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Abstract

As the second stage of the project multi-indexed orthogonal polynomials, we present,
in the framework of ‘discrete quantum mechanics’ with real shifts in one dimension, the
multi-indexed (g)-Racah polynomials. They are obtained from the (¢)-Racah polyno-
mials by multiple application of the discrete analogue of the Darboux transformations
or the Crum-Krein-Adler deletion of ‘virtual state’ vectors of type I and II, in a similar
way to the multi-indexed Laguerre and Jacobi polynomials reported earlier. The vir-
tual state vectors are the ‘solutions’ of the matrix Schrodinger equation with negative
‘eigenvalues’, except for one of the two boundary points.

1 Introduction

This is a second report of the project multi-indexed orthogonal polynomials. Following the
examples of multi-indexed Laguerre and Jacobi polynomials [I], multi-indexed (g)-Racah
polynomials are constructed in the framework of discrete quantum mechanics with real shifts
[2]. It should be emphasised that the original (¢)-Racah polynomials are the most generic
members of the Askey scheme of hypergeometric orthogonal polynomials with purely discrete
orthogonality measures [3], 14} 5, [6]. They are also called orthogonal polynomials of a discrete
variable [7]. These new multi-indexed orthogonal polynomials are specified by a set of indices
D = {di,...,dy} consisting of distinct natural numbers d; € N, on top of n, which counts
the nodes as in the ordinary orthogonal polynomials. The simplest examples, D = {{}, { > 1,
{Ppn(x)} are also called exceptional orthogonal polynomials [8]-[27]. They are obtained as the
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main part of the eigenfunctions (vectors) of various ezactly solvable Schrodinger equations
in one dimensional quantum mechanics and their ‘discrete’ generalisations, in which the
corresponding Schrodinger equations are second order difference equations [2, 28, 29]. They
form a complete set of orthogonal polynomials, although they start at a certain positive
degree (¢ > 1) rather than a degree zero constant term. The latter situation is essential for
avoiding the constraints of Bochner’s theorem [30]. The exceptional Laguerre polynomials
with two extra indices D = {d;, dy} were introduced in [31]. We are quite sure that these new
orthogonal polynomials will find plenty of novel applications in various branches of science
and technology as other orthogonal polynomials. One obvious application is the birth and
death processes [32]. These new orthogonal polynomials provide huge stocks of ezactly
solvable birth and death processes [33]. The transition probabilities are given explicitly, not
in a general spectral representation form of Karlin-McGregor [34]. An interesting possible
application is to one-dimensional spin systems and quantum information theory [35].

The basic logic for constructing multi-indexed orthogonal polynomials is essentially the
same for the ordinary Schrodinger equations, i.e. those for the Laguerre and Jacobi polyno-
mials and for the difference Schrodinger equations with real shifts, i.e. the (¢)-Racah poly-
nomials, etc. The main ingredients are the factorised Hamiltonians, the Crum-Krein-Adler
formulas [36, 37, [38] for deletion of eigenstates, that is the multiple Darboux transformations
[39] and the virtual states solutions [I] which are generated by twisting the discrete symme-
tries of the original Hamiltonians. Most of these methods for discrete Schrodinger equations
had been developed [2], 26], 28| 29| [40] [41), 42] and they were used for the exceptional (q)-
Racah polynomials [23]. The concept of virtual state ‘solutions’ requires special explanation
in the present case. In the ordinary quantum mechanics cases, the virtual state solutions
are the solutions of the Schrodinger equation but they do not belong to the Hilbert space
of square integrable functions due to the twisted boundary conditions. In the present case,
the Hamiltonians are finite-dimensional real symmetric tri-diagonal matrices. Therefore the
eigenvalue equations for a given Hamiltonian matrix cannot have any extra solutions other
than the genuine eigenvectors. Thus we will use the term wvirtual state vectors. As will be
shown in the text, virtual state vectors are the ‘solutions’ of the eigenvalue problem for a
virtual Hamiltonian H', except for one of the boundaries, © = xp. ([2.24) or 0 (2.65). The
virtual Hamiltonians are obtained from the original Hamiltonian by twisting the discrete

symmetry and they are linearly related to the original Hamiltonian (2.21)) and (2.62). Thus



the virtual state vectors ‘satisfy’ the eigenvalue equation for the original Hamiltonian, except
for one of the two boundaries. Corresponding to the two boundary points & = .y (223)
and r = 0 (Z.64]), we have type I and II virtual state vectors, as in the ordinary quantum
mechanical cases. The polynomial part of the type I virtual state vectors had been used
for the exceptional (q)-Racah polynomials. But the type II virtual state vectors are new.
One distinctive feature of virtual states deletion in discrete quantum mechanics with real
shifts is that the size of the Hamiltonian matrix (Z.x) remains the same. This is in marked
contrast with the eigenstates deletion (Christoffel transformations [3],[42]), in which case the
size decreases by the number of deleted eigenstates.

This paper is organised as follows. In section two, the basic logic of virtual states deletion
in discrete quantum mechanics with real shifts in general is outlined. Starting from the gen-
eral setting of discrete quantum mechanics with real shifts in §2.1] two types of factorisation
are introduced. General procedures and formulas of multiple virtual states deletion are ex-
plained in §2.2.T] for the type I and in §2Z.2.2 for the type II. In §2.2.3it is shown that these
two types of virtual state vectors cannot be used simultaneously in contradistinction with
the multi-indexed Laguerre and Jacobi cases in [1]. After recapitulating the basic properties
of the (¢)-Racah systems in §B.1] the multi-indexed (g)-Racah polynomials are constructed
explicitly in §B.2] for the type I and in §B.3] for the type II virtual states deletion. Various
formulas connecting the type I and II virtual states are collected in §[3.4. The final section

is for a summary and comments.

2 Formulation

2.1 Original system

Let us recapitulate the discrete quantum mechanics with real shifts developed in [2]. We
restrict ourselves to the finite dimensional matrix case, Xy = IV.

The Hamiltonian H = (H,,) is a tri-diagonal real symmetric (Jacobi) matrix and its
rows and columns are indexed by non-negative integers xz and y, x,y = 0,1,..., Tpax. By
adding a scalar matrix to the Hamiltonian, the lowest eigenvalue is assumed to be zero.
This makes the Hamiltonian positive semi-definite. Since the eigenvector corresponding to

the zero eigenvalue has definite sign, i.e., all the components are positive or negative, the



Hamiltonian H has the following form

Hoy = —/B(@)D(x + 1) 6,11y — VB(@ — )D(@)6y_1y + (B(x) + D(@))0py,  (2.1)

in which the potential functions B(z) and D(x) are real and positive but vanish at the

boundary:

B(ZL’)>O ($:O,1,...,$max—1), B(xmax):O>
D) >0 (z=1,2,....2me), D(0) = 0. (2.2)

The Schrodinger equation is the eigenvalue problem for the hermitian matrix H,

Hon(x) =Eppn(x) (n=0,1,... pax), 0=E <E<--- <&

Mmax’

(2.3)

where the eigenvector is ¢, = (¢n(2))s=01. . 2me a0d Nmax = N. Reflecting the positive
semi-definiteness and based on the boundary conditions (2.2)), the Hamiltonian (2.1I) can be

expressed in a factorised form (type-(i) factorisation):

H= 'ATAa A= (Ax,y)a AT = (('AT)I,y) = (-Ay,x)a (ZL’, y=0,1,..., xmax)a (24)

Auy €/ B(@) 6y — VD@ +1) 6501y, (ADay = VB(@) 60y — V/D(@) 6pery.  (25)

Here A (A") is an upper (lower) triangular matrix with the diagonal and the super(sub)-

diagonal entries only. The zero mode equation, A¢y = 0, is

VB(@)¢o(x) —/D(@x+1)po(x+1) =0 (x=0,1,...,Zpax — 1), (2.6)
\% B(xma&(> ¢0(Imax) =0, (27)

and the second equation is trivially satisfied by the boundary condition B(Zy.x) = 0. The

groundstate eigenvector is easily obtained:

(2.8)

with the normalisation ¢3(0) = 1 (convention: HZ;:L « = 1). Needless to say it is positive
for z = 0,1,..., Tmax. For the explicit examples treated in [2], ¢Z(z) can be analytically

continued to the entire complex x-plane as a meromorphic function and it vanishes on the



integer points outside the boundary; ¢2(z) = 0 (z € Z\{0,1,...,Zmax}). The eigenvectors

are mutually orthogonal:

Tmax

(6 ) & Z On (@) P () = dizénm (n,m =0,1,..., Npax)- (2.9)

=0

We have another factorisation (type-(ii) factorisation):

H o= ADTAD A0 — (A0 4D — (ADT), ) — (Agji;) (2,9 =0,1, .., Tmae), (2.10)

AD = /D) b0y — VBle = 1) 001y, (A9, = /D(@) b0y — V/B(@) ag1y. (211)

Now AW (A1) is lower (upper) triangular.

For simplicity in notation, we write H, A and A" as follows:
e = ((€*)y,) (2,5 =0,1,..., Tax), (eia)xy Lf 5xi1y, (%) =e?, (2.12)
H = —+/B(z) ?/D(z) — /D(z) e ?\/B(x) +D( )
—v/B(@)D(x+1)¢? — \/T )+ D(z), (2.13)
A= \/7 —e?/D(z), A'=./B(xz) \/D(:c) e, (2.14)
AW = /D(z) — e ?/B(z), AWt =./D(z)—+/B(z)e’. (2.15)

For the Schrodinger equation (2.3)), it is sufficient that the functions B(z), D(x) and ¢, (x)

are defined only for the integer grid, x = 0,1,..., Znay. In this paper we consider the case
that the potential functions B(x) and D(z) are rational functions of z or ¢° (0 < ¢ < 1). So
they are defined for any = € C (except for the zeros of their denominators). Also we consider

the eigenvectors in a factorised form:

0n(2) = Go(2) Bu(z),  Bu(z) = Pu(n(2)). (2.16)

Here P,(n) is a polynomial of degree n in n and the sinusoidal coordinate n(x) is one of the
following [2]; n(z) = z,x(z +d),1 — ¢, — 1, (¢* — 1)(1 — dq¢*), (¢ = £1). Since P,
is a polynomial, P,(z) is defined for any # € C. The Schrédinger equation (Z3) gives the

difference equation for the polynomial eigenvector Pn(:z),

B(x)(Pa(z) — Pu(z + 1)) + D(@) (Pu(2) — Po(z — 1)) = E,Ly(x) (Vz€C).  (2.17)



2.2 Deletion of virtual state vectors

In [42] we have presented the Crum-Adler scheme, i.e, the deletion of M eigenstates, which
corresponds to Christoffel transformations [3]. The index set of the deleted eigenstates

oo {d1,ds,....dy} (0 < d; < nmax) should satisfy the condition Hjjvil(m —d;) >0
(Vm € Zsp), eq.(4.1) in [42] and the size of the Hamiltonian matrix changes from . to
oM = e — M.

We apply the Crum-Adler scheme to virtual state vectors instead of eigenvectors. Since
all the eigenvalues remain the same, i.e. the process is exactly iso-spectral deformation, the
size of the Hamiltonian is unchanged and the above condition eq. (4.1) in [42] is unnecessary.

We present two kinds of virtual states, the type I and type II and construct the corre-
sponding multi-indexed orthogonal polynomials. As shown in §2.2.3|the type I and II virtual

states cannot be used simultaneously.

2.2.1 typel

In this subsection we use the type-(i) factorisation. The Casorati determinant of a set of n

functions {f;(x)} is defined by

WS, fal () & det (filw 4+ = 1)

Y
1<j,k<n

(for n = 0, we set W[-](x) = 1), which satisfies identities

Wigfi,gfa- -, gful(x Hg:c+k: WIfs, fo, - fal (@),

W[W[f17f27---7fn7 ]7 [f17f27---7fn7 ]:|( )
:W[f1’f2>""f7L]($+1)W[f1>f2a--->fmg>h](x) (nZO)

Let us assume the existence of two rational functions B’(z) and D'(z) of = or ¢* satisfying

B(z)D(z +1) = o®B'(z)D'(z + 1), a>0, (2.18)
B(z) + D(z) = a(B'(z) + D'(z)) + o, a' <0, (2.19)
B'(z)>0 (z=0,1,...,Zma + L — 1),

D()>0 (x=1,2,... Zmu), D'(0) = D'(Zpax +1) =0, (2.20)

1 Although this notation d; conflicts with the notation of the normalisation constant d,, in (23), we think
this does not cause any confusion because the latter appears as d% Onm-



where o and o/ are constants and L is a certain positive integer to be specified later. This
type of identities appear repeatedly in the text and they allow to rewrite one Hamiltonian

into another form. Here we obtain a linear relation between two Hamiltonians:

H=oH +d (2.21)
W Y\ /B(2)e®\/D(z) — /D'(zx) e ?/B'(z) + B(z) + D' (). (2.22)
Let us also assume the existence of wvirtual state vectors qgv(x) (x =0,1,...,Zpax; V € V),

which are polynomial ‘solutions’ of the Schrodinger equation except for one end-point:

Hoy () = Edo(z) (2 =0,1,..  Tmax — 1), Hoy(Zmax) # Evo(Tmax), (2.23)

or equivalently,

'HIQZ;V(ZE) = 5égz~5v(:£) (x=0,1,..., Tmax — 1), H'ng(xmax) + 5;gz~5v(atmax), (2.24)
E ol + o (2.25)

Here V is the index set of the virtual state vectors. They have a factorised form
7 7 X e def
Ov(x) = Po(x)& (), &o(z) = &) (x=0,1,..., Zpax; vV E V), (2.26)

in which &,(n) is a polynomial in the sinusoidal coordinate 7. The function ¢y () is defined
by

dolz) & g% (2=0,1,..., Tmax)- (2.27)

We introduce a function v(z) by the ratio ¢o(z)/do(z):

z—1 z—1
def Po(T) B(y) aD'(y+1)
v(z) = = = =||l—="—" (@=0,1,..., Tmax)- (2.28)
parial | Syl | ey

It can be analytically continued into a meromorphic function of x or ¢* through the functional

relations: @) @)

B(x D(x
vie+1)= aB/ (1) v(z), vix—1)= mu(z). (2.29)

By B(Zmax) = 0, it vanishes for integer x > Zyax, ¥(2) =0 (2 = Tmax + 1, Trmax + 2, .. ), and

at negative integer points it takes nonzero finite values in general. The difference equation



for the virtual state polynomial &,(x), (Z24) is rewritten in the same form as that for the

polynomial eigenvector P,(x) (Z17):

B'(z)(&(2) = &l +1)) + D'(2) (& (2) — & (2 — 1)) = E&(w). (2.30)

On top of the standard normalisation condition &(0) =1 (v € V), we require the following
conditions:

E(x) >0 (2=0,1,..., Tmax, Tmax + 13V E V), (2.31)

£, <0 (ve). (2.32)

one virtual state vector deletion

First we rewrite the original Hamiltonian by introducing potential functions By, () and

Dy, () determined by one of the virtual state polynomials &, (2) (d, € V):

def En(z+1) def Ean(z—1)

By, () € aB'(2)22"——, Dy (z) = aD'(z)2 22—, (2.33)
gdl (I) é-dl (SL’)

We have By, (z) > 0 (z = 0,1,..., Zmax), Da,(0) = Dy, (2max +1) = 0, Dy, (z) > 0 (z =

1,2,..., Tmax) and
B(z)D(z 4 1) = By, () Dy, (z + 1),
B(z) + D(x) = By, (x) + Dy, () + Eay,
where use is made of (2.30) in the second equation. The original Hamiltonian reads:

H= Al Ay + .
As © /By, () — [ Dy (), Al = \/Ba,(2) — \/ Day () €72

The virtual state vector <;3d1 (x) is almost annihilated by /ldl, except for the upper end point:
Adlédl (ZL’) =0 (ZL’ = 07 1a <oy Tmax — 1)) Adl&dl (xmax) 7é 0.

Next let us define a new Hamiltonian H,4, by changing the order of the two matrices fljh
and Adl together with the sets of new eigenvectors ¢g4,,(z) and new virtual state vectors
¢d1V(I):

def

Ha, = Adl*’zl;rll + gdl, Ha, = (Hdl x,y) (SL’,y =0,1,... ,xmax), (2.34)

8



Garn() L Ag dn(z) (2 =0,1,. . Zmain = 0,1, ... M), (2.35)
dilv(flf) :O Ad1¢v(x) + 5x,xmax§0dlv (ZIZ' = 07 1) -y Tmaxy V S V\{dl})>
O d_ef \V4 QB/(xmax) Q;O(xmm()
\/gd1 (xmaX)gm (Zmax + 1)

It is easy to verify that ¢g,,(x) is an eigenvector and that ¢4, () is a virtual state vector

gch (xmax)gv(zmax + ]-) (236)

Hd1¢d1n(x) = 5n¢dm(a:) (SL’ = 0, 1, ooy Tmax, M = O, 1, cey nmax),
Ha, bare(2) = Edae(z) (2 =0,1,... Zmax — 1;v € V\{d1}),
Hdl &dlv(xmax) % gv(%dlv(xmax)-

For example,
Ha, Gan = (AdlAIh + gdl)/ldl O, = Adl (/Uh/ldl + gd1)¢n
= AgHon = Ag,Enn = EnAa, b = Endayn-

The two Hamiltonians H and H,4, are exactly iso-spectral. If the original system is exactly
solvable, this new system is also exactly solvable. The orthogonality relation for the new

eigenvectors is

Tmax

¢d1n7 ¢d1m Z ¢d1n ¢d1m )

= (A6, Ad1¢m> = (A}, Aty 0m) = ((H — Ea,) b, $un)
- (gn - gdl)(¢na ¢m) = (gn - gdl)diz(snm (nam - 07 1a B nmax)-

This shows clearly that the negative virtual state energy (gv < 0) is necessary for the posi-
tivity of the inner products.
The new eigenvector ¢4, (x) ([2:35) and the virtual state vector ¢g,(x) (2:36) are ex-

pressed neatly in terms of the Casoratian (x = 0,1, ..., Zyax)
paa) - =Y IBEo) —\/aBTa) o(a)
n =

- - - - W[gdl ) gv] (SL’)
V(@) (x4 1) Vén @)z +1)

W[£d17 I/Pn] (I)v dilV(I) =

(2.37)
The positivity of the virtual state vector is inherited by the new virtual state vector ¢q,,(z)
([236). The Casoratian W[¢y, ,&](z) has definite sign for © = 0,1,. .., Zymax + 1, namely all
positive or all negative. By using (2.30) we have

aB'(2)W[Ea, &](2) = aD'(2)W(a,, &)(z — 1) + (Ea — &), (2)&,(2).

9



By setting © = 0,1, ..., Zymax + 1 in turn, we obtain
+(Ey — &) > 0= £W[Ey, &](@) >0 (2 =0,1,..., Zmax + 1).

The new groundstate eigenvector ¢g,0(z) is of definite sign as the original one ¢q(z) (2.8]).
We show that the Casoratian W[¢, , v](2) has definite sign for = 0,1, ..., Zyay. By writing
down the equation Ho,(z) = E,0n(x) (x =0,1,. .., Tpax) With H = Azh Ag, + &4, we have

aB'(z)v(z +1)Py(z + 1) + aD'(z)v(x — 1)P,(x — 1) = (B(z) + D(x) — Sn)l/(x)Pn(x).

In terms of the functional relations of v(z) (2.29), it is reduced to the original difference

equation for pn(x) and it is valid any x € C. By using this, we can show
aB'(z2)W[Es, vP,](z) = aD' (2)Wky,, v, ) (2 — 1) 4 (E4, — En)Ea, (2)1(2) Py ().
By setting n =0 and x = 0,1, ..., Ty, in turn, we obtain
~Wiég,, V)(2) >0 (£=0,1,..., Zmax)-

Let us rewrite the deformed Hamiltonian H,4, in the standard form. The potential func-

tions By, (x) and Dy, () are introduced:

gdl (%) W[é‘h’ V](SL’ + 1)

By, () = aB'(x +V1)é:d1(l’ n 1)v Wies /(@) (2.38)
Dd1 (ZL’) def CMD/(ZL’) gdlv(x + 1) W[£d17 V] (SL’ - 1) . (239)

n(r) W, v](x)
The positivity of By, () and Dy, (x) is shown above and the boundary conditions By, (Tmax) =
0 and Dy, (0) = 0 are satisfied. They satisfy the relations

Bd1 (LL’)Ddl (SL’ + 1) = Bdl (LL’ + 1)Dd1 (LL’ + 1),
Bd1 (ZL’) + Dd1 (ZL’) = Edl (ZL’) + bdl (ZE + 1) + gdy

The standard form Hamiltonian is obtained:

Ha, = Al Ag,, (2.40)
Aa, © V/Buiy(2) = €V/Day(2), Al = V/Bay(a) = /Doy () ™, (2.41)

in which A, annihilates the groundstate eigenvector
Agdao(z) =0 (2=0,1,..., Tmax)- (2.42)

10



This one virtual state vector deletion is essentially the same procedure as that developed

for the exceptional orthogonal polynomials in [23]. See §[] for the explicit expressions.

multi virtual state vector deletion

We repeat the above procedure and obtain the modified systems. The number of deleted
virtual state vectors should be less than or equal |V| and L.

Let us assume that we have already deleted s virtual state vectors (s > 1), which are
labeled by {di,...,ds} (d; € V : mutually distinct). Namely we have

def

Hay.a, = Aa,. dé-Adl .t i Hapa, = Maydiay) (@ y=0,1,. ., Tmax), (2.43)
-'Zldl.. def \/ Bd1 — 6 \/ Dd1 d Adl ds \/Bd1 d \/Dch dé 8’ (244)
» def / 1901 8ds—1 19009 Sds 1

W[édla e agdsfl](x +1) W[gdlv &)@
W(Eg, .. & J@+1) Wiy, ....&](x—1)
Wik, &a @) Wa, - Eal(@)
Odyodon(®) L Adyaibdyod (@) (=01, Zuain = 0,1, ... ), (2.47)

(
Q;dl...ds V(x) oo Adl ds¢d1 ds— 1v( ) + 5w xmaxSOdl...ds V) (ZZ}' = 07 17 -y Tmax, V € V\{dlv s 7d8}>7

Duy..a,(z) = aD'(x) (2.46)

e W av- maxwvla---avfpvv max 1
e S B () [ dis fflé](if YWI[Ed ; €a, fv](if + )’ (2.48)
Wiy €ay | (@max + DW[Eay, .oy €ay, V] (Tmax)
Hd1...ds¢d1...dsn(x) =¢& ¢d1 dsn ( ) (:L’ = 0, 1, coo s Tmaxs N = 0, 1, c. ,nmax), (2.49)
HaydyGr.d o (7) = EBuy v (1) (2 =0,1,.. ., Tyx — 1;v € V\{dy, ..., d}), (2.50)
. Tmax S 5 1
(Pdy...ds > Py .. m) d : Z Pdy...dsn(T)Pdy...dm(T) = H(gn - Edj) : d—25nm
Jj=1 "
(ny,m=0,1,..., Nmax)- (2.51)
The eigenvectors and the virtual state vectors have Casoratian expressions (x = 0,1, ..., Tyax):
—1) Tl @B @+ — 1) do(@) Wlea, - a, vEa) (2)
Pdy..dsn(T) = - - - - : (2.52)
VWEa, . €0)(@) Wies,, .. &a)(x + 1)
i DI aB/ (e + 5 = 1) dole) Wle -, €., 6] (@)
Gay..d,v(T) = - - : (2.53)
\/W £d17" gds ) [gdw’”agds](x_'_l)
The Casoratian in the virtual state vectors W[y,, ..., &q., &](x) has definite sign for 2 =

0,1,..., ZTmax+ 1, and that appearing in the groundstate eigenvector W[y, , . . ., &4, v](z) has

definite sign for z = 0,1, ..., Tpax, t0O.

11



The next step begins with rewriting the Hamiltonian Hgy, 4, by choosing the next vir-
tual state to be deleted ds11 € V\{di,...,ds}. The potential functions Bdl,“ds“(:c) and
ﬁdl,,.dsﬂ(x) are defined as in (245)—(240) by s — s+ 1. We have Bdl...d5+1(x) >0 (x =
0,1,y Zmax)s Dayodeir(0) = Daydooy (Tmax +1) = 0, Dy gy (2) > 0 (2 = 1,2, .., Zinan)-
These functions satisfy the relations

Bay. dysy(#)Day oy (w+1) = Byy_a (v + 1) Dy _a,(x +1),
Bay dyir(2) + Dayayoy () + Earyy = Baya,(x) + Day_a(x + 1) + &g,

The Hamiltonian Hgy, 4, is rewritten as:

_ At i 5
Hay.dy = Agy gy Adiodosr T Edoyrs

A def [ 7 [~ A . A _
'Adl---ds+1 = Bd1---ds+1 (ZL’) - 68 Ddl---ds+1 (ZL’), Azl...dsﬂ = \/Bdl---ds+1 (ZL’) - \/Ddl---ds+1 (ZL’) € 8'

Now let us define a new Hamiltonian Hgy, 4

by changing the orders of AT and

ds+1 cedst1

Agy.a

d.,, together with the eigenvectors ¢, 4., () and the virtual state vectors dg, _a. , v(2):

Hay.doin A, ds+1A21...d\+1 €y Mardys = Hardoprog) (@9 =01, Toa),
G dorn(®) E Adaribaraon(@) (@ =0,1, . Tt = 0,1, M),
Pardyir v (T) E Ady. s Oy v () F O Perdys v

(x=0,1,...,Zmax; VE V\{d1,...,ds11}),

W[giha e agvcls+1](xmaX)W[gd1av~ .- 7€ds ’ng] (zmax + 1).
W[£d17 s 7£ds](xmax + 1)W[£d17 s 7£ds+17 V] (xmax>

def
Pdy..dsp1v = ¢d1 dst1 0( maX)

The orthogonality relation reads

s+1
~ 1
(¢d1...d5+1 n ¢d1...ds+1 m) = H(gn — gdj) : ﬁénm (n7 m= 07 17 s 7nmax>-
=1 n
The functions ¢g, 4., n(z) and @a, a.,,v(r) are expressed as Casoratians as in (Z52)-

([Z53). The Casoratian W[y, ..., &a.,,,&](2) has definite sign

_ W[gdl 7v' ) gds](o)(gd5+1 - V)
W[gdw s gds+1](0 W[£d17 . gds7 gv]( )
= W[, &a, &)(@) >0 (2=0,1,..., Zay + 1).

>0

Likewise W[y, ..., &4, 1, v](2) and the lowest eigenvector ¢4, a,,,0(r) have definite sign

== _ W[gdw ce 75?5](0) _
W[gdp S 7€ds+1](0)w[€d17 s 7€ds’ V](O)
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= +W[Es, . o V(@) >0 (=0,1,..., Zmax)-

These establish the s + 1 case.
At the end of this subsection we present this deformed Hamiltonian H4, 4, in the standard

form, in which the A operator annihilates the groundstate eigenvector:

Haya, = Al 4 Ady s (2.54)

Ad,..a, = & V/Ba,..a.(x) — €/ Dy, 4.(x) A = \/By,.a.(z) — /Da,_a.(x)e?, (2.55)

which satisfies

Adl...ds%l...dso(fb’) =0 (I =0,1,... 7$max)- (2-56)

The potential functions By, 4. () and Dy, 4. (x) are:

Wlka,, .- Eal(@) Wia, . & vz +1)
W[édl, . ,fds](:r +1) W[gdl, . ,fds, v|(x) ’
Dy o () aD,(x)W[édlv, . ,édSJ(x +1) W[édlv, . ,édsj Y@ —1)

o Wilcay, .- &al(x)  Wla,, ..o, oo V] (2)

The positivity of By, . 4,(x) and Dy, 4. () is shown above and the boundary conditions
By, ..a,(Tmax) = 0 and Dy, 4.(0) = 0 are satisfied. They satisfy the relations

def

By, .a.(r) = aB'(x + s)

(2.57)

(2.58)

Byy..a,(%)Day..a,(x +1) = By, _a,(x + 1) Dy, _g,(x + 1),
Bu,..a.(x) + Day..a,(¥) = Bay. .a,(x) + Dy, (x + 1) + Eq,.

It should be stressed that the above results after s-deletions are independent of the orders

of deletions (¢g,. a.n(z) and ¢q, _q,v(z) may change sign).

2.2.2 typell

In this subsection we use the type-(ii) factorisation. A slightly modified Casorati determinant

of a set of n functions {f;(z)} is defined by

e fillw) et (file =5+ 1) = (CDPOIWSL e =0t D),
(for n = 0, we set W)[](z) = 1), which satisfies identities
n—1
W(_)[gflagf2> s agfn](x) = Hg(l' - k) ’ W(_)[fb .f2a SRR fn](x)>
k=0

13



WTWOUS, fo, s fan gl WS oo fa 1] ] (2)
= W(_)[fl,fg, .. ,fn](l' - 1) W(_)[flaf2> . 'afn>gah](z) (n > 0)

Let us assume the existence of two rational functions B’(x) and D’(x) of x or ¢ satisfying

B(z)D(x +1) = o?B'(z)D'(x + 1), a>0, (2.59)
B(z) + D(z) = a(B'(z) + D'(x)) +a/, o' <0, (2.60)
D'(z)>0 (x=—-L+1,...,—1,0,1,..., Tmax),

B(z)>0 (z=0,1,..., Zmax — 1), B'(Tmax) = B'(—1) =0, (2.61)

where o and o are constants and L is a certain positive integer. The first two equations are
the same as in the type I case ([2I8)-(2I9). The positive ranges (2.61]) are different. We

obtain

H=aH +d, (2.62)
W Y /B(z)e?\/D'(z) — /D(z)e /B (z) + B(z) + D(x). (2.63)

The virtual state vectors Q;V(SL’) (x=0,1,..., Zpax; v € V) are assumed to satisfy
Hoy(x) = Edo(x) (2 =1,2,. .. Tmax),  HOW(0) # E,0:(0), (2.64)

or equivalently,
Hoo(2) = Ede(x) (x=1,2,... Tmay), H6(0) #ED(0), & L all+d. (265)
They also have a factorised form

(@) = do(@)&(@), &ul@) E &) (2=0,1,..., Tai v € V). (2.66)

The function ¢o(z) and the ratio v(z) o ¢o(x)/do(x) have the same expressions as in the
type 1 case (Z217)-(228). After analytic continuation v(x) vanishes at negative integer
points, v(z) = 0 (r = —1,-2,...), and at positive integer points outside the boundary
(x € Zsyg,,.,), it takes nonzero finite values in general. The difference equation for the
virtual state polynomials takes the same form as before ([Z30). On top of the different

normalisation condition & (Tma) = 1 (v € V), we require the following conditions:

() >0 (z=-1,0,1,.... Zma;VE V), & <0 (VvE). (2.67)

14



Note the positivity requirement at x = —1 instead of x,x + 1 in the type I case (Z.31]).

one virtual state vector deletion

First we rewrite the original Hamiltonian by introducing By, () and Dy, (z):
fn(z+1) - def

)y /xgdl(z_l)
Enlm) | Du = DT

A A

We have ﬁdl(x) >0 (z = 0,1,...,Zmax), Ba,(Tmax) = Bg,(—=1) = 0, Bdl(a:) >0 (z =
0,1,...,Zmax — 1) and

def

By, (z) € aB'(x) (2.68)

B(z)D(x +1) = Bdl (SL’)Ddl (x 4+ 1),
B(x) 4+ D(x) = Bq, (@) + Dy, (z) + &,,.

The original Hamiltonian is expressed by a different factorisation:

H=ADTAY + &,
A &t \/K \/K AT \/ Dy, (z \/ By, (x) €”

The virtual state vector ¢g4, (z) is almost annihilated by .A(”

Agllll)q;ch (ZIZ’) =0 (ZIZ' = 1a 27 s >ImaX)7 Agll)q;dl (0) ?é 0.

Next let us define a new Hamiltonian #H, together with the sets of new eigenvectors

ba,n(x) and the virtual state vectors dq,y(z):

CADATT L & Hay = Hayay) (0,9 = 0,1, Tona), (2.69)
qbdm(:c) AP () (2=0,1,. T = 0,1, .., i), (2.70)
q;dlv(x) d:Cf A(ll ¢V( ) + 5x,0§0d1v (ZIZ' = 0, ]-> -y Tmax, V S V\{dl})a

w VaDONO ¢, (o)e,(-1) 27

Pdiv = — = -
\/ gdl (0)£d1(_1

Ha, Payn(2) = Endan(®) (2 =0,1,.. . Znax;n =0,1,. .. Npax), (2.72)
Hay by () = Eoary () (2= 1,2, .., Tma; v € VW{d1}), Hay e (0) # Evbayy(0). (2.73)

~—

~—

The two Hamiltonians ‘H and H4, are exactly iso-spectral. The orthogonality relation reads

(¢d1na ¢d1m) = ( gdl)(¢n> ¢m) = ( gdl)dizénm (n> m = Oa ]-7 cee >nmax)-

15



The functions (Z.70) and (Z.71)) are expressed in terms of the Casoratian

<Z~>d1n(3€) }: —\v/aD/V(x) q}o(x) " { W) [gdlalfpn] (z) (x=0,1,..., Tmax). (2.74)
Pal®) |\ Je (@) (@~ 1)

The Casoratian W[y, £&,](z) and the virtual state vector ¢g,,(z) have definite sign:
+ (€4 — &) > 0= tWOE, E](x) >0 (z=—1,0,..., Tmay). (2.75)

Likewise the main part of the groundstate eigenvector W<‘)[§d1, v|(x) has definite sign
—~ WO, v](z) >0 (2=0,1,..., Zma)- (2.76)

multi virtual state vector deletion

We repeat the above procedure and obtain the modified systems. The process goes almost
parallel with the type I case, although some formulas appear rather different.

Let us assume that we have already deleted s virtual state vectors (s > 1), which are
labeled by {di,...,ds} (d; € V : mutually distinct):

Hdl ds = dof Adu ds .A(H s + gds, Hdl de = (Hdl dsxy) (SL’ y=0,1,.. xmax) (2 77)

d1 - 15 (d— dlds dldsfb’
A ¥V A= Bt~ B o7

A def ears & N —1) WO, ,€ds](93 +1)
Bialr) 2 0B ) Tl @ WO, @)

(-)[¢ : (=)é 3

‘ def D' — 1 W v[&h’ .- 'v> gdsfl](x) W [gdlj ce 7£ds;|(x - 1)’ 2.80
a8 S D e e T e e WOl
G don (@) Z A by g n(@) (=01, T = 0,1, M), (2.81)

Py (1) E A L Dy, m<> 0u0Pdsdevs (£ =0,1,. . Zpa;v € W{di, ..., d.}),

(2.79)

def [gd gds]( ) Oy, &, &) (-1)

. 1ds 0 _ _ —— = , 2.82
Pt = O ol0 ) Tt s & JCOWO L, €, v)(0) 252
Hdl...ds¢d1...dsn(x) & ¢d1 dsn( ) (SL’ = 07 17 cooy Tmax, N = 07 17 o 7nmax)7 (283)
Hdl...dsq;dl---ds V(I) = €V¢d1--.d5 v(z) (ZL’ =1,2,. .. Tpax; V E V\{db sy 8})7 (284)

(¢d1 .ds n>¢d1 .sm dCf Z gbdl dsn ¢d1 ds m H dl 5nm

=0 j=1 n

(n,m = < Mimax ) - (2.85)
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The eigenvectors and the virtual state vectors have Casoratian expressions (x = 0,1, ..., Tyax):

~D* Il @D (e = 5+ 1) o(e) WOlay, . &a, v Py (@)
VWOl G @ WOl —1)

—1)* T @D (e = 5+ 1) o) WOla,, - €a,, & (@)
VWOl Ell@ WOl —1)

Pdy...dyn(T) = (2.86)

Py.d v () =

(2.87)

The virtual state Casoratian W(_)[fdl, ce fds,gv] () has definite sign for x = —1,0,1,...,
Tmax, and the groundstate eigenvector Casoratian W(‘>[€d1, &, v|(x) has definite sign
forx =0,1,..., Tymax-

The next step begins with rewriting the Hamiltonian H4, 4, by choosing the next virtual
state to be deleted dyyy € V\{di,...,ds}. Let us define By, q.,,(z) and Dy, 4., (z) as in
2279)—(280) by s — s+1. The positivity ﬁdl,,,dsﬂ(z) >0(x=0,1,..., Tmax), Bdl___dsﬂ(x) >
0(z=0,1,...,Zmax — 1) with the boundary conditions Bdl...ds+1(xmax) = Bdl...ds+1(_1) =0

are ensured. The following identities are essential

Bdl---ds+1 (x)ﬁdl---ds+1 (ZE + 1) = Bdl---ds (x)Ddl---ds (ZL’),
B, ..duir (@) + Day .t (2) + Eayy = Bayoa (@ — 1) + Dy, (x) + Eq,.

The Hamiltonian H4, 4, is rewritten as follows:

Hay ..y, = 'Agll;) er +1A£l111) ds+1 + gdsﬂ’
Agllll d5+1 \/ Dd1 s+1 —e \/ Bdl ds+1 d5+1 \/ Dd1 s+1 -V Bd1 s+1

Next let us define a new Hamiltonian Hg4, 4., together with the eigenvectors ¢q, 4, ., n()

s+1

and the virtual state vectors ¢, .. av(@):

&.’\.

Hay...doia =AY Lod +1Ad1 don T Eavers Hayodor = Marodoyrny) @y =01, Tmay),
Gdyodriin(®) =AY 4 bayan(®) (2=0,1, 0 T = 0,1, e,
) = Adlll...ds+1¢d1...dsv(x) + 02,0Pd;...ds i1 vs

(x=0,1,..., Zpax; v € V\{d1, ..., dsi1}),

(_)[évdw s 7%5+1](0>W(_)[gfh’ s 7gflsa gv](_1> .
_)[gdp ceey gds](_l)w(_)[gdw oo 7€ds+1’ V](O)

e}

8

¢d1...ds+1 V(

def
Pdy...dst1v = ¢d1~~~ds+1 0(0)
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The orthogonality relation reads

s+1
L1
(¢d1...ds+1 n ¢d1...d5+1 m) = H(gn — 5dj> : d_25nm (n, m = 07 17 s 7nmax)-

j=1

The functions ¢g,. 4,,,»(x) and qul...ds .v(z) are expressed as Casoratians as in (2.80)-

Z87). The virtual state Casoratian W[y, ... &y .., &](x) has definite sign for z =

~1,0,1,. .., may and the groundstate Casoratian W[y, ..., &y .,,v](x) has definite sign

forx =0,1,..., Tnac. These establish the s + 1 case.

The standard form Hamiltonian of the type II deformed system has exactly the same
form (2Z54)—-(255) as in the type I case. The explicit expressions of the potential functions
By, . a.(z) and Dy, _4.(x) are different:

WOy, .. &)@ —1) WOE, ... &, v](x+1)
W, &al(@) WO, Eav)(2)
WG, )@ WG, vl = 1)

Wy, Gl =1 WOy, & v)(z)

The positivity of By, . 4,(x) and Dy, 4. () is shown above and the boundary conditions

By, ..a,(Tmax) = 0 and Dy, 4.(0) = 0 are satisfied.

Ba,..a.(z) ¥ aB'(z)

, (2.88)

Dy, ..a.() def aD'(x — s)

(2.89)

2.2.3 non-coexistence of type I and type 11

Here we show that the type I and II virtual state vectors cannot be used together to generate
new multi-indexed orthogonal polynomials. A type I virtual state vector ¢q, () (Z20) fails
to satisfy the Schrodinger equation (Z23) at & = Tmay. A type II virtual state vector ¢! (z)
(266) does not satisfy the equation (2.64]) at + = 0. Like (2.37), a ‘virtual state vector’

obtained by combining these two in this order is given by

—/aB'(x) go(z) WL, % M) (2=0,1,..., Tmay)- (2.90)

dilw(x) = ¢0 w

- Ja@in @+

Obviously this fails to satisfy the corresponding Schrodinger equation on both boundaries,

x = 0 and x = T, and it is no longer a virtual state vector. In other words, the vector
gz;dlw(:z) cannot generate double-indexed orthogonal polynomials. This can be seen clearly
by comparing (Z.37) and Z390). In the former W[&y,, &](z) is well-defined for any = € C.
On the other hand WI[¢,, ‘%&J] (x) is not well-defined at x = —1 and this prevents the

introduction of fldlw and AEIW in the Hamiltonian Hg,:
Hdl = AT Adlw + gg,

diw

18



A ) Barlw) = 2\ Darulw), Al = \/Barwl(@) = \/ Dayul) 72,

aB(z+1)= (1) Kdlj é_%if]v(x + 1>’
et D Wies, S

def

Bd1W(x) =

def

Ddlw(gj) do gdl ([L’ + 1) [de %o 511]( ) .

aD'(z)>% p
() WiEy, %6l ()

The double-indexed orthogonal polynomials cannot be constructed by using the type I and

II virtual state vectors.

3 Multi-indexed (¢)-Racah polynomials

In this section we apply the method of virtual state deletions to the exactly solvable systems
whose eigenstates are described by the (¢)-Racah polynomials. We delete M virtual state
vectors labeled by

D ={dy,dy,...,dy} (d;j €V :mutually distinct), (3.1)

and denote Hay dy s Pdy..dayny Ady.dys €tc. by Hop, ¢pn, Ap, etc.
We follow the notation of [2]. Various quantities depend on a set of parameters A =
(A1, Ag,...). The eigenvectors of the models in §5 of [2] are described by orthogonal polyno-

mials in the sinusoidal coordinate n(z; X). The auxiliary function ¢(x; ) is defined by

def M@+ 1;X) = n(z; A)

pla ) = BN : (3.2)
and it satisfies (with & defined in (B.6)—(3.7))
oz - ({T ;; )+ 25) L) (33)

All the models in § 5 of [2] have shape invariance [44]. The following relations are very useful:

[ BOA) do(x; A+ 6) | BO;A) go(zs A+ 6)
plw; A) = B(z;A)  do(z; ) Pl A) = D(z+1;A) go(z+1;A)
B(z; A+ 9) :K_190($+1§/\) D(z; A+ 6) :K_lcp(x—l;/\)
Bz +1;X) e(z;A) 7 D(z;A) pr;A)

(3.4)

(3.5)
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3.1 Original (¢)-Racah system

Let us consider the Racah (R) and the g-Racah (¢gR) cases. Although there are four possible
parameter choices indexed by (e,¢') = (£1,%1) in general, we restrict ourselves to the
(6,€') = (1,1) case for simplicity of presentation. The set of parameters A, which is different

from the standard one («, 3,7, 9) [5], its shift § and x are

R: XA =(abecd), 6d=(1,1,1,1), k=1, (3.6)
R: @ =(a,bed), §=(1,1,1,1), v=q" 0<g<l, (3.7)
where ¢* stands for g2 = (g™, ¢*2,...). We introduce a new parameter d defined by
sdef | a+b+c—d—1 R
d= { abed gt tqR (3.8)
Here are the fundamental data [2]:
([ (e+a)z+d)(z+c)(z+d) R
20+ d)(2x + 1+ d) '
B(x; \) = ( " - " " , 3.9
EN=Y a0 —dr) | 3
( (1 —dg?*)(1 — dg*+1) '
([ (z+d—a)lz+d-b)(z+d—c)z R
2x—1+d)(2x—|—d) '
D(z:A) = (2z — i i , 3.10
ENZ) pimade) b (=i -g) | (310
( (1 —dg>1)(1 - dq2””) ’
d) ‘R z(r +d) ‘R
g, =4 mnt - (A :{ ! . (311
=t e e en={ e R e
2vr+d+1
) — d+1 '
TSV S (3.12)
—— :¢qR
1—dq ¢
—n,n+d, —x, x+d
Po(z;X) = Py (n(z; A); A) = 4F3( . b ‘ 1) a (3.13)
" ’ " 7 ’ ¢ (q—n7 dqn’ q—x’ quL‘ . > . qR
4¥3 a, b, c ’ .
_ Rn(n(x;)\);a—1,d—?,10~—_11,d—_10) B ‘R (3.14)
Rn(1+d+n(x;)\);aq cda™ " eq”, de |q) :qR
(a,b,c,d), 2x +d R
e ) U+d—-al4+d-b1+d-cl), d '
¢0($7 A) N (aa b> ¢, dﬂq)x 1-— dq2x : qR ’ (315)

(a='dg,b='dg,c'dq,q;q),d= 1—d
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( (a,b,c,d), on+d
(14+4d—al+d—bl+d—c1), d
><(—1)N(1+d—a,1+d—b,1+d—c)N R
2 _ (d+Dn(d+1)ay '
WA= (a,b, ¢, d;q)n 1—dg™ (3.16)
(a=tdg,b~1dg,c7Ydq,q;q)nd" 1 —d
(DY (a7 dg, b dg, ¢'dg; q)n dNgzNWY R
\ (dg;q)n(dg; q)an

Here R, (---) in (3.14]) are the standard notation of the (¢)-Racah polynomial in [5]. Here is a
remark on the polynomial Pn(x; A), which is in fact a polynomial in the sinusoidal coordinate
n(z; A) BII). The sinusoidal coordinate has a special dynamical meaning [2, 28 [43]. The
Heisenberg operator solution for n(z; ) can be expressed in a closed form. This means
that its time evolution is a sinusoidal motion. Let R be the ring of polynomials in z (the
Racah case) or the ring of Laurent polynomials in ¢” (the ¢-Racah case). Let us introduce

an automorphism Z in R by
I(z) =—x—d :R, I(¢")=q"d"" :qR. (3.17)

Obviously it is an involution Z? = id. The following remark is important.
Remark: If a (Laurent) polynomial f in x (¢%) is invariant under the above involution, it

is a polynomial in the sinusoidal coordinate n(z; \):

I(f(x) = f(x) & [f(z) = f(n(z;N). (3.18)
The system is shape invariant [44] 2],
AMNAN) = s AN+ 8)TAN+8) + E1(N), (3.19)

which is a sufficient condition for exact solvability and it provides the explicit formulas for
the energy eigenvalues and the eigenfunctions, i.e. the generalised Rodrigues formula [2].

The forward and backward shift relations are

FNP,(z;X) = EAN)Po_i(z; X+ 8), BN)P,_1(x; X+ 8) = P, (z;\), (3.20)
where the forward and backward shift operators are
F(A) = B0; Ng(z; A) " (1—€?), BA) = B(0; )7 (B(z; A) = D(z; A)e %) p(x; A). (3.21)
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We adopt the following choice of the parameter ranges:

R: a=—-N, 0<d<a+b 0<c<l1l+4d,

qR: a=q¢ ", O<ab<d<l1, gd<c<l,

and Tyax = Nmax = V. They are sufficient for the positivity of B(z) and D(z).

3.2 Multi-indexed (¢)-Racah polynomials: type I

Let us define the twist operation t:

()L =ML =+ Ly ), £ =id,

The two functions B'(z) and D'(x) are defined by

B'(z;A) = B(z;t(A)), D'(x;A) = D(z;t(N)),

namely,
( (@td—at)@+d—b+1)(@+)(z+d)
/ 20 +d)(2x +1+d
B (SL’; }\) = - (1 o a—ldqx—g-l)(l _>b(—1dqw+1)(1)_ cqm)(l — dqm)
X (1 —dg**)(1 — dg**+7)
( (@Ha-DE+b-—1)(@+d—ox
L (20 — 1+ d)(2z + d)
D@ =3 g (1= ag)(1 = bg)(1 = g} (1 = ¢7)
[ ab (1 —dg*>=*)(1 — dg*)

For M virtual states deletion, we further restrict the parameter range:

R: d+ M <a+, qR: ab < dg¥

(3.22)
(3.23)
(3.24)
(3.25)
'R
, (3.26)
:qR
'R
. (3.27)
:qR
(3.28)

Then the essential properties of B'(z) and D'(x) 2I8)—([220) with L = M are satisfied.
The virtual Hamiltonian #’, £ and the virtual state vector ¢, (z) are given by H(t(X)),

E(t(A)) and ¢y (z;t(N)). Namely,

H(A) = a(MNH(HN)) + o' (N),

_J1 R iy ) —cla+b—d—1)
*(A) = { abd 'q~t :qR ’ @'(A) = { —(1 - )(1 —abd™q™1)
Go(w: X) = o (2:t(N), Sl X) = 6y (23 4(N)) = dola; A&, (a

22
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'R

R (3.30)

A (vev), (331



(1 A) E P (3 tN), (s A) E & (e A); ), (3.32)

HA)Gy(2:A) = EN)du(3A) (2=0,1,... Zypax — 1),

KH()‘)& (xma)u ) ( ) (xmaxa)‘>7 5\//( ): ( (>‘>) (333)

&) —aE W) +a) = { ZETIET AT T R (3.34)
'l—al(z+0I'(d-a+1)['(b—d—x) R
I'l—a—2)IO)I(z+d—a+1)I'(b—-d)

vz A) = (Cf—lql—m’ b, i—gdzms—lj bd: @) T ) . : (3.35)

(a™'q.bg", a~"dg, bd ' q~"; q)o0
Note that o/(X) = (A) < 0. The index set of the virtual state vectors is
V= {1, 2, e anax}> Vmax — mln{[)\l + )\2 - )\4 - 1]/, [%()\1 + )\2 - )\3 - )\4)]}, (336)

where [z] denotes the greatest integer not exceeding = and [z]" denotes the greatest integer
not equal or exceeding x. The negative virtual state energy conditions (232)) is met by

Vinax < [A1 + Xa — Ay — 1], For the positivity of & () [Z31), we write down &(z; A) explicitly:

( —_ [ J— J—
4F3< v,v—a—b+c+d+1, x,x+d‘1> R
é(fle): d—a+1,d_b+1,c
v, ¢ (q—v’ a_lb_lcquH, q—x’ dqx ' ) R
(L atdg by, e | A
rzv:(_V,V—a—b—l—c—l—d+1,—x,x+d)kl R
pare (d—a+1,d—b+1,c) k' (3.37)
- i (¢, a b edg ™ g, dg%; ) ¢ R ' '
= (a=tdq,b'dg, c; q)x (¢; 9)x

Each k-th term in the sum is non-negative for 2vy., < A + Ao — A3 — A\4.
Let us denote the eigenvector ¢p ., (z; A) in (2.52)) after M-deletions (s = M) by ¢5 (z; N).
We define two polynomials Zp(x; A) and Pp,(2; A), to be called the denominator polynomial

and the multi-indexed orthogonal polynomial, respectively, from the Casoratians as follows:

W[, €ay (@3 A) = Co(N) s (@5 M) ZEp (25 A), (3.38)
Wkays - €anrs VP23 X) = Cpn(N) s (25 X) P (23 N)v(2; A + MJ), (3.39)
690,0,1,1), tA)+88=t(A+88) (VBeR). (3.40)

The constants Cp(A) and Cp,,(A) are specified later. The auxiliary function pa(z;A) is
defined by [42]:

def ne+k—1LA) —nz+j5—-1A
ol [ — >

\<ichen nk —7; A)

23



(3.41)

H olz+j—LXx+(k—j—1)d),

1<j<k<M

and @o(x; A) = ¢1(x; A) = 1. The eigenvector (2.52)) is rewritten as

Ml)CD«z(A))J [TeB 02+ (G — 1))

en 1
fon (i A) = (=1)M Ml .
A+ M 3
o OATMY  p ), (3.42)
\/Ep(x; A)Zp(z +1;A)
The multi-indexed orthogonal polynomial Pp,(2;A) (B:39) has an expression
pD,n(z; A) = CD,n(A)_1¢M+1($; A)_
{dl (1) §:dM (1) Tl(xl)f?n(l‘l)
Lz x ro(x2) P (2
&a ( 2) €dM'( 2) 2(2) Pa(22) | (3.43)
Ea, (Tr41) Ean (@rr1) T (Tari1) Pal@arin)
where x; 2 +j—1and ri(z) =rj(x; XN, M) (1 < j < M +1) are given by
(z+a,z+b)j1(x+d—a+jr+d—b+j)msi—; R
: e d—a+1,d—b+1) '
- M) ( g D ‘
i@+ =LA M) (ag®, bq"; q);j-1(a” dg" ™7, b~ dg" " @) rr1—; R
(abd~tq=")/=1gM*(a""dg, b~"dg; q)m '
(3.44)

Reflecting the involution properties (3I8) of the basic polynomials P,(z) and &y (z),

[B38) and Pp,, [BZ3) are also polynomials in 7:
(s X+ (M = 1)8);A),  Pon(z:X) = Ppn(n(z; A+ M) A),  (3.45)

ED ([L’; A) d:Of ED
and their degrees are generically ¢ and ¢ + n, respectively. Here /¢ is
M
0Ny~ EM(M - 1), (3.46)

j=1

We adopt the standard normalisation for =p and poi Zp(0; A) = 1, Pp,n(O; A) = 1, which

determine the constants Cp(A) and Cp (),

Ea(N) — Eq, (X
4, (A) = a4, (A) (3.47)

1
Cp(A) & ———— . ’
D( ) SOM(Oﬂ A) lﬁj];cISM OC(A)B/(] —1; A)
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Coa(N) = (—1)MCp(N)dpa(N)?, dpa(X)? < Pl Y H af nA()}\J};’ (j —Jl(?;)\)

4
80M+1 0 >\ (3 8)

The use of dual polynomials Q.(E(n)) o P,(n(x)) [2] is essential for the derivation of these

results. The three term recurrence relations of {Q,(€)} are specified by B(x) and D(x). The
denominator polynomial Zp(z; A) is positive for z = 0,1, ..., Zmax + 1. The lowest degree
multi-indexed orthogonal polynomial Pp o(z; A) is related to HD( : A) by the parameter shift
A= A+6:

Ppo(w; ) = Zp(z; A+ 9). (3.49)
The potential functions Bp and Dp (Z51)—(2Z58) after M-deletion (s = M) can be expressed

neatly in terms of the denominator polynomial:

=p(1;A) Ep(r+ 1, A+ 6)
B ‘A A+M5 > _ , 3.50
p(;A) = B(z; )ED(:c+1;)\) Zo(z A 1 0) (3.50)
Do \) = D(a: A + M§) Z2E T LX) Eplr — LA +4) (3.51)

ED(LL’; >\) _D(SL’,A—Fd)
These formulas look similar to those in the exceptional polynomials [23]. The groundstate

eigenvector ¢pg is expressed by ¢o(z) (Z8) and Zp(z; N):

N = Bp(y) ) < ED(1§ A) = .
¢o(#3A) = }_[0 Dp(y+1) Pol@; A+ M‘s)\/ép(gg; A)Zp(z 4 1; ) =p(#i A +9)
= ¥p(; \) Pp o(7; A) o< ¢l (25 N), (3.52)
Up(z; ) € /Ep (1 A) dolw; A+ Mb) . Up(0;A) = 1. (3.53)

VEp(@i N Epla + 1)

We arrive at the normalised eigenvector ¢p,,(z;A) with the orthogonality relation,

Spn(; >def %( A)Pp (23 A) oc ¢ (23 X),  dpa(0;X) =1, (3.54)
= ¢D V . > . o 5nm -
Z Pp (23 X) Pp (2 A) = PRENAWINE (n,m=0,1,..., Nmax).  (3.55)

It is worthwhile to emphasise that the above orthogonality relation is a rational equation of
X or ¢*, and it is valid for any value of A (except for the zeros of denominators) but the
weight function may not be positive definite.

The shape invariance of the original system is inherited by the deformed systems. The

matrix Adl...d5+1(>\) intertwines the two Hamiltonians Hg, 4, (A) and Ha, 4., (),

Adl---derl (>‘>TAd1mds+1 (>‘> = HdLnds (A) - gds+1 (A)v
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Adl---derl (>‘>Ad1mds+1 ()‘>T = Hdl~~~ds+l( ) 5d5+1( )

and it has the inverse. By the same argument given in §4 of [19], the shape invariance
of H(A) is inherited by Hg, (N), Haya, (N), - -. Therefore the Hamiltonian Hp () is shape
invariant:

AN Ap AT = kAp(A + 8)TAp(A + 8) + E1(N). (3.56)
As a consequence of the shape invariance and the normalisation, the actions of Ap(A) and

Ap(A)T on the eigenvectors ¢p,(x; X) are

& | o o
AD(A)QSDH("E’ A) - BD(O A) ¢'Dn 1( 7A+5) ( O?L'"a max 1)a (357)
AD(A)TQS’Dn—l(x; )‘ + 6) =V ’D(O; A) QSDH(x; )‘) (l’ = 07 1a IO xmax)' (358)

The forward and backward shift operators are defined by

Fp(A) © \/m?/)p (z; A+ 8) " o Ap(A) o Up (23 N)
B B(0; X + M$) i . p
__MaA+AMEw¢+LAﬂF“ + 1A+ 6) = Sp(s A+ 0)e’), (3.59)

Bp(A) = m Up (2;2) 7" 0 Ap(A)F o vp (25X + 6)

1
" B(0; A+ M3)Zp(:: A+ 9)
( (23 A+ M&)Ep(a; A) — D(x; A+ M8)=p (x+1;A)6_8)<p(x;A+M5),

(3.60)

and their actions on Pp,(z; \) are
fD(A)pr7n(ZL'; )\) = gn(A)ppm_l(l’; A + 5), B’D(A)ppm_l(l’; A + 5) = ppm(l'; )\)

As in the original (¢)-Racah theory (3:20), these formulas are useful for the explicit calcula-

tion of the multi-indexed polynomials. The similarity transformed Hamiltonian is

Ho(A) = Up(x: ) o Hp(N) 0 dp(: X) = Bp(N) Fo(N)
:B(x;)\—i—MS);:D(x;A) :fD;(:L'—I—l;)\—I-(s) B 8)
Ep(z+1L;A)\ Ep(z;A+9)

Ep(x 4+ 1;A) (Ep(z — 1; A+ 6) _
+ D(x; A+ Mo Dv(x < . —e?), 3.61
( ) =p(x; A) Ep(z; A+ 6) (3:61)

and the multi-indexed orthogonal polynomials Pp n(x; X) are its eigenpolynomials:

Hp(AN) Ppn(2:A) = En(A) Ppo(a; A). (3.62)



Other intertwining relations are

K2 Ay A+ 8)Aaya,(N) = Ady gy N Ay g (N,
K_%Adlmds+l ()‘)Adlmds ()‘>T = Adl~~~ds+1 (>‘>TAd1mds+1 (>‘ + 6>7

with the potential functions given in (2Z.45)—(240) (with s — s+ 1).

Including the level 0 deletion corresponds to M — 1 virtual states deletion.

Pp(z;X) = Poip(zA+98), D ={d—1,...,dy_—1}. (3.63)

dyr=0
This formula is similar to those in the multi-indexed Jacobi theory, eqs.(48)—(49) in [1]. The
denominator polynomial Zp behaves similarly. This is why we have restricted d; > 1.

The exceptional X, (¢)-Racah orthogonal polynomials presented in [23] correspond to

the simplest case M =1, D = {{}, £ > 1:

S(w; N) = Zg (@ X+ 06 = 8),  Prn(w;X) = Pyl X + 05 — 5). (3.64)

3.3 Multi-indexed (¢)-Racah polynomials: type II

For the type II, the virtual Hamiltonian H' (3.72)) is defined by twisting parameters combined
with the coordinate reflection x — N — x. Since N is a part of the parameters, the twist

operator t
) L A = A+ LA A — A A — A3 1,20 — Ay), £ #£id, (3.65)

is not an involution. The two functions B’(x) and D'(z) are defined by

B'(1;A) € D(N —z;4(N)), D'(;A) € B(N —z;4(N)), (3.66)
namely,
( (@+a)@+d@+d—c+1)(z+1) R
1Ny 2z +d)(2x+ 14 d) '
B ($7 >‘> _(1 _ aqx)(l _ bq:c)(l o C—ldqx-l-l)(l o q:c-i-l) . oR ) (367)
( (1 —dg*)(1 — dg*+1) A
( @+d-—a)z+d-b)lz+c—1)(z+d-1) R
PN (2x —1+d)(2x + d) '
DX =0 ag (0= aldg) (- b lag)(1 - ep ) gy 0 G
| o (1= dg>)(1 = dg™) !
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and we recall \; = —N. Note that ¢(N — z;t(X)) = ¢(z — 1;X)/o(N — 1;A) and (B5)

implies

D@A+d) ol -2N) B@A+8) . o)

i kLA Bt ek kA 3.69
D’(:):—l-}\) Yo —LA)  B@mA) T pm— LAY (369)
6L (0,0,—1,-1), t(A)+ 36 =t(A+B8) (V8 €R). (3.70)
For M virtual states deletion, we restrict the parameter range:
R: M<ec 2M<1+d, qR: c<g, qd<, (3.71)

so that the essential properties of B’ and D’ (2.59)—(2.61]) with L = M are satisfied. The
virtual Hamiltonian #H’, £ and the virtual state vectors ¢, (z) are H(t(A))|omsn—z: Ev(t(N))
and ¢, (N — z;¢(A)), namely,

H(A) = a(X)H (X)) [omsv—s + &' (N), (3.72)
1 ‘R , —(c=1)(a+b—d) ‘R

a(A) = { cg”! 1 qR @ (A) = { —(1—cqg V)1 —abd™) :qR ° (3.73)

Go(m; X) = o (N — 236N do(N;tN) T, bl A) = Gl NE(A) (ve V), (3.74)

(3 A) B P (N —25t(N), s A) E & (n(as A); ), (3.75)

HN) by (7 A) = EN)du(25A) (=1, Zma),

( ;)

H(N) D (03 X) # EdN) by (0; N), EA) =& (t(N), (3.76)

N = e o ={ Z T )

F(xz+c)l(x+d) I'(d—c+1)
['(e)[(d) I'z4+d—c+1)I(x+1)

()" (¢ di@o (g™, ¢" @)oo

(cq®,dq*; @)oe  (c71dq, G5 @)oo

Note that §V(:177 A) is normalised to be unity at x = N, instead of x = 0 in the type I case.

Here o/(A) = &(A) < 0 holds by definition. The first equation in (B.4]) implies

:qR

plz —10) | D'(N;A) dolw; A + &) do(N; (A +9))
p(N —1;A) D'z A)  go(z;A)  do(N3t(N)

Due the invariance under the involution BIT7) & (—z — Az A) = & (1), & (23 A) is a
polynomial in n(z; A) by Remark (B.I8]). The index set of the virtual state vectors is

(3.79)

V={1,2,. . Vi) Vinax = min{[Ag — 1), [2(=A = A + Az + A} (3.80)
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The negative energy condition (2.67) is satisfied by vpax < [A3 — 1). The other limit is
determined by the positivity of the virtual state vectors as in the type I case (3.37).
Let us denote ¢p,(x; ) in (Z80) with s = M by ¢5 (z; A) and evaluate it explicitly.

The polynomials Zp(x; ), Pp,(2; ) are defined in terms of the Casoratians as follows:

a5 0) = Co(N)el, (@3 N)Zp (3 N), (3.81)
WO ey, s €y P (3 X) = Con(N) @Sk (3 X) Pp (5 N A+ M), (3.82)

where Cp(A) and Cp ,,(A) are specified later. The auxiliary function @5\2)(:6; A) is defined by

H nz—7+1LA) —nlz—k+1;A)

o (@A) = =om(z—M+1;X)

\<icien n(k —j; )
= ] el@-k+LX+E=j-1)35), (3.83)
1<j<k<M

and gp(()_)(at; A) = cpg_)(at; A) = 1. The eigenvector (2.80) is rewritten as

CD n(>‘)
Cp(A)

B0 (23 A) = (—1)M M M-D H (AN)D'(N; X+ (j — 1)d)

o (N ¢( >\+M5 ﬁ N—1Lx—(j—1)9)
¢0( i1 kogpl)\+(2k‘—j—|—1)5)
%(‘C; A+ Mé) Pp(2:A). (3.84)

\/Ep(x; A)Zp(z — 1; )

The multi-indexed orthogonal polynomial Pp ,(z; ) (3.82) has the same Casoratian expres-
sion ([B.43) as in the type I case with ¢yr41(z) replaced by (pM_H(ZL’) and z; O - Jj+1,
ri(x) =rj(x; XN, M) (1 <j < M+ 1) are given by

(r—c+d—j+2,0—j+2);(e+c—Maz+d— M)y,

'R
def (c— M,d— M)y
(;L’ ]—I—l A M) ( _1dqx j+2 qm ]+27Q)] 1(qu M dqw M. q)M—i-l —j C]R .
(C_1Q)] 1qu(Cq_Ma dq ) q)M .
(3.85)

As in the type I case, Zp ([3.81) and Pp,, ([3.82) are degree £ and £ +n polynomials in 7, with
the same form of the sinusoidal coordinate dependence (3.43]), but the actual values of d are
different in the type I (8.40) and type II (3.70). The degree formula is also the same as that
in the type I, (346). The normalisation of Zp and ppm are chosen to be, Zp(N; A) = 1,
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Pp.(N;A) = 1, which determine the constants Cp(A) and Cp (),

e 1 Ea,(A) = €4, (N)
N E —— ] S/ (3.86)
905\/[)<N; A) 1<jichanm AA)D(N —j+1A)
- —sM-y M2 —(j+1)9)
Cpn(A) ¥ Co(A)dp.n =
oA (X dpn(A) P,(N; X Ha O)\—i—(j 1)8)
- of 1 A)D'(0; A —1)6
dp.a(A)? & (EMOI-D B (N, y) H HO‘ (0:A+( —1)9) (3.87)
j=1 - j=1 5]—1<>‘)
The denominator polynomial Zp(z;A) is positive for = —1,0,1,..., Zmax. The lowest

degree polynomial Ppo(x;A) is related to Zp(x; A) by the parameter shift A — X + & and

the coordinate shift r — = — 1:
Ppo(z;X) = Ep(z — 1; A+ 6). (3.88)

The normalisation HD(N (=N, Ao, )\3,)\4)) = 1, means ED(N — L (=N+1,+1,\+
1,As+ 1)) = 1. Based on this relation, the potential functions Bp and Dp (2.38)-(2.89)
with s = M are expressed in terms of the denominator polynomials

Zp(z — 1;A)  Ep(z; A+ 6)
=Ep(x;A) Ep(z—1; A+ 6)
_En(z3A)
Ep(x—1;A) Zp(z — 1; A+ 9)

(3.89)

Bp(z;A) = B(z; A + Md) =2

e (113

Dp(z;X) = D(z; A+ M6) (3.90)

With a different normalisation ¢po(IV; A) = 1, the ground state ¢pg is calculated to be

ot = (T 225 ) < (T ) - T 25

T

_ Gola; A+ M) Sp(N-LA) o
G0N A+M5)\/E (2: A)Zp(z — L; ) =p(z — 1A +9)
= Up(; X) Ppo(m; X) oc ¢ (25 X)), (3.01)

Zp(N - 1;A) o(z; A + MJ)

¢
5 N;A) =1. 3.92
¢o(N; A + M) \/Ep(sc; A)Ep(z — 1;A) Pr Y (3.92)

UYp(T; A) £

Y

By changing the overall normalisation we define the eigenvector ¢p,,(z;\),

def

Opu(25 ) = Up(; X) Ppu(a; X) oc o, (23 X),  dpa(N3A) =1. (3.93)
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The orthogonality relation (2.85) reads (n,m =0,1,..., Nmax)

Tmax

do(N: A+M6> Up(z: A) —
Z Y Ppn(2; A) Pp (3 A) = (N 2dpa (N

(3.94)

The shape invariance of H(A) is inherited by Ha, (A), Haya,(A), - -. The Hamiltonian

Hp(A) is shape invariant. As a consequence of the shape invariance and the normalisation,

the actions of Ap(A) and Ap(X) on the eigenvectors ¢p,(z; X) are

Ap(N)dpn(x; A) = —% Opn_1(x;A+08) (x=0,1,... Zpax — 1), (3.95)
Ap(N) ¢pp_1(x; A+ 8) = —/Dp(N; X) dpn(z (x=0,1,..., Tymax)- (3.96)

The forward and backward shift operators are defined by

—/Dp(N; X) ¢p (2 X+ 8) 7 0 Ap(X) 0 ¥hp (73 \) (3.97)

_ =D(N; X + M)p(N — 1; X + MJ) I p
B o(z; X+ M)Zp(z; ) ( p(2;A+0) — Ep(z — ;A +9) >,

1

Bp(A) i U BN o AN e (1A +9)

1 1
~ — = 3.98
D(N; X+ Mé)p(N —1; A+ M) Zp(x — 1; A+ 6) (3.98)

X (B(x; A+ M&)Zp(x — 1;0) — D(z; A+ M) Zp(z; A)e‘E’)gp(x; A+ Md),

and their actions on Pp,(x; A) are

Fp(A)Ppp(2;X) = En(A) Pp i (z; A+ 8),  Bp(A)Ppp_i(x; A+ 8) = Ppu(z; A).

The similarity transformed Hamiltonian is

Ho(A) E p(2;0) " o Hp(A) o ¥p(z; A) = Bp(A) Fp(A)
o - ~ ED([L’ — ]_, )\) ED(ZE, A + 6) . 68
= Blx; A+ M3) <; ) )

Ep(a;A) \Ep(z— 1A+
< Zp(z; Ep(r —2;
4 D(w; A+ M&) —=2TN) (f(x A+9) e‘a), (3.99)
Ep(z — LA \Ep(x — L; A+ 6)
and the multi-indexed orthogonal polynomials Ppm(ﬂf; A) are its eigenpolynomials:
Hp(X) Pp (2 A) = E,(A) Pp (23 A). (3.100)
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Here are other intertwining relations

k2AL N 0)Ady a0 (A) = Adya WAL (V)

dy.dsg1

kA L (N AL (N = A WTAY L (A 9),

with the potential functions given in (2.79)-(2.80) (with s — s+ 1). The effects of the level
0 deletion are the same as in the type I case (3.63)).

3.4 Relations between type I and 11

We discuss the discrete symmetries of the original (¢)-Racah Hamiltonian (3.9)—-(3.I0) and
their twisting together with the type I & II virtual state vectors. It is obvious that B(z; A)
and D(z; A) (39)-BI0) are symmetric under the permutation

>\1 g >\2, )\1 < >\3, )\2 < >\3. (3101)

On top of the type I twisting (3:24]), to be denoted by ! in this subsection, one wonders if

another twisting t' obtained from t' by Ay <+ A3
Y)Y A= M+ 1,00, — A+ LAy, 2 =id,

might work. Of course, it does not, since the above symmetry (B.I01) is spontaneously
broken by the actual choice of the parameter ranges (322)—([3.23). The positivity of B’'(x)
and D’(x) is lost when twisted by t.

Another ingredient is the reflection R with respect to the mid-point of the grid, which is
obviously an involution:

def

R(z) € N —z, R*=id.

The reflection is also realised by an involution t") of the parameter changes together with
B < D:

) L LA+ X — A A3 — AL 20 — M), (02 =id,
B(N —a;X) = D(2;t9 (X)), D(N — ;X)) = B(z;t9(X)) (N =—\).

The type II twisting ([3.65), to be denoted by ! in this subsection, is obtained by applying
t after ¢):
= ¢ ot®, ot £®oy (:» (612 2 id).
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This is a justification for the type II twisting.

Various quantities for the type I and II twistings are related by another involution ¢(%:

€I () 2 0 A — Ao+ LA — Ay + 1,2A0 — Ay) SA@) ((e9y2 = i,

Pl o @), = o) o gle9) £ g(e) gl

Bz A) = D''(N — ;X)) D'M(a; A) = BN — ;X)) () = g1(A),
b0 (1 A) = Go(N — 2 X (N5 1 (N) 7!, &M@y A) = EUN — 2; ),

ZB(r; A) = Eh(N — 1 A)

where N = —)\;. However, the Hamiltonians (potential functions Bp and Dp) and the

multi-indexed orthogonal polynomials are different,

BR(x;X) # (const) x DL(N — z; X)), DE(z; X) # (const) x Bh(N — z; X)),
Pg,n(x; A) # (const) x Pém(]\f _ )\(ox))'

4 Summary and Comments

Following the examples of multi-indexed Laguerre and Jacobi polynomials [1], multi-indexed
(¢)-Racah polynomials, the discrete quantum mechanics counterparts, are constructed. These
new polynomials could be considered further generalisation of Bannai-Ito polynomials [45].
The next stage will be the construction of multi-indexed Askey-Wilson and Wilson polyno-
mials. The basic logic is the same for the ordinary quantum mechanics as well as for the
discrete quantum mechanics with real [2] or pure imaginary shifts [28]. Starting from the
factorised Hamiltonians of exactly solvable quantum mechanical systems, a series of new
‘deformed’ exactly solvable quantum systems are generated by applying Crum-Krein-Adler
formulas |36, B7] or multiple Darboux transformations [39] through deletion of various vir-
tual states instead of eigenstates. The virtual state vectors are polynomial ‘solutions’ of
a virtual Hamiltonian which is obtained by twisting the discrete symmetry of the original
Hamiltonian. They fail to satisfy the Schrédinger equation of the virtual Hamiltonian at
one of the boundaries, at © = ., for the type I and x = 0 for the type II. When there
is only one extra index D = {¢} (¢ > 1), the multi-indexed (¢)-Racah polynomials reduce
to the exceptional polynomials [23, 26]. But the type II exceptional (g)-Racah polynomials

are new. Like the exceptional polynomials, the multi-indexed (¢)-Racah polynomials do not
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satisfy the three term recurrence relations. On the other hand, their dual polynomials sat-

isfy the three term recurrence relations because of the tri-diagonal form of the Hamiltonian.

As for the parameter ranges in which (220), 231)-(232), [2.61) and (Z67) are satisfied,
we have taken conservative ones, (3.:22)-(3.23), (328), (3306), (B.71) and [B80). It is quite

possible that the valid parameter ranges could be enlarged. The difference equations for the
multi-indexed (¢)-Racah polynomials, (8.62) and (3:100) etc., are purely algebraic and they
hold for any parameter ranges.

Various orthogonal polynomials are obtained from the (¢)-Racah polynomials in certain
limits. Similarly, from the multi-indexed (q)-Racah polynomials presented in the previous
section, we can obtain the multi-indexed version of various orthogonal polynomials, such as
the (¢)-Hahn, dual (¢)-Hahn, alternative ¢-Hahn, etc. The infinite dimensional cases, the
little g-Jacobi, (¢q)-Meixner, etc will be reported in a separate publication. In these cases,
the treatment of the type II twisting becomes delicate.

As in the ordinary Sturm-Liouville case (the oscillation theorem) the multi-indexed or-
thogonal polynomial Pp,(y; A) has n zeros in the orthogonality range, 0 < y < 7(Zmax; A +
M 5) This is a general property of the eigenvectors of a Jacobi matrix.

In §2.2.3 it is shown that the type I and II virtual states cannot be used together to
construct new eigenvectors. If we relax the conditions of positive definite orthogonality
weight functions, multi-indexed polynomials based on the type I and II together could be
allowed.

Let us emphasise that the discrete symmetries of the original (¢)-Racah systems and
their twisting, which are essential for the construction of virtual Hamiltonians and virtual
state vectors, are easily recognised in the present parametrisation (3.9)—([3.10) [2], but rather
unclear in the original parametrisation [3, 4 [5]. This is a good reason to promote the

(¢)-Racah systems in our parametrisation.
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