Hamiltonian (2.0]) is essential.

3.1 Deletion of the ground state

For later convenience, let us attach the superscript [ to all the quantities of the original

Hamiltonian system, HO & 7, o (x) oo Gn(x), AL 4, Al L gt Bl (x) o B(x),

Dl(z) o D(z). Let us define an associated Hamiltonian H[* by simply changing the order
of A and A"
qyl1] e 410] 400t (3.1)

By construction A and A" intertwine H® and #H[:
All08 — 2400 4101 Aloltgy 1 — 34[01 »l0If, (3.2)

The matrix elements of the associated Hamiltonian H are

HY = /B +1)D(x + 1) 6p11y— VB@)D(@) 651y + (B(x) + D(x+1)(1 = 040 ) ) Oy
(3.3)
For the finite case (x,[{?l]ax = N, B(N) = 0), the matrix elements in the (N + 1)-th entry

vanish, namely #H!! has the following form:
HI 0
H = < A (3.4)

where H[ is an N x N matrix and 0 is an N-dimensional zero column vector. Therefore the
eigenvalue problem of H!! reduces to that of #[" and the trivial one dimensional part with
zero eigenvalue corresponding to the deleted groundstate of the original Hamiltonian. To get

rid of this trivial part we define 28 as il — N —1. For the infinite case (Tmax = 00), ol

is defined as zithx = oo. To treat the finite and the infinite cases in parallel and to avoid
notational cumbersomeness, we write H!' as H!! by adopting the following convention.
Namely H represents an (b + 1) X (b + 1) matrix HU = (H0)) (2,9 = 0,1, ..., 2l
with 2l = N — 1 or oo.

We will show that the associated Hamiltonian system H!! is iso-spectral to the original

Hamiltonian system #H!% and the eigenfunctions are in one to one correspondence, except for
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the groundstate. Thanks to the first of the above relation (8.2), it is trivial to verify that
the eigenfunctions of the associated Hamiltonian system H[ are generated algebraically by

multiplying A% to the eigenfunction of the original system:

ol (z) L AL l0) (1) (n=1,2,..., "), (3.5)
HUp () = )l () (n=1,2,... Ninax)- (3.6)

The orthogonality relation is

(1]

Tmax

(O af) = D oll@all@)  (nm =12, )

=0

1
- (A[O%[,?},A[O}(Z)LT) — (¢£?],A[°”A[0]¢£2]) — (@?]77_[[0}(;)@) - g(n)d_2 O (3.7)

For the finite case this gives all the N eigenvectors of H!1. For the infinite case, suppose
the associated Hamiltonian !l has an eigenfunction ¢'(z) with an eigenvalue £ other than

those listed above:
HU G (2) = €'¢/(x). (3.8)

Again, thanks to the second of the relation (B3.2)), it is trivial to verify
HIOL AL ¢/ () = & A ' (). (3.9)

Due to the completeness of the spectrum of the original Hamiltonian H%, the provisional
eigenvalue & must belong to the spectrum (Z3]) £(n) for n = 1,2.. .. nyay. In other words,
&’ cannot be vanishing, £ # 0. Suppose that is the case (£’ = 0), then ¢’ is annihilated
by A, But it is easy to see that there exists no non-zero solution (the finite case) or
no finite /2.-norm solution (the infinite case) of the equation Af¢/(x) = 0. Thus we have
established that the associated Hamiltonian system H[! is essentially iso-spectral to the
original Hamiltonian system % and the eigenfunctions are in one to one correspondence,
except for the groundstate with the wavefunction ¢([)0] (x).

If the groundstate energy £(1) is subtracted from the associated Hamiltonian H!Y, it is

again positive semi-definite and can be factorised as above:

HOU = AT AN (1), (3.10)

AL S B () — 2/ DUI(z), A = \/B(z) — /DN (z) e, (3.11)



(1]
B (z) ¥ \/B[O x+1)D[01(x+1)ﬁ, (3.12)
DUg) % /B0 () D) AL =V (3.13)

()
Since QS[IH is the groundstate of [, it does not vanish inside the interval [0, xﬁ}ax] Thus
BUY(x) and D!(z) are non-singular and positive. Note that D(0) is not yet defined because

[11}( 1) is not defined. Due to the factor D%(z) in (Bj:{l) and property DI%(0) = 0, we define
DI(0) 0. In concrete examples the expression of gbl (7)? can be analytically continued and
it vanishes at © = —1. This fact also supports the definition D!(0) = 0. The groundstate
wavefunction gb[l” () has the following form

o1 (x) = A% () = \/BU(2) o () — /DO(z + 1) (2 + 1)(1 =3 0 ). (3.14)

rmax

Due to the vanishing factor Bl (xmax) = 0 for the finite case and ¢l (xmax) = 0 for the

infinite case, this expression of the groundstate wavefunction qSl (x) vanishes at x = x][{?l]ax,

o (@) = 0. (3.15)

max

Thus we have B [1](33%)() = 0 for the finite case.

It is easy to verify that gb[ll}(x) is annihilated by A
Al (z) = 0. (3.16)
The equation (3.I0) is shown by elementary calculation.

3.2 Repetition

Starting from (3.I0), the second associated Hamiltonian system 2l can be defined by re-
versing the order of AMf and AM. This process can go on repeatedly.

Here we list the definition of the s-th quantities step by step for s > 1,

bl L gls=1] gls-1t E(s—1), bl LN — s or oo, (3.17)

¢[s]( )def [s— 1]¢s 1]( ) (n—s 8—|—1 nmax (318)

Als) & \/BEl(z) — €21/ DBl(z), AT = \/Bll(x) — /DIl(x (3.19)

B[S dof \/B S5— 1] ;)j + ]_)D[s 1] (1’ + ]_) M’ (320)
o' ()



DHIG) & \ By D) 2 <_>1)'

Like in the s = 1 case we set DI¥/(0) = 0. Recall that H¥ is an (zfhx + 1) x (zhhy + 1)

(3.21)

matrix U = (HEL) (z,y =0,1,..., z55h). Then we can show the following for s > 0,

WL () = Em)gll(x) (n=s,s+1,... Nmax), (3.22)
APl (z) = 0, (3.23)
= Al Al 4 g(s), (3.24)
2L s—1
of N s s ‘ 1
(@, oih) = D ol @)ell(e) = [TEm) —€G)) - 5 dum (mm = 5,541, ),
=0 j=0 n
(3.25)

and Bl (SL’qu}ax) = 0 for the finite case. We have also for s > 1

) = — A ) (=sst1 ) (3.26)
sl S oD ™ ) (n=3s,5+1,..., Nymax)- .

The situation of the Crum’s theorem is illustrated in Fig. 1.

A Al - Al Al

. .
> >

Ol RV EEE RV C DT

Y

A

A Al Al2l
€80 = AT | m g
A g AT L AR g
A Al
5(2) P2 O< T,<1 [I]T, )
Aol ATT
A S
5(1) ¢1 Gl
Af (1]
1
£(0) )
®o
H H H2 HB

Figure 1: Schematic picture of the Crum’s theorem

10



As in the original Crum’s case [13], the eigenfunction gbLf](x) can be expressed in terms

of determinants. Let us define the Casorati determinant for n functions f;(z) as

Wi, ..., fl(x )(i—efdet(fk(x+j—1)) , (3.27)

1<j,k<n

(for n =0, we set W[-](x) = 1), which satisfies

Wigfi,gfa.- -, gful(x Hg r+k) - WIf, fo, o fal (@), (3.28)
W[W[f17f27’”7fn7 ]7 [f17f27-”7fn7 ]]( )
= W{f1, fo, ..., fal(@ + 1) W[f1, fo, ..., fan g, h](2) (n >0). (3.29)

By using the Casorati determinant, we obtain

- Wido, d1, - -+ @1, dn(7)
¢ H [¢0> ¢1a ceey QSs—l](z + 1) (330)
H\/D[k (r+s—k)- Wi, 61, ., dur, dul(z) s

W[¢Oa ¢1> ey ¢5_1](l')

4 Adler’s Modification of Crum’s Theorem

Crum’s theorem describes the construction of an associated Hamiltonian system which is
iso-spectral to the original one with the lowest energy state deleted. Adler’s modification
[18] of Crum’s theorem is the construction of an associated Hamiltonian system which is
iso-spectral to the original one with finitely many states deleted.

Let us choose a set of ¢ distinct non-negative mtegerj p ¢ {di,ds, ..., ds} C ZZZO,
satisfying the condition [1§]

)4
H(m — dj) 2 O, VYm € ZZO' (41)
=1

This condition means that the set D consists of several clusters, each containing an even

number of contiguous integers

iy s dpy + 1, dyy 3 diyydpy + 1, dpy 3 digydps + 1, dgg 3 -0+ (4.2)

1 Although this notation d; conflicts with the notation of the normalisation constant d,, in ZI2), we
think this does not cause any confusion because the latter appears as d% Onm-
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where dy, + 1 < di,, dp, +1 < di,, ---. If dy, = 0 for the lowest lying cluster, it could
contain an even or odd number of contiguous integers. The set D specifies the energy levels
to be deleted. Deleting an arbitrary number of contiguous energy levels starting from the

groundstate (D = {0,1,2,...,¢ —1}) is achieved by the Crum’s theorem discussed in §[3

ds
d .
> At At
-— -—
e —— ———
A / R
d4 A /-1 A
ds
da
dy 2
1
0 0 0 0
original modified original after ¢ steps
system system system of Crum
A def A A A 2 def
= Ady..dy " AdidaAds A A1 4l 40
Figure 2a: Generic case Figure2b: Crum’s case

We will construct associated Hamiltonian systems corresponding to the successive dele-
tions Hgy, . (and Ay, ., ALL__, etc.) step by step, algebraically. It should be noted that some

Hamiltonians in the intermediate steps could be non-hermitian.

4.1 First step

For given d;, the original Hamiltonian H can be expressed in two different ways:

H=ATA= Al Ay +E(dy), (43)
Aa & /By (@) — VDo @), Ay /Ba(@) VDo) e, (44)

Bdl(x)d:Of\/B(x)D(:chl)%, Ddl(m)d:Of\/B(x—l)D(x)%, (4.5)

and we have

Ag, b, (x) = 0. (4.6)
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Asin §Blwe set Dg, (0) = 0. Note that By, (€max) = 0 for the finite case. Unless dy = 0, By, (x)
and Dy, (z) are not always positive due to the zeros of ¢4 (). It is important to note that
Azll in (£4) is a ‘formal adjoint’ of A4, due to the above mentioned sign changes of By, ()
and Dy, (). We stick to this notation, since the algebraic structure of various expressions
appearing in the deletion processes are best described by using the ‘formal adjoint’. By

changing the order of A, and .AIZ _» let us define a new Hamiltonian system

C A AL+ E(dy), 2B N —1or oo (4.7)

max

Ha,

As in §[3] the Hamiltonian Hg, represents an (@, +1) x (2@ + 1) matrix Ha, = (Hay.zy)

(z,y = 0,1,...,2% ). It is easy to show that the ‘eigenfunctions’ of this Hamiltonian are
given by
def
(bdl n( ) Adl(bn( ) (n S {07 17 NN nmax}\{dl})7 (48)
Hd1¢d1 n(l’) = g(n)¢d1 n(l’) (n € {O> L., nmax}\{dl})' (49)
Thus the energy level d; is now deleted, ¢4 4,(x) = 0, from the set of ‘eigenfunctions’

{bg, n(x)} of the new Hamiltonian H;, .

4.2 Repetition

Suppose we have determined the Hamiltonian Hg, 4, together with the eigenfunctions

S

Gdy ...d.n(x) with s deletions. They have the following properties:

Hair ot S Ay Al g +Ed), aliz®™ SN — s or oo, (4.10)

Adl...ds € /By, .a.(x) — /Dy, _a.(2),

Al 4= \/Bdl a.(¥) = /Dy, .a,(x) e, (4.11)
\/Bdl .dg 1(5(7+1)Dd1 ds_ ($+1)w (822)

By, ..a.(z) = bz 4 1) O ..a.() . (412)
VB r+1) <115d @ (s=1)

def \/Bdl dsfl(x)Ddl ceds—1 (SL’) ¢d1 s (I 1) (8 > 2)

Dy, .a.(z) = bur (2 — 1) a ..d, (2) ’ (4.13)
vV B(z —1)D(z) Clbd ©) (s=1)

bar - dyn(®) = Ay a0, a, (@), (4.14)

Hdl ---ds¢dl wds TL(I) = g(n)¢d1 wds n(l’), (415)
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where n € {0,1,..., nmax }\{d1,...,ds}. As before we set Dy, 4,(0) = 0. We also have
By, .4, (SL’LSan) = 0 for the finite case. We note that the following relations hold:

By, ..a.(x) = Dy, .a.(x + 1)(%)2 (s>1), (4.16)

Bd1 L (:L’)Ddl " (x + 1) _ { ic(l;)g(;(i‘;)nl)dl ...d571($ + 1) Ez i fi 7 (4.17)

Buy ..a. (@) + Day _a.(z) + E(dy) = {gi;ﬁb@ﬁ Day gy (x4 1)+ E(dy 1) EZ i 3 .
(4.18)

We have also

i
Adl ...ds

Gdy ..dy_yn(T) = m¢d1 () (me{0,1,. . nmax P \{d1, ..., ds}). (4.19)

Next we will define a new Hamiltonian system with one more deletion of the level dg.

We can show the following:

Hdl ...ds - -A-Crll ...ds Adl. ds s+1 _l_ g(d5+1) -Adl d ds+1¢d1 ---ds ds+1 (I) = O? (420)
def
Adydvder = /B ..dydor () — € \/Dd1 dydeis (T

def
-Aizl dedspr \/Bch o dayr (T \/Dd1 s dor1 (T 6, (4.21)
<f>d1 dadoss (T A+ 1)

ds+1

Bu,..a,4,,(x) © \/Ba, 0. (v + 1) Dy, _a,(x +1) : (4.22)
¢d1 s .s+1(x>
e ¢ 1edsdepi \ T — 1
Dt @) S /B 00Dy () titen 1) (4.23)
Py ... dy dsr (T)
These determine a new Hamiltonian system with s + 1 deletions:
def t diodoir def
Ha, wdsp1 T Adl ~~~ds+1Ad1 wodst1 + 5(d5+1), L max = N —s—1oroo, (424)
def
Py ..dyy1n(T) = Ady _doy1 Pdy .. dyn(T), (4.25)
Hd 5+1¢d1 ds41 TL( ) ( )¢d1 ds41 n( ) (426)

where n € {0,1,.. ., nyax }\{d1, ..., ds11}.
By induction we can show that the eigenfunction is expressed in terms of the Casorati

determinant:

) = 1 T B 0] s (1.27)
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After deleting all the D = {d, -
Hp = Ha, ..da,, Ap = Aa, . 4,, etc has the following form:

W[¢d1a R ¢ds>¢n](z).

= (—1)8\1 [ D4 az+s+1—k)

k=1 W[¢d1a SRR ¢dé]($)

We can also show the following:

 Ga,)(z +1)

- T - W[day, -

gBdl...dk(x) \ k]:[lB(x HE =)D ) e
- - W(da,, ..
[IDu..a(z+s+1-k) = \ IEB(x+k— DD+ k) - o=

4.3 Last step

def

Hp =

Ap AL + £(dy), P LN — ¢ or oo,

max

.,gbds](l' + 1)

Ap € \/Bp(z) — ¢”\/Dp(z), ALY \/Bp(x) — /Dplz)e™?,

Boe) & B Daa e D D,

Do) ™ /B a0 Dy 0) 25,
QSDH(x) d:Of A’D¢d1 odp_q n(z) (n € {O> 1a ey nmax}\p)a

HD¢Dn(x) = 5(n>¢Dn(x> (n S {07 17 cey nmax}\D)'

Now Hp has the lowest energy level u:

1 min{n|n € {0,1,..., numax \D},

with the groundstate wavefunction ¢, (z)

- def

() = ¢p () = Pay oayu(T).

function ¢, (), which we will denote by new symbols H, A, etc:

def

H=Hp = ATA+E(1), Tmax =25, =N — L or co, Ag,(z) =0,

max

A= Ap, 2 \[Ba) - \/D(x), A=A, < \/Bla)—\/Da)e,

15

(4.28)

(4.29)

(4.30)

-, dg} energy levels, the resulting Hamiltonian system

(4.37)

(4.38)

Then the Hamiltonian system can be expressed simply in terms of the groundstate wave-

(4.39)
(4.40)



gz_ﬁu(:)s +1)

B(z) = Bp () ¥ \/Bp(z + 1) Dp(x + 1) OB (4.41)
D(a) = Dpy(e) % V/Bple) Do) 228~ 1) “"‘)1 , (4.42)
Hon(z) = E(M)on(x),  dn(2) = dpul(z) (n€{0,1,. .., nmax }\D), (4.43)
B(x) + D(x) + E(p) = Bp(z) + Dp(x + 1) + E(dy). (4.44)

Again we set D(0) = 0. We have B(Zmax) = 0 for the finite case. Note that the final
Hamiltonian H is an (Zmax + 1) X (Zmax + 1) matrix H = () (2,9 =0,1,. .., Tmax)-
In terms of the Casorati determinants we obtain the expressions of the final eigenfunction

¢n(x) and the final functions B(x) and D(x) (¢ > 0)

e T W(dus, -+ ba,, 6nl()
On(z) = (=1) \ ];[lel...dk(x) “W(edy, - ba,)(x+ 1) (4.45)

el W[¢d1> R gbde](z) (4.46)

o W[¢d17”’7¢dl](x) W[¢d17”’7¢dw¢u](x+ 1)
= VBEH 0D+ L ) g P et D Witmr e e @) 4

— W[¢d1a .. .,QSdZ](ZL' + 1) W[gbdl, .. ->¢dp¢u](x — 1)

l
= (_1)Z\ HDdL..dk(:C +04+1-— ]{}) . kadl’ . "¢de’¢n](z)’

D(z) - B(x - I)D(z) W[¢d1’ SR ¢dz](x) W[¢d1’ SR ¢dw ¢M](x) (4‘48)
From (4.29)—(4.30) we also have (¢ > 0)
: T Bt b — 0Dl gy Ve Gal(e + 1)
k]:[lel L (z) = \ gB( +k—1)D(x+k) Won oul@) (4.49)
@ T Wbars -, ba)()
ngl,,,dk(Hu 1—k)= gB(x+ k—1D(z+k)- Vool 1 1) (4.50)

Therefore the functions B(x), D(z) and ¢, (z) are symmetric with respect to di, ..., d, and
the final Hamiltonian H is independent of the order of {d;}.

Let us state the discrete quantum mechanics version of Adler’s theorem; If the set of
deleted energy levels D = {dy,...,ds} satisfy the condition (A1), the modified Hamiltonian
is given by H = Ha, __a, = ATA+E (1) with the potential functions given by (EAT)-{LAS) and
its eigenfunctions are given by (L45)—([£46). The discrete QM version of Crum’s theorem
in §B corresponds to the choice {d,...,d;} ={0,1,...,¢ — 1} and the new groundstate is

16



at the level u = ¢ and there is no vacant energy level above that. We have not yet proven
the hermiticity of the resulting Hamiltonian 7 and the reality of the eigenfunctions ¢, (z)
categorically for the discrete quantum mechanics, even when the condition (1)) is satisfied
by the deleted levels. It should be stressed that in most practical cases, in particular, in the
cases of polynomial eigenfunctions, the hermiticity of the Hamiltonian # is satisfied.

The orthogonality relation of the complete set of eigenfunctions is

Tmax

(Gn:6m) = D bu(@)dm(x) = [[(E(n) — £(dy)) - di Oum (nym € 0,1, Ny }\D).

=0 j=1

(4.51)
Note that the coefficient of d,,, is positive for D satisfying (4.Tl).

5 Simplifications

In the preceding sections, Crum’s theorem and its modification are presented in their most
generic forms. These formulas are simplified substantially when the system is shape invariant

[20] and/or the eigenfunctions consist of polynomials.

5.1 Crum’s formulas

5.1.1 Shape invariance

Shape invariance is a well known sufficient condition for ezact solvability in ordinary quan-
tum mechanics. The situation is exactly the same in discrete quantum mechanics. Shape
invariance simply means that the s-th associated Hamiltonian system has the same form as
the original one with certain shifts of the contained parameters.

The Hamiltonian may contain several parameters A = (A1, Ao, ...) and we indicate them
symbolically as H = H(X), A = AA), E(n) = E(M;N), dn(x) = ¢n(z;N), ete. Let us
consider the case that the potential functions of the first associated Hamiltonian B! (z) =
BY(x;A) and DM(z) = DU(x; ) have the same forms as the original functions B and D

with a different set of parameters and up to a multiplicative positive constant Kk € R:
BY(z:A) =kB(x;X), DW(z;\) =~rD(x;X). (5.1)

Here the new set of parameters A’ is uniquely determined by A. In concrete examples we

can choose an appropriate set of parameters such that A’ = A+ 4, with a shift of parameters

17



denoted by 4. In the following we assume this. In fact, (B.]) is equivalent to the definition
of the shape invariance by Odake and Sasaki [14] 1 [§],

ANAN = kA + 8)TAN +8) + E(L ). (5.2)

It should be stressed that the above definition of shape invariance is more stringent and
thus more constraining than the original definition of Gendenshtein [20]. This condition is

rewritten as

VB(z + 1A D(z 4+ 1;A) = sy/B(; A+ 8)D(z + 1; A + 6), (5.3)
B(z;X) 4+ D(z + 1;X) = 6(B(z; X+ 8) + D(z; X+ 8)) + E(L; ). (5.4)

The shape invariance condition (5.2) combined with the Crum’s theorem implies

AN = k2 AN+ 508),  AFT(X) = k3 AN + 56)T, (5.5)
HENN) = K5H(X + 58) + E(s; A), (5.6)

and the entire energy spectrum and the excited states wavefunctions are expressed in terms
of £(1;A) and ¢o(z; A) as follows:

E(n; A) = imsg(l;)\—ksé), (5.7)
On(T; N) ocs:él()\)TA()\ +8)TAN+28)T - AN+ (n — 1)8) po(x; X + nd). (5.8)

Therefore the shape invariance is a sufficient condition for exact solvability. We have also

AN 6 (25 X) = ﬁ PN bur (21 1 ), (5.9)

AN @1 (2 X+ 8) = v/ B(0; X) bym1 (N (25 N), (5.10)

where f,(A) and b,_1(A) are the factors of the energy eigenvalue, £(n; X) = f,,(A)bn_1(A).
It is interesting to note that the polynomial eigenfunctions are not the direct consequence
of the shape invariance. When the eigenfunctions consist of polynomials (2.13]), the above
formula (5.8]) could be called the Rodrigues formula for the polynomials. Relations (5.9)—
(E10) would translate into the forward and backward shift relations [1l, 8] for the polynomial

eigenfunctions.

18



5.1.2 Polynomial eigenfunctions

Here we consider a generic Hamiltonian (2.I]). That is the shape invariance is not assumed.

Let us define a function n(x) as a ratio of ¢1(z) and ¢o(x),

¢1()
Po()

where a and b (b # 0) are real constants. Although 7(x) is not well defined without specifying

=a+bn(x), (5.11)

a and b, this ambiguity (affine transformation of n(z)) does not affect the following discussion.
Then (B.12) and (B.I3]) imply
1) — 2 —1)—
n(x) —n(z+1) n(x) —n(x+1)
Let us assume further that the n-th eigenfunction ¢, /¢o is a degree n polynomial in this

n(z) for all n > 2:

BY(z) = B(z +1)

Cbn(I) = QSO(z)Pn (77(95))’ Pn(y) = Zan,k yk’ QAn.n # 0. (5'13)

k=0
Obviously apo = 1, a = a1 and b = a; ;. The orthogonality of the eigenfunctions {¢,} im-
plies that {P,(n(x))} are orthogonal polynomials in 7(z) with respect to the weight function

¢o(x)?. Then we can show the following:

QSLS] (l’) Asiy1,s As41,5+1 [ s def 2
ﬁsf( - s = gll), M) =) 0+ k), (5.14)
s \ & 8,8 8,8

nl (x4 1) — nls~(z 4 2)

BEl(z) = Bz + 1) S (5.15)
s s—1 [s—l](x B 1) — 7l 1}(I)

D (z) = DE1(x) Z[S_”(x) - n[s‘g(zz — (5.16)

o) = oS (@)P () (n =), (5.17)

where 757[5}(93) is a symmetric polynomial of degree n — s in n(z),n(x +1),...,n(z + s) and

satisfies the recurrence relation
As—1,5— 17)8 1]( ) 757[?_1}(5(7‘"1)

>8] — .
) = T ) (e 1 1)
Obviously P (x) = P,(n(x)) and Pl (x) = 1. From (5.I8), Pl (x) is explicitly expressed as

assZank Z HT}SL’+] (n>s2>0). (5.19)

=s kg, ks>0  5=0
s

]ijks

(5.18)

For the shape invariant case, we have P}’ () o< Po—s(n(x; XA+ 50); XA + s9).
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5.1.3 Casorati Determinants

Here we prepare several formulas including various Casorati determinants and the sinusoidal
coordinates.
For any polynomial in n, {P,,(n)} (P.(n) = ¢,n"+ (lower degree terms)), a set of variables

{n;}, and a set of non-negative distinct integers {ny}, it is easy to show

det(Poe(m) 1 cipem = L1 O —=m) - RO, ymm), (5.20)
1<j<k<m
where R(1y, ..., ) is a symmetric polynomial of degree Y ;" ny, — sm(m—1) inny, ..., 0.
Especially, for (nq,...,n,) = (0,1,...,¢), the polynomial R becomes a constant and we have
¢
det (Pk—l(nj>)1gj7kgg+1 = H Ck - H (Wk - nj) (521)
k=0 1<j<k<t+1

For all the sinusoidal coordinates n(z) studied in [II, 9], we have

n(x + a) + n(z — @) = (a polynomial of degree 1 in n(z)), (5.22)
n(z + a)n(x — ) = (a polynomial of degree 2 in n(x)), (5.23)

with Yo € R. Hence a symmetric polynomial in n(z),n(z + 1),...,n(z + £) becomes a

polynomial in n(z + g) Moreover the sinusoidal coordinate n(z; A) satisfies
n(x 4+ «; A) = (a polynomial of degree 1 in n(z; A + 2ad)), (5.24)
with Yo € R. Therefore a symmetric polynomial in n(z;X),n(z + 1; X), ..., n(z + £; )

becomes a polynomial in n(z; A + ¢§). The sinusoidal coordinate n(z; A) satisfies

0@+ a; ) —n(z;A)
UICTRY
For the definition of the auxiliary function ¢(z;A), see egs. (4.12) and (4.23) in [1]. Let us

=p(z; A+ (o —1)6). (5.25)

define the (-th auxiliary function @y(z; A) as

e T+ kAN —nlx+7;A ) .
plan® ] MEEEDZIGEIN [T g jiak (-~ 10). (520
0<j<k<l—1 U J 0<j<k<l—1

Then, for any polynomials of degree n in n(z; ), P,(2; X) oo P,(n(x; X); A), we have

W[Pn17PTL27 ‘7an
Om (T3 )

J(sA) (a polynomial of degree Y ;" nj, — sm(m — 1)

in (2 A+ (m — 1)8) ) (5.27)
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and (5.2]) implies

WPy, Py, ..., Pl A) = [T s - TT TG N - e A). (5.28)

k=1 j=1

Note that, for the orthogonal polynomials studied in [1], we have (A.16).

5.2 Modified Crum’s theorem formulas

In this subsection we consider the simplification of the formulas in §l when the eigenfunctions

consist of the orthogonal polynomials {P, }:

dn(1) = o(2)Ba(n()),  Bu(z) € Py(n(z)), (5.29)

where P, (n) is a polynomial of degree n in 7, satisfying the boundary condition 7(0) = 0

2.14).
First we recall that the ground state ¢o(z) is annihilated by A,
V B(x) ¢o(x) = /D(x + 1) oz + 1). (5.30)
By using this and (3.28), egs. (£49)-(450) become
Ba, a Blz+k—1 SERSELY:/) , 5.31
H el ,Hl Wik P ) (5:31)
¢ ¢ - -
Dy q(x+l+1—k)=||D(x+k)- Ut : 5.32
,El i )= 11Pe+w WPy, PaJ(z+ 1) (5.32)

From these and (£.45)—(.48]) we obtain

asn(w)<—1>f¢o<x>JHB<x+k—1>- _ Wikas - P Bil@) (5.33)
P VWIPs, o P (@)WI[Pa,, ..., Py)(x + 1)
= (=1)'o(z + 0),| [[ D@ + k) - WIPu, - P, P(2) , (5.34)
e VWIPs. oo Py )@ WPy, ., Py + 1)
— - v W[pdla---apdg]() W[Pd1a"~>Pde’PM](x+1)
Blo) = Bl O G B+ 1) Wiky, . Py P@) (5.35)
D(;L’) :D(SL’) W[Pdl,,Pdl](l’—i‘l) W[Pdl,...,sz,Pu](l’— 1) (536)

W[pdl,...,pdl](l') W[pdl,...,pde,pu](l’)
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The eigenfunction ¢, (z) of this D-deleted system has the following structure,

_ 7 . W[Pdl,..-,ﬁ)dlapn](x)
On() = Qpu(z) ¥ WI[Py,, ..., Py, PJ(z)

(5.37)

In the following we assume that n(x) satisfies (5.22)—(5.25). Then the above formulas (5.33)—
(B34]) are simplified thanks to (5.27):

i) = duai ) x I o) i n+ 16), (5.38)
Plnir() Pulne +1) @ X) prpale + 15A)
Pl 1 1) Pun@) w@ LN prn@a)
D) — D(x P(me-1(x+ 1)) Pu(ne(z — 1)) we(z + L;A) ora(z — 1; A)
PO =P =50 00 @) @ N @A)

where the deformed polynomials P(7,_1), Pn(n.) and P,(n) are defined as (we suppress

B(x) = B(x + () (5.39)

(5.40)

writing A-dependence explicitly)

def

7)(775—1(35)) = QOg(SL’; >‘)_1 W[Pd17 SRR sz](x)v (541)
Pu(ne(2) & @rar (2 ) WPy, ..., By, P(2), (5.42)
Pue(2)) = @ (1; ) WPy, ..., Py, ) (2), (5.43)

and they are of degree |D| — 30({ —1), |D|+p— $0(+ 1) and |D|+n — 300+ 1) in ne_y, 7

and 7, respectively. Here |D| is defined by |D| o Zﬁ:l d;. By construction the deformed

polynomials P(n,—1(x)) and P,(n.(z)), which appears in the denominator of (5.38) and in

(5:39)-([5.40), are positive definite for =0, 1,. .., Tmax.
The ratio of the polynomials P, (ne(x))/P.(n:(z)) are eigenfunctions of the similarity

transformed Hamiltonian (a second order difference operator) H:

HY G220 o Hodu(z;N) = Bla)(1 — ¢?) + D(x)(1 — ), (5.44)
= Puln@) _ oo Paln@) i
HButmt@) =SBy O e AP) (545)

The orthogonality relations of {¢,} (&51I) are now rewritten as the orthogonality relations
of the polynomials {P,(n.,(z))},

i'max Z

Z @E(L )‘)27371(774(1'))73771(774(1')) = H(g(n) - g(dj)) ) dig Onm  (m,m €1{0,1,..., Nmax }\D),

(5.46)
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in which the new weightfunction is defined by

Sy def Du(Ti )
VX = 3 @)

We have demonstrated the following: When the modified Crum’s theorem is applied to

(5.47)

the shape invariant (exactly solvable) Hamiltonian systems corresponding to the (q)-Askey
scheme of hypergeometric orthogonal polynomials P,(n(z)) [1], the resulting system is no
longer shape invariant but the eigenfunctions consist of deformed polynomials P, (n,(z))
(543). They inherit the sinusoidal coordinate of the original system and they are orthog-
onal with respect to the weight function given as the square of the deformed groundstate
eigenfunction 1 (x; A)? (5.47). These deformed orthogonal polynomials P, (n,(z)), although
forming a complete set, have vacancies in the degrees corresponding to the deleted levels
D = {dy,ds, ...,ds}. Therefore they do not satisfy three term recurrence relations and they
are not called orthogonal polynomials in the strict sense. When another (modified) Crum’s
theorem is applied to such a system, most of the simplification formulas (due to polynomial

eigenfunctions) in this section are still valid with some adjustments.

6 Dual Christoffel Transformations

In this section we will show that the simple case (i.e. u = 0) of the modified Crum’s the-
orem applied to an orthogonal polynomial P,(n(z)) provides the well known Christoffel
transformation [21) [3] for the corresponding dual orthogonal polynomial @.(E(n)) (2.21)).
Therefore we will call it the dual Christoffel transformation. Corresponding to the deletion
of the levels or degrees n € D = {di,...,ds} of the polynomials P,(n(z)), the positions
n €D ={d,...,ds} are deleted from the dual polynomial @), (£(n)). Here we assume that
the set of deleted levels does not contain 0, the original ground state, i.e. 0 ¢ D. This also
means that ¢ is even and the modified groundstate has also the label 0, u = 0.

The deformed dual polynomials Q, (&) are defined by the three term recurrence relations

in terms of B(x) (5.35) and D(x) (5.30)):
B(2)(Qu(€) = Qus1(6)) + D(@)(Qu(€) = Quoia(€)) = €Qu(€) (2 =0,1,... Turax),
Q(€)=1, Q.(&)=0. (6.1)

One simple consequence of the above recurrence relation is the universal normalisation
Q.(0)=1 (z=0,1,..., Tmax)- (6.2)
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Assume that n(x) satisfies (0.22)-(5.20). At the eigenvalues € = £(n), the Schrodinger
equation (5.43]) for the ratio of the deformed polynomials P, (n.(z))/Po(n.(x)) is identical

with the above three term recurrence relation and the duality relation holds:

PO(“Z(QU)) - anw(g( ))7 S [07 max]a S {0, 1, R max}\D, (63)
in which Z
= = :]]DDO 8 - g H g j)’ ne {07 17 s 7nmax}\D7 (64)

by the normalisation condition. We have verified the second equality for all the examples
in [I], see (AJ6)-(AI7). Thus Q.(€) are genuine orthogonal polynomials, satisfying the
orthogonality relation dual to (5.40]):

> ]I - Q(E(n))Qy(E(n))

n€{0,1, . nmax \D  j=1
[T5-, £(d))?
¢o(x)*
Note that Hﬁ:l (E(n) —E&(d;)) > 0 due to [@I). It is obvious that the values of Q,(€(n)) at
‘positions’ n € D = {dy,ds, . ..,d,} do not enter the orthogonality relation or the Schrédinger
equation (5.45]). In other words, the values of Q,(€(n)) at n € D are not defined but the

boy (20 =0,1,... Zmax)- (6.5)

degree x runs from 0 to Z,. Without any hole. This transformation of the dual orthogonal
polynomials, Q,(£(n)) = Q.(E(n)) is the well known Christoffel transformation [21], [3, 27,
28, 29]. The transformation of the orthogonality weight function is read from (6.5]):

14

&2 — 2 [ (Em) - £(dy)). (6.6)

i=1

The inverse of the Christoffel transformation is called the Geronimus transformation [27],
which adds new ‘positions’. Its effects can be practically incorporated by the dual Christoffel
transformations with redefinion of the parameters.

The dual Christoffel transformation has the merits that the formulas determining B(x)
and D(z) (5.35) and (5.36]) are universal, concise and algorithmic compared with the orig-
inal Christoffel transformation, which should be performed specifically for each case, the

polynomials and the set of deletion D.
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7 Summary and Comments

Crum’s theorem and its modification a la Adler are formulated for the discrete quantum
mechanics with real shifts. They are slightly more complicated than those in the ordinary
quantum mechanics or in the discrete quantum mechanics with pure imaginary shifts, partly
because the size of the Hamiltonian matrix, or the range of the = variable (zyax), is reduced
by one in each deletion. Another source of complications is the fact that in the generic cases
the sinusoidal coordinate 7(x) depends on the parameters A, which changes at each deletion.
In the discrete quantum mechanics with real shifts, the modified Crum’s theorem generates
the Christoffel transformation of the dual orthogonal polynomials. Very special and simple
examples, in which all the excited states from the first to the /-th are deleted (see Fig.3),
are presented explicitly in Appendix for more than two dozens of orthogonal polynomials
discussed in [I].

One of the motivations of the present research is the connection with the infinitely many
exceptional orthogonal polynomials [30) B1], 32, [33] 34]. As explained in some detail in §4 of
[19], the insight obtained from the explicit examples of the application of modified Crum’s
theorem was instrumental for the discovery of the infinitely many exceptional Laguerre and
Jacobi polynomials in the ordinary quantum mechanics [32] and the exceptional Wilson and
Askey-Wilson polynomials in the discrete quantum mechanics with the pure imaginary shifts
[34]. The explicit examples in the present paper are also very helpful for the discovery of the
(infinitely) many exceptional orthogonal polynomials of a discrete variable, for example, the
exceptional ¢g-Racah polynomials, etc. They will be derived and discussed in detail elsewhere

35).

Acknowledgements

R.S. is supported in part by Grant-in-Aid for Scientific Research from the Ministry of Edu-
cation, Culture, Sports, Science and Technology (MEXT), No.19540179.

A Special Examples

In Appendix we present very special and simple examples of an application of Adler’s theo-

rem, in which the eigenstates ¢, @9, ..., ¢, are deleted. Similar examples of the application
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of Adler’s theorem in discrete quantum mechanics with pure imaginary shifts were given in
Appendix B of [I9]. In the ordinary quantum mechanics, some simple examples of the same
sort were demonstrated in Appendix A of [19] and [36].

In this case, D = {d1,ds,...,ds} = {1,2,...,¢}, that is, the modified groundstate level
is the same as that of the original theory g = 0. This means |D| = 3¢(¢ + 1) and the
polynomial P, (5:42) is a constant. The degrees of the deformed polynomial P (5:41]) and
P, (£43) are £ and ¢+ n, and they are proportional to the deforming polynomial & and the
deformed polynomial P, (A.24)), respectively. The duality (6.3]) is now a relation between
two polynomials P, (n,) and Q. (&).

The main results are the unified expressions of the functions By(z) ([A.29) and D,(z)
(A.30), which specify the Hamiltonian H, together with the eigenfunctions ¢, (A.31)) and
Gon(r) (A32). The unified expressions of the deformed eigenpolynomials P, (x) are given
in (A43). An important ingredient specific to each type of polynomials is the deforming
polynomial & (z), which is listed in [A3. The situation is illustrated in Fig. 3, which should

be compared with Fig. 2a depicting the generic case discussed in section [4l

Ai Al
A Ay
l+1 {+1
1
-1

2
1
0 0 0
original modified after £ + 1
system system steps of Crum

o def
A = Adl...dg o 'AdldgAdl

Figure 3: Special case

The black circles denote the energy levels, whereas the white circles denote deleted energy

levels. We write H = Hia..¢, O = 2. tny A= Ao, B= Bio._ s, D = Dy 4 etc. as
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He, Gon, Ao, By, Dy etc. This Hamiltonian H, = .AZ.A[ is hermitian for even ¢ but may
be non-hermitian for odd ¢. Since algebraic formulas such as the Casoratians are valid for
even and odd /¢, we present various formulas without restricting to the even ¢. The original
systems are shape invariant but the (¢1, ..., ¢y)-deleted systems H, are not. The rightmost
vertical line in Fig. 3 corresponds to the Hamiltonian system H) = AEAZ = HIH1 which is
shape invariant and it is obtained from H, by one more step of Crum’s method.

We apply Adler’s theorem to the shape invariant, therefore solvable, systems whose
eigenfunctions are described by the orthogonal polynomials studied in [I]; i.e. (¢)-Racah,
(q)-(dual)-Hahn, etc. Hereafter we display the parameter dependence explicitly by A, which
represents the set of the parameters, and we follow the notation of [I]. This is to emphasise
that the basic structure of Crum’s theorem and its modification discussed in the main sections

are well-founded for the most generic systems.

A.1 The original systems

Here we summarise various properties of the original Hamiltonian systems studied in [1] to
be compared with the specially modified systems to be presented in All the examples

are shape invariant and exactly solvable. Let us start with the Hamiltonians, Schrodinger

equations and eigenfunctions (z =0, 1,. .., Zmax, Tmax = IV O 00, Npax = IV Or 00):
A(N) /B (;X) — 2/ D(z; X)), AN = /B(a;A) —/D(z;X) e (A.1)
HA) = ANTAN), (A.2)
HN) D (x;A) = EM; N)dn(z;N) (n=0,1,... Nyax), (A.3)
Oul(m; N) = 0o(; M) Pa(n(m; A); A) - (Pa(0;A) =1, Pua(m; A) = Paln(a; A A)). (A4)

The explicit forms of the set of parameters A, the potential functions B(z; A) and D(z; A),
the energy eigenvalues £(n; ), the sinusoidal coordinate n(z;A), the ground state wave-
functions ¢g(x; A) and the eigenpolynomials P, (n(x; A); A) are given in [I]. The groundstate
wavefunction ¢o(z; A) is annihilated by A(X), A(X)do(x; A) = 0, and given by

Po(w; A) = H D( y+1 )\ (A.5)
The systems are shape invariant,
ANAN)T = kAN + 8)TAN+6) +E(1; N), (A.6)
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where the explicit forms of § and & are given in [I]. The action of A(X) and A(X)' on the

eigenfunctions is

1
Q)G 0) = s (N (52 -+3), (A7)
AN fpor (23X +8) = /B(0; A) b1 (A) (5 N), (A.8)

where f,(X) and b,_1(X) are the factors of the energy eigenvalue, £(n; X) = f,(N)b,_1(A),
and their explicit forms are given in [I]. The forward and backward shift operators F(A)
and B(\) are defined by

FA) Y /BO;X) ¢olz; A+ 6)"" 0 A(N) o golz; A)

= B(0; N)p(z; A) (1 =€), (A.9)
der 1 o bz
B(A) = 50N ————o(x; \) " 0 AN)T 0 do (a5 X + 8)
1 _
= m(B(x; A) — D(z; e 8)@@; A), (A.10)

and their action on the polynomials is

FA)Pa(n(z; A); A) = fu(X) Paca(n(z; A+ 6); A+ 6), (A.11)
B(A)Pooa(n(zs A+ 6); A+ 6) = bo1 (A) Pa(n(a; A); ). (A.12)

For the definition of the auxiliary function ¢(x;A) see egs. (4.12) and (4.23) in [1]. Their
explicit forms are also given in §5 of [IJ.
The orthogonality relation is

Tmax 1

quo D2 X); N) Pr(0(25A); A) = s G (n,m = 0,1, M), (AL13)

where the explicit forms of the normalisation constants d,,(X) are given in [I].
The coefficient of the leading term c,(X), which appears in P,(y; X) = ¢, (X) P™™¢(y; ),

is given by

NG E(J; )
@A) = I[T/= (N 1:[0 0 >\+J5) ’ (A14)

for all the examples in [I]. Especially n = 1 gives the relation

ELA) (L)
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which expresses the important relation among the basic quantities B(0; A), E(1; ), n(1; X)
and ¢; (), see eq. (4.55) of [I]. The Casorati determinant (5.27) becomes

Om(TN) WP, ..., Py, (2 )

fet [1icjcrem(Eus A) = E(ny; X)) m-1 k ) § |
:l!:[oCk(A) HO<]<Z<m (ERA) = E(5;N)) g 175 A) + Floyonn) (250

= (—1)(B) () H <(0 ,\)+ T E"is;‘)) P (T3 N, (A.16)

for all the examples in [1]. Here P, . )(z;A) is a polynomial of degree " | n,—3m(m—1)

.....

in n(z; A+ (m — 1)d) and satisfies the normalisation
P(nl ----- nm)(o; A) = ]' (Al?)

A.2 The (¢q,...,¢r)-deleted systems

For this very special case, the potential functions (5.38)—(5.30]), the Hamiltonian (Z39)—
(440) and the Schrodinger equation (L.43)) of the modified system are:
_ Py, ..., B (x; P,...,P, P 1;
By(w: ) = B(w: A) = Bla+ 6 )l o PA@ D) WiRL. . B Blle £ LA - g
W[Pl,,Pg](l'—Fl,A) W[Pl,...,Pg,Po](ZL’;A)
W[pl,,pg](l'—i—].,A)W[pl,,pg,p()](l’—LA)

Dy(x;X) = D(z;A) = D(x; \) = = = —— . (A.19)
WP, ..., Bl(z:N) WP, ..., By, By)(z: \)

AiX) = AX) = V/Bi(a; ) — ¢ W

AN = AN = /Be(z; X) — /Dy(a;X) e, (A.20)

Ho(A) = HA) = AN AMN), 28, EN—Cor o, (A.21)

He(N)Pon(250) = EM; N)pen(x;A) (Rn=0,0+1,0+2,. .. Npax)- (A.22)

Note that the Hamiltonian H, is an (28, + 1) X (2h. + 1) matrix Hy = (Hewy) (z,y =

max max
0,1,...

). The explicit expression of D,(x;X) can be analytically continued and gives

? max

Dy(0; A) = 0. We have By(x%,.) = 0 for the finite case. From (5.33) we have
) -1
Gen(@3X) = Gu(; A) = (1) @o(z; X) [ [ VB + k5 )
k=0
% - W[VP177PZ7?TL]('I7A? ‘ (A23)



Let us introduce the deforming polynomial & (z; ) oo E(n(z; A+ (€ —1)8); A), which is
a polynomial of degree £ in n(z; X + (¢ — 1)8), and the deformed polynomial Py, (z;A) = &f
Ppn(n(xz; X+08);X) (n=0,0+1,0+2,...), which is a polynomial of degree n in n(x; A+ £6),
in terms of (A1) as follows:

E(w ) E P (@A), Poa(zsN) E P, o (@:N). (A.24)

Then we have
&0 N) =1, Pa(0;A) =1 (A.25)

We set Pg’n(flf; A)=0forn=1,...,¢ For the g-Racah case, which is the most generic case,
the deforming polynomial &(z; A) has the following form,

¢-Racah : &(z;A) = Py(—2;tA + (£ — 1)), t(A) = =, (A.26)

and this is indeed a polynomial in n(z; X + (¢ — 1)d) because n(—z; —A — (¢ — 1)d) =
n(z; X+ (£ —1)8)(dg*=1)~L. For the other cases the deforming polynomials are obtained from
this in certain limits. However these limits are not so trivial. So we present the explicit

forms of & (z; A) in[A3l Note that the deforming polynomial &, is related to Py, as

&(x; )\) = pg_l,g(l'; A), (A27)

and satisfies the recurrence relation:

B(0; X + £8)&p1(; X) = B(a; X+ £8)p(; X + £8)Ex(w; A)
— D(z; A+ 08)p(x — Ly N+ £8)Ey(x + 1, N). (A.28)

By using these quantities, eqgs. (AI8), (A.I9) and (A.23) become

By(x;A) = &' B(z; )\+€6)% (A.29)
Dy(z;\) = k"D(z; X + 66)%, (A.30)
Praleid) = \/Bco(g)\t) 79) \/5 — gzlﬁ A -
Gen(T3X) = bro(z; N)( H )( A) - P X), (A.32)

30



where C'(¢, ) is defined by

J;A)

O, A) = /BO; X+ 08) (— ZIH\/BO)HL(]—U(S)

(A.33)

For even £, the deforming polynomial & (x; X) = & (n(x; A+ (£—1)8); A) is positive at integer
2

? max

points x = 0,1,... It has either no zero in the interval 0 < x < x. or when it

has zeros, an even number of zeros appear between two contiguous integers. The deformed
i+ 09)

for even ¢. Note that the normalisation of £, does not affect H,. This system is not shape

polynomial Py, (y;X) (n > ¢+ 1) has n — £ zeros in the interval 0 < y < n(z,

max )

invariant. We have not chosen the normalisation like as ¢o(0; A) = 1, namely ¢y0(0; A) =

CeA) 21
/BOX+L8)\/E,(1;))
The operators Ag(A) and Ay(X)" connect the modified system Hy(A) = A (X)TA(A) to

the shape invariant system H,(A) = A A)A(A)T = K HA+ L+ 1)8) + EL+ 1;A) =
HIFU(N), which is denoted by the rightmost vertical line in Fig. 3. The n-th level (n > ¢+1)

of the modified system H, is iso-spectral with the n— ¢ —1-th level of the new shape invariant

system Hj:
Ae(N)en(25X) = fon(N)Pnr-1 (23 X+ (£ +1)3), (A.34)
AN i1 (23 A+ (C+1)8) = brue1(N)den(z; A). (A.35)

Here, fy,,(A) and by,,—1(A) are the factors of the energy eigenvalue, €(n; A) = fon(A)ben—1(N),
and are defined by

k2C(0, ) dof B(0: X + )
= (A E ()Y
BT ) " 1(A) 1( )m—acw N

Note that E(n; X) = kTEM - —1L; X+ (0+1)8) + E(C+1; X) for n > ¢+ 1. The forward

and backward shift operators F;(A) and By(A) and the similarity transformed Hamiltonian

feaN) E f.(N 5 (A.36)

ﬁg()\), which act on the polynomial eigenfunctions, are defined by:

FoA) E o (m; A+ (£ +1)8) ™ 0 Au(A) 0 dyol; A)

K%C(% A) (1- 68)’ (A.37)
Oz A+ L06)&(x + 1; X)
B\ < Gra(as A) o A(A) o g (a; A+ (£+1)8) (A.38)
- C(IZ)\) (B(x; A+ fé)&(x; A)—D(x; A+ fé)&(w + 1; A)e‘a)gp(x; A+ 06),
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HoA) & 0(2; X)L 0 He(A) 0 dro(z; ) = Be(A)Fo(A) (A.39)

Ei(w; A) Sz + 1;A) _
iy (B(:c )\+€5)m(1—ea)+D( )\+€5)W(1—e 8)).

Their action on the polynomials is

FoN) (@A) = fon(X) Pacpmr (a3 X + (0 + 1)), (A.40)
BN Py (2 X + (€4 1)8) = bypu1(N) Prp(; N), (A.41)
HoA) Prn(2:A) = EM; N Prn(@:A) (n=0,041,0+2, ... Noay). (A.42)

For n > ¢ + 1, the above formula (A.3§]) provides a simple expression of the modified

eigenpolynomial P, in terms of & and the original eigenpolynomial F,:

K 2C(6 A)bgn—1(A) Pr(; A)
= B(x; X+ £8)&(x; Np(25 X+ £8) Py 1 (w3 X + (£ 4 1)6)
—D(z; A+ 08)ép(x + 1 N p(z — LA+ 8)Py_y_y(x — L, X+ (04 1)0). (A.43)

¢

The orthogonality relation is (z,,,

=N —/ or 0o and Ny = N or 00):

max 1

Z¢ZO Pf,n(z;A)pﬂ,m(z;A) = ménm (n>m:07€+17€+27--'>nmax)' (A44)
ln

Here the normalisation constant dg,, () is

l
dpn(N)? = dy(N)? H1 ¢ ‘9)(]’ 2} (A.45)

7=

which is a consequence of (5.46]) and positive for even . The weight function ¢y q(x; X)? is

positive definite for even /.

A.3 Explicit forms of the deforming polynomial &,

As shown in the preceding subsection, the various quantities, the functions By(z) (A.29),
Dy(x) (A.30), which specify the Hamiltonian H, and the eigenfunctions ¢, o (A31), ¢r ()
([(A-32) are determined by the deforming polynomial &y(x; X) = & (n(z; A+ (£ —1)8); X). This
deforming polynomial &(m; ) is positive at integer points z = 0, 1,...,z¢,for even £. Here

we give the list of the explicit forms of the deforming polynomial & (z; ). The list contains

the name of the polynomial (e.g. Racah) and the corresponding section number of [1] together
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with that of Koekoek-Swarttouw’s review [5], the definition of the twist operator t and the
form of the deforming polynomial & (z; A) in terms of the original polynomial P;(z; A) (the
Racah polynomial):

name (§ of [1], § of [5]):

Racah (5.1.1, 1.2):  t(A) & —x,

S A) = Py(—a;t(A + (£ — 1)), (A.46)
Hahn (5.1.2, 1.5):  t(A) & =X,

E(x: A) = Py(—a; t(A + (£ — 1)), (A.47)
dual Hahn (5.1.3, 1.6):  t(A) & -,

El(z; N) = Py(—z; 4 (A + (€ — 1)d) + (0,2,0)), (A.48)

def

Krawtchouk (5.1.4, 1.10):  ¢(A) ¥ (p, —N),
E(; N) = Py(—z;t(A +( 1)6)), (A.49)
g-Racah (5.1.5, 3.2): t(A ) -,
E(w; A) = Po(—z; (A + (€ = 1)8)), (A.50)
¢-Hahn (5.1.6, 3.6):  t(A) &< —(b,a, N),

(—1)%alqz" =V (b; ),
(a;q)e

E(wN) = Pylx — N+ — Lt + (0 —1)8)) (A.51)

dual ¢-Hahn (5.1.7, 3. 7)'
—1 1 —x+2 14
4 . - >q a b . N
€Z(I7 A) - 3¢2( a_lq_é_,’_l’qN —0+1 ’ Qabq )a (A52)

quantum ¢-Krawtchouk (5.1.8, 3.14):

(w3 A) = 3¢5 (q;’l(;’_%;;]i:jl ‘ q; q) (P q)e; (A.53)
dual quantum q—Krawtchouk (5.1.8, —):

il ) = zcbl( v ) q; qu“) (A.54)
g-Krawtchouk (5.1.9, 3.15): t(A) e,

E(x;A) = Pz — N+ 0 —Lt(A+ (£ —1)8) + (=2,0))(=1)’¢"p", (A.55)

dual g-Krawtchouk (in the standard parametrization) (5.1.9, 3.17):
1, —z+N—(+1

-/ x —
- q ,q9,C ¢
Eo(z; A) = 3¢1( N+ ‘ Q§Cqé>, (A.56)
affine ¢-Krawtchouk (5.1.10, 3.16):
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- —x+N—l+1 I YWY (AR )
: 7 "q 0\ (—1)ptqz
TyA) = cb( ‘q;p ) ;
§l@ A) =201 gN—t+1 (Pq;q)e

alternative ¢-Hahn (5.3.1, —): t(A) oo —(b,a, N),

: (=1)'q 2"V (a; q)¢

E(r;A) = Pz — N+ £ — 1;t(A + (£ — 1)d))

alternative ¢g-Krawtchouk (5.3.2, —): t(A) = =,

aé(b; q)e

E(w; ) = Pylw — N+ € — Lt(A+ (0 = 1)8) + (=2,0))(-1)'p~fq™",

alternative affine ¢-Krawtchouk (5.3.3, —):

—t
. ' B q ", q 441 #
Eo(z; N) = 2¢1( gN—t+1 ) (pg;q)e’

—z+N—(+1
q;pq

Meixner (5.2.1, 1.9):  t(A) ¥ (=8, ¢),

Ei(; A) = Po(—z; (A + (€ = 1)8)),
Charlier (5.2.2,1.12):  t(A) & -,

Ei(w; A) = Po(—z; (A + (€ = 1)8)),

de

little g-Jacobi (5.2.3, 3.12):  t(A) &

)

(N) A
E(TN) = Pz + b + Gt + (0 —1)8) — (2,2))a b g 1D,

dual little g-Jacobi (5.2.3, —):
- x ,—1p—-1 —x—4
£ q " q%a b ,
€Z(I7 A) = 3¢2< b‘lq‘Z,O ) Qaq>>
g-Meixner (5.2.4, 3.13):
—{
he q 7q — — —x
Eo(m; ) :2¢1<b—1q—f q;—blc gt >,
little g-Laguerre/Wall (5.2.5, 3.20):

¢
b4 q 1 =z ¢ 1
(s A) = 1¢1<a—1q—’f ‘q;a 'q )(—1)% ‘2" (ag; q)s,

Al-Salam-Carlitz IT (5.2.6, 3.25):
— x

Eola; >‘)22¢1<q O’q q;a‘lql‘””),

alternative ¢g-Charlier (5.2.7, 3.22):

G A) = xou( [ 45— (o)

dual alternative g-Charlier (5.2.7, —):
—1 -t

—{ x
e q ,q°,—a ¢q
&(fﬁ;)\):s,cbz( 0.0 ‘q;q),

—-1,—¢
, —a g
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b=q",

(A.57)

(A.58)

(A.59)

(A.60)

(A.61)

(A.62)

(A.63)

(A.64)

(A.65)

(A.66)

(A.67)

(A.68)

(A.69)



g-Charlier (5.2.8, 3.23):

—{ oz
& A) =200 (1

q; —a‘lqé“‘“’) : (A.70)

The twist operator t is not listed when it is not used for the definition of &,.

A.4 Supplementary data on dual orthogonal polynomials

Here we present the extra data for various dual orthogonal polynomials which were not listed
n [I]. They are the dual quantum ¢-Krawtchouk in §5.1.8, the dual little g-Jacobi in §5.2.3,
the dual alternative ¢-Charlier in §5.2.7 in [1J.

e dual quantum ¢-Krawtchouk:

> =q"), 6d=(0,-1), w=q¢"' p>q", (A.71)
EmA)=q¢ " =1, nx;A)=1-¢", (A.72)
Po(n(z; A); A) = 2¢1( _’qu m“) (A.73)
) = (¢;9)n p g ’ A4
Pol(@i A (¢;0):(q;0)N—2 (P7'¢%;q)x (A.74)
. —n n(n—1-N)
dp (A 2 — a:9)x P9 X p_lq_N;q , A.75
N = @ v e < & A7)
Ri(zA) = (g2 —q2)%, #¥z+1, (A.76)
Ro(%A) = (¢ — ¢7)%2'%, (A7)
Ra(zA) = (7 —q) (=22 +p U +p+q¢ VN2 —p g V(1 +¢), (A.78)
e(x;A) =¢q", fu(A)=q¢" =1, b(A)=1 (A.79)
e dual little g-Jacobi:
= (a,b), 6=(0,1), r=¢q, O<a<gq', b<qgl, (A.80)
EmA)=1-¢", nlz;A) = (¢ —1)(1 —abg"™), (A.81)
aqu-i-l

Paln(e NN =son (00

q;a‘lq"), (A.82)

x x> 1 — abq2x+l

bq, abq ; q)z a*q

23 A)? = ( A.83

Folas ) (¢:a9;9)s 1 — abq (4.83)
o (045 @)n, o (0059

dn(A)* = @0 (aq)™ x g (A.84)

Ri(zA) = (¢7F —q2)%, 2 2-1, (A.85)

35



Ro(z;A) = (¢ 2 — q%)2z'2, (A.86)

Ro(zA) = (g2 — q%)2((1 +abq)2'? + (14 a)2'), (A.87)
pln) = 2T =g b = 1. (A.88)
1 — abg?

e dual alternative ¢g-Charlier:

*=a, 6=1 kK=gq, a>0, (A.89)
EmA)=1-¢", nlz;A)=(¢" —1)(1+aq"), (A.90)
Pa(n(z; A); A) = qm2¢1<q_n6q_x q; —a_lql_x> = 3¢0<q_n’q__x’ o ‘ q; —a_lqn>a
(A.91)
z txBr-1)(_, . 1 2
oo = g L e a9
d,(N)? = a2 ! (A.93)

X )
(¢ 9)n (—aq;q)o
VA

) fn(A> =1- qn’ bn(A) = 1.

We note that the little g-Jacobi polynomial eq. (5.193) and the alternative g-Charlier poly-

nomial eq. (5.248) in [1] can be rewritten as

-n - n+1
little g-Jacobi : P,(n(xz; A); X) = 3¢ (q 4 b(;abq q; a_lq””), (A.98)
" q " —ag"

alternative g-Charlier : P, (n(xz; A); A) = 3¢0(

q; —a_qu) (A.99)
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