arXiv:1301.3980v2 [math-ph] 27 Apr 2013

Yukawa Institute Kyoto DPSU-12-4 YITP-12-96

Extensions of solvable potentials with finitely many discrete eigenstates

Satoru Odake^a and Ryu Sasaki^b

a Department of Physics, Shinshu University, Matsumoto 390-8621, Japan b Yukawa Institute for Theoretical Physics, Kyoto University, Kyoto 606-8502, Japan

Abstract We address the problem of rational extensions of six examples of shape-invariant potentials having finitely many discrete eigenstates. The overshoot eigenfunctions are proposed as candidates unique in this group for the virtual state wavefunctions, which are an essential ingredient for multi-indexed and iso-spectral extensions of these potentials. They have exactly the same form as the eigenfunctions but their degrees are much higher than n_{max} so that their energies are lower than the groundstate energy.

1 Introduction

Study of exactly solvable potentials in one dimensional quantum mechanics is a very rapidly developing subject in theoretical/mathematical physics in recent years. The main focus is on solvable extensions (deformations) of known exactly solvable potentials [1, 2], in particular, the radial oscillator potential and the Darboux-Pöschl-Teller potential. These potentials have infinitely many discrete eigenstates and the corresponding eigenfunctions consist of classical orthogonal polynomials, the Laguerre and the Jacobi polynomials [3]. Their isospectral extensions also produce complete sets of orthogonal polynomials, generically known as multi-indexed Laguerre and Jacobi polynomials [4, 5]–[10] and their various special cases; the simplest single-indexed cases are called exceptional orthogonal polynomials [11]–[36]. The extensions (deformations) of these potentials are achieved by Darboux-Crum transformations

[37, 38] and its modification by Krein-Adler [39]–[41] through the Wronskian formulas (2.6)– (2.8) in terms of virtual state wavefunctions, see the definition in section 2. In these cases, the virtual state wavefunctions are obtained from the eigenfunctions by twisting the parameters specified by the discrete symmetries of the Hamiltonians (potentials), see (19)–(22) of [4]. Thus these virtual state wavefunctions are also polynomial solutions.

In this paper we will formulate the general procedures of the extensions (deformations) of solvable potentials with finitely many discrete eigenstates, which are labeled by the degrees of the polynomial eigenfunctions, n = 0, 1, . . . , n_{max}. We discuss six explicit examples; Morse potential (M) §4.1, the soliton potential (s) §4.2, Rosen-Morse potential (RM) §4.3, the hyperbolic symmetric top II (hst) §4.4, Kepler problem in hyperbolic space (Eckart potential) (Kh) §4.5 and the hyperbolic Darboux-Pöschl-Teller potential (hDPT) §4.6, according to the naming of the review by Infeld-Hull [1]. The essential point is again the identification of the virtual state wavefunctions, since Darboux-Crum transformations apply equally well in these cases. The discrete symmetries of these potentials, except for (hst) and (hDPT), produce only the pseudo virtual state wavefunctions and they provide the known type of non isospectral extensions that are realised by the deletion of eigenstates à la Krein-Adler [39] with shifted parameters [42]–[47]. This correspondence was proven in detail in [42] for the above six potentials as well as other five well-known potentials having infinitely many discrete eigenstates.

Good candidates for the virtual states for those potentials having only finitely many discrete eigenstates are provided by the same polynomial wavefunctions as the eigenfunctions with higher degrees than the highest energy eigenfunction n > n_{max}, so that their energies are lower than the ground state energy. They are tentatively called overshoot eigenfunctions. In her pioneering works [48, 49], Quesne used overshoot eigenfunctions for the “first order SUSY” (single-indexed) extensions of Morse, Rosen-Morse and Eckart potentials. This idea was further developed in [50]. Once the virtual state wavefunctions are identified, the multiindexed extensions are trivially realised in the manner explained in [4]. For some potentials the overshoot eigenfunctions provide a new type of pseudo virtual state wavefunctions, which generate extensions by adding one eigenstate below the groundstate. These extensions are a new type and they cannot be realised by the deletion of eigenstates à la Krein-Adler for generic parameters. It can be easily seen that the energy of the added state does not correspond to that of a negative degree state except for half integer coupling constant cases.

Extended potentials in terms of virtual state wavefunctions do inherit the shape-invariance [53] of the original potentials as in the cases of the multi-indexed extensions [4]. One new feature of the shape-invariance of the potentials with finitely many discrete eigenstates (except for the hyperbolic Darboux-Pöschl-Teller potential) is that the degrees of the virtual state wavefunctions also shift together with n_{max} → n_{max} − 1 as emphasised in Quesne’s papers [48, 49]. Similar phenomena have been remarked in the extensions in terms of pseudo virtual states [42].

This paper is organised as follows. The concepts of the virtual and pseudo virtual state wavefunctions are explained briefly in section 2 and the Darboux-Crum transformation formulas in terms of multiple (pseudo) virtual state wavefunctions are recapitulated. The idea of the overshoot eigenfunctions is introduced in section 3 together with the illustration of three types of the energy curves of the systems having finitely many discrete eigenstates. Section 4 is the main part of the paper. Various examples of the virtual state wavefunctions and the new type of pseudo virtual state wave functions obtained from the overshoot eigenfunctions are discussed in some detail for the six potentials having finitely many discrete eigenstates. The final section is for a summary and comments.

2 Virtual and Pseudo Virtual States

Here we recapitulate the concepts of virtual state and pseudo virtual state wavefunctions. For more details on the extensions of solvable potentials through Darboux-Crum and Krein- Adler transformations in terms of virtual state and pseudo virtual state wavefunctions, we refer to the recent publication [42].

We consider quantum mechanical systems defined in an interval x_1 < x < x_2, which have a finite number of discrete eigenstates with a vanishing groundstate energy,

Hϕ_n(x) = E_nϕ_n(x) (n = 0, 1, . . . , n_{max}), 0 = E_0 < E_1 < · · · < E_{nmax} , (2.1) (ϕ_m, ϕ_n)^{def}= ∫_{x2} x_1

dx ϕ_m(x)ϕ_n(x) = h_nδ_{m n} (h_n > 0). (2.2)

The main part of ϕ_n is a certain polynomial. Here are the conditions for the virtual state wavefunctions^1 ϕ̃(x), Hϕ̃(x) = Ẽϕ̃(x):

1. No zeros in x_1 < x < x_2, i.e. ϕ̃(x) > 0 or ϕ̃(x) < 0 in x_1 < x < x_2.

1 They are different from the ‘virtual energy levels’ in quantum scattering theory [51].

2. Negative energy, Ẽ < 0.

3. ϕ̃ is also a polynomial type solution, like the original eigenfunctions, see (4.1),(4.2). 4. Square non-integrability, (ϕ̃, ϕ̃) = ∞.

5. Reciprocal square non-integrability, (ϕ̃^{−1}, ϕ̃^{−1}) = ∞.

Of course these conditions are not totally independent. The negative energy condition is necessary for the positivity of the norm as seen from the norm formula (2.7). When the first condition is dropped and the reciprocal is required to be square integrable at both boundaries, (x_1, x_1 + ϵ), (x_2 − ϵ, x_2), ϵ > 0, see (2.5), such seed functions are called pseudo virtual state wavefunctions. When the system is extended in terms of a pseudo virtual state wavefunction ϕ̃(x), the new Hamiltonian has an extra eigenstate ϕ̃^{−1}(x) with the eigenvalue Ẽ, if the new potential is non-singular. The extra state is below the original groundstate and the extension is no longer iso-spectral. This is a well known result of the Darboux transformation [37], [52]. Since the (pseudo) virtual state wavefunctions ϕ̃(x) are finite in x_1 < x < x_2, the non-square integrability can only be caused by the boundaries. Thus the virtual state wavefunctions belong to either of the following type I and II and the pseudo virtual state wavefunctions belong to type III : Type I : ∫_{x1+ϵ} x_1 dx ϕ̃(x)^2 < ∞, ∫_{x2} x_2−ϵ dx ϕ̃(x)^2 = ∞, & ∫_{x1+ϵ} x_1 dx ϕ̃(x)^{−2} = ∞, ∫_{x2} x_2−ϵ dx ϕ̃(x)^{−2} < ∞, (2.3) Type II : ∫_{x1+ϵ} x_1 dx ϕ̃(x)^2 = ∞, ∫_{x2} x_2−ϵ dx ϕ̃(x)^2 < ∞, & ∫_{x1+ϵ} x_1 dx ϕ̃(x)^{−2} < ∞, ∫_{x2} x_2−ϵ dx ϕ̃(x)^{−2} = ∞, (2.4)

Type III : ∫_{x1+ϵ} x_1

dx ϕ̃(x)^2 = ∞ or ∫_{x2} x_2−ϵ dx ϕ̃(x)^2 = ∞, & ∫_{x1+ϵ} x_1 dx ϕ̃(x)^{−2} < ∞, ∫_{x2} x_2−ϵ dx ϕ̃(x)^{−2} < ∞. (2.5) An appropriate modification is needed when x_2 = +∞ and/or x_1 = −∞.

The Darboux-Crum transformations in terms of D^{def}= {d_1, d_2, . . . , d_M } (pseudo) virtual state wavefunctions (Hϕ̃_v(x) = Ẽ_vϕ̃_v(x)) read:

H^{[M]}ϕ^{[M]}_n (x) = E_nϕ^{[M]}_n (x), (2.6) ϕ^{[M]}_n (x)^{def}= W[ϕ̃_{d1} , ϕ̃_{d2} , . . . , ϕ̃_{dM} , ϕ_n](x) W[ϕ̃_{d1} , ϕ̃_{d2} , . . . , ϕ̃_{dM} ](x)

, (ϕ^{[M]}_m , ϕ^{[M]}_n ) = M∏ j=1 (E_n − Ẽ_{dj} ) · h_nδ_{m n}, (2.7)

U^{[M]}(x)^{def}= U(x) − 2∂^2_x log | |W[ϕ̃_{d1} , ϕ̃_{d2} , . . . , ϕ̃_{dM} ](x) | |, (2.8)

H^{[M]}ϕ̃^{[M]}_v (x) = Ẽ_vϕ̃^{[M]}_v (x), ϕ̃^{[M]}_v (x) =

W[ϕ̃_{d1} , ϕ̃_{d2} , . . . , ϕ̃_{dM} , ϕ̃_v](x) W[ϕ̃_{d1} , ϕ̃_{d2} , . . . , ϕ̃_{dM} ](x)

. (2.9)

In (2.7) h_n is the normalisation constant of the original system defined in (2.2). Note that the differential equations (2.6) and (2.9) hold irrespective of the presence of the nodes of the Wronskian W[ϕ̃_{d1} , ϕ̃_{d2} , . . . , ϕ̃_{dM} ](x). By using the Wronskian identity W [ W[f_1, f_2, . . . , f_n, g], W[f_1, f_2, . . . , f_n, h] ] (x) = W[f_1, f_2, . . . , f_n](x) · W[f_1, f_2, . . . , f_n, g, h](x) (n ≥ 0),

and (2.9), we can show the following (s ≥ 1): d dx W[ϕ̃_{d1} , ϕ̃_{d2} , . . . , ϕ̃_{ds−1} , ϕ̃_{ds} , ϕ̃_{ds+1} ](x) W[ϕ̃_{d1} , ϕ̃_{d2} , . . . , ϕ̃_{ds−1} ](x) = (Ẽ_{ds} − Ẽ_{ds+1} ) W[ϕ̃_{d1} , ϕ̃_{d2} , . . . , ϕ̃_{ds−1} , ϕ̃_{ds} ](x) W[ϕ̃_{d1} , ϕ̃_{d2} , . . . , ϕ̃_{ds−1} ](x) W[ϕ̃_{d1} , ϕ̃_{d2} , . . . , ϕ̃_{ds−1} , ϕ̃_{ds+1} ](x) W[ϕ̃_{d1} , ϕ̃_{d2} , . . . , ϕ̃_{ds−1} ](x) . (2.10)

For deletion of type I virtual sate wavefunctions only (or type II only), equation (2.10) implies inductively that W[ϕ̃_{d1} , ϕ̃_{d2} , . . . , ϕ̃_{dM} ](x) has no node in x_1 < x < x_2 under the conditions ∂^s_xϕ̃_{dj} (x) | |_{x=x1 (or x2)}= 0 (s = 0, 1, . . . , M − 1). (2.11)

For deletion of both type I and type II virtual state wavefunctions such as in [4] and § 4.6, we have to check that W[ϕ̃_{d1} , ϕ̃_{d2} , . . . , ϕ̃_{ds−1} , ϕ̃_{ds} , ϕ̃_{ds+1} ](x)/W[ϕ̃_{d1} , ϕ̃_{d2} , . . . , ϕ̃_{ds−1} ](x) has the same sign at x = x_1 and x = x_2, for no-nodeness of W[ϕ̃_{d1} , ϕ̃_{d2} , . . . , ϕ̃_{dM} ](x).

3 Overshoot Eigenfunctions

The simplest way to construct the virtual and pseudo virtual wavefunctions is to twist the parameters of the eigenfunctions based on the discrete symmetries of the original shapeinvariant Hamiltonians. This automatically guarantee that the obtained (pseudo) virtual wavefunctions are of the same polynomial type as the original eigenfunctions. Among the six examples listed in § 4, the discrete symmetries produce only pseudo virtual state wavefunctions except for the well-known cases of the hyperbolic DPT [20, 22, 4, 42] and the Eckart potential (Kh) [49, 42].

Here we propose overshoot eigenfunctions ϕ̃^{os}_v (x) as the candidates for new types of virtual state and pseudo virtual eigenfunctions for the six examples of shape-invariant potentials listed in § 4. The overshoot eigenfunctions have exactly the same forms as the eigenfunctions ϕ̃os_v (x)^{def}= ϕ_v(x) (Ẽ os_v = E_v). But their degrees are much higher than the highest discrete energy level n_{max} so that their energies are lower than the groundstate energy, which are chosen zero throughout this paper. The following illustrations of the three types of energy curves E_n with respect to the degree n would be helpful for understanding (Figure 1). In all the three cases the region (a) corresponds to the finitely many discrete eigenstates. The overshoot eigenfunctions correspond to the region (b), which provides the candidates of virtual state wavefunctions and a new type of pseudo virtual wavefunctions. The region (c) in the first two illustrations and the region (c_1) in the third corresponds to the pseudo virtual state wavefunctions.

Figure 1: The left represents the energy levels of (M), (s), (hst) and (hDPT). The center corresponds to (RM) and the right to (Kh).

4 Examples of (Pseudo) Virtual State Wavefunctions

Here we provide the explicit forms of the virtual state wavefunctions and a new type of pseudo virtual wavefunctions obtained from the overshoot eigenfunctions for six shape-invariant systems §4.1–§4.6, which have finitely many discrete eigenstates. The original systems to be extended usually contain some parameter(s), λ = (λ_1, λ_2, . . .) and the parameter dependence is denoted by H(λ), E_n(λ), ϕ_n(x; λ), ϕ̃_n(x; λ), P_n(η(x); λ) etc. As discussed in [42] they are divided into two groups of eigenfunction patterns:

Group A: (M), (s), (hst), (hDPT), ϕ_n(x; λ) = ϕ_0(x; λ)P_n ( η(x); λ ) , (4.1)

Group B: (RM), (Kh), ϕ_n(x; λ) = ϕ_0(x; λ + nδ)P_n ( η(x); λ ) . (4.2)

Here P_n ( η(x); λ ) is a polynomial of degree n in a certain function η(x), which is called the sinusoidal coordinate (for Group A) [54]. Except for (Kh) and (hDPT), the twisting of the parameter(s) of the eigenfunctions based on the discrete symmetries of the Hamiltonian generate pseudo virtual states, rather than the virtual states. We will not discuss the discrete symmetries except for (Kh) and (hDPT), since the pseudo virtual states and the rational extensions of these six potentials in terms of them have been explored in detail in [42]. For the parameters of shape-invariant transformation λ → λ + δ, we use the symbol g to denote an increasing (δ = 1) parameter and the symbol h for a decreasing (δ = −1) parameter and μ for an unchanging (δ = 0) parameter. Except for § 4.7, we assume that the parameter g and/or h take generic values, that is not integers or half odd integers. We refer to a recent paper [42] for various properties of these six potentials. No-nodeness of the virtual state wavefunctions can be verified by using the properties of zeros of Laguerre and Jacobi polynomials [3, 45, 32, 49].

The energy of a new type of pseudo virtual state ϕ̃^{os}_v (x) obtained from the overshoot eigenfunctions does not coincide with the negative energy levels of the original theory except for half integer coupling constant cases. In other words, the previous formula Ẽ_v(λ) = E_{−v−1}(λ) in [42] is no longer valid for generic coupling constants. This means that the extensions in terms of the new type of pseudo virtual states cannot be reproduced in terms of the Krein-Adler transformations deleting the (multiple) eigenstates except for half integer coupling constant cases. In other words, the extensions in terms of one pseudo virtual wavefunction of the new type can be made non-singular for some choices of the degrees. But the extensions by using two or more such pseudo virtual wavefunctions would produce singular potentials, since the nodeless condition of the seed functions is no longer guaranteed.

The Wronskian of the eigenfunctions ϕ_n(x; λ) is expressed as [42]

W[ϕ_{d1} , ϕ_{d2} , . . . , ϕ_{dM} ](x; λ) = Ā_D(x; λ)Ξ̄_D ( η(x); λ ) , (4.3)

Ā_D(x; λ)^{def}= { ϕ_0(x; λ)^M ( c^{−1}_F^{dη(x)}_{dx} ) 1_{2 M(M−1)} : Group A ∏_M k=1 ϕ_0(x; λ + d_kδ) : Group B

, (4.4)

Ξ̄_D(η; λ)^{def}= { c^{12 M(M−1)}

F W[P_{d1} , P_{d2} , . . . , P_{dM} ](η; λ) : Group A det (¯ X^D_{j,k}(η; λ) ) 1≤j,k≤M : Group B , (4.5)

X̄^D_{j,k}(η; λ)^{def}= j−2∏ i=0 f_{dk −i}(λ + iδ) · P_{dk−j+1} ( η; λ + (j − 1)δ ) , (4.6)

where c_F is −1 (M), 1 (s), 1 (hst) and 4 (hDPT) (See Remark below (3.27) in [42]). The denominator polynomial Ξ̄_D(η; λ) is a polynomial in η and its degree is generically ℓ_D:

ℓ_D^{def}= M∑ j=1 d_j − 1 2 M(M − 1). (4.7)

The ratio of the Wronskians becomes W[ϕ_{d1} , . . . , ϕ_{dM} , ϕ_n](x; λ) W[ϕ_{d1} , . . . , ϕ_{dM} ](x; λ) = P̄_{D,n}(η(x); λ) Ξ̄_D(η(x); λ) × { ϕ_0(x; λ + Mδ) : Group A ϕ_0(x; λ + nδ) : Group B , P̄_{D,n}(η; λ)^{def}= Ξ̄_{{d1,...,dM ,n}}(η; λ) : degree = ℓ_{{d1,...,dM ,n}} = ℓ_D − M + n. (4.8) Since these expressions of the Wronskians are algebraic, they are applicable to the overshoot eigenfunctions ϕ̃^{os}_v (x; λ) = ϕ_v(x; λ) (Ẽ^{os}_v (λ) = E_v(λ)).

4.1 Morse potential (M)

The system has finitely many discrete eigenstates 0 ≤ n ≤ n_{max}(λ) = [h]^′ in the specified parameter range ([a]^′ denotes the greatest integer not exceeding and not equal to a): λ = (h, μ), δ = (−1, 0), −∞ < x < ∞, h, μ > 0, w(x; λ) = hx − μe^x, U(x; λ) = μ^2e^{2x} − μ(2h + 1)e^x + h^2, E_n(λ) = h^2 − (h − n)^2, η(x) = e^{−x}, f_n(λ) = n − 2h 2μ , b_{n−1}(λ) = −2nμ, ϕ_n(x; λ) = ϕ_0(x; λ)P_n ( η(x); λ ) , ϕ_0(x; λ) = e^{hx−μex} , P_n(η; λ) = (2μη^{−1})^{−n}L^{(2h−2n)}_n (2μη^{−1}), h_n(λ) =

Γ(2h − n + 1) (2μ)^{2h}n! 2(h − n) . 4.1.1 virtual states

The energy spectrum is depicted in the first graphic (E_n(λ) < 0 (n ≥ 0) ⇔ n > 2h) of Fig. 1. The overshoot eigenfunctions provide type II virtual state wavefunctions for v > 2h [49]: ϕ̃^{os}_v (x; λ) = ϕ_v(x; λ), Ẽ^{os}_v (λ) = v(2h − v) (v > 2h). (4.9)

Since this type II virtual state wavefunction satisfies the boundary conditions

∂^s_xϕ̃^{os}_v (x; λ) | |_{x=∞}= 0 (s = 0, 1, . . .), (4.10) a multiple virtual state ϕ̃^{os}_v deletion gives a non-singular Hamiltonian H^{[M]}. Their ‘shapeinvariance’ relation is

w_D(x; λ)^{def}= log | | | W[ϕ̃^{os}_{d1} , . . . , ϕ̃^{os}_{dM} , ϕ_0](x; λ)

W[ϕ̃^{os}_{d1} , . . . , ϕ̃^{os}_{dM} ](x; λ) | | | (min_j d^j ≥ 2), ( ∂_xw_D(x; λ) )_2 − ∂^2_xw_D(x; λ) = ( ∂_xw_{D−} (x; λ + δ) )_2 + ∂^2_xw_{D−} (x; λ + δ) + E_1(λ), (4.11)

where D_−^{def}= {d_1 − 1, d_2 − 1, . . . , d_M − 1} [42].

4.2 Soliton potential (s)

The system has finitely many discrete eigenstates 0 ≤ n ≤ n_{max}(λ) = [h]^′ in the specified parameter range: λ = h, δ = −1, −∞ < x < ∞, h > 0, w(x; λ) = −h log cosh x, U(x; λ) = − h(h + 1) cosh^2 x

+ h^2,

E_n(λ) = h^2 − (h − n)^2, η(x) = sinh x, f_n(λ) = h, b_{n−1}(λ) = n(2h − n) h , ϕ_n(x; λ) = ϕ_0(x; λ)P_n ( η(x); λ ) , ϕ_0(x; λ) = (cosh x)^{−h}, P_n ( η(x); λ ) = (cosh x)^nP^{(h−n,h−n)} n (tanh x), h_n(λ) =

2^{2h−2n}Γ(h + 1)^2 n! (h − n)Γ(2h − n + 1) . One can rewrite P_n(η; λ) as

P_n(η; λ) =

(h − [^{n−1}_2 ])_[ n+1_{2 ]} (h − n +^1_2 )_[ n+1_{2 ]} i^nP^{(−h− 12 ,−h− 12 )} n (iη), where [a] denotes the greatest integer not exceeding a. Note that if we take η(x) = tanh x, the eigenfunction has the form of Group B, ϕ_n(x; λ) = (cosh x)^{−h+n} × P^{(h−n,h−n)}n (tanh x).

4.2.1 pseudo virtual states

The energy spectrum is depicted in the first graphic (E_n(λ) < 0 (n ≥ 0) ⇔ n > 2h) of Fig. 1. The overshoot eigenfunctions provide a new type of pseudo virtual state wavefunctions for v > 2h:

ϕ̃^{os}_v (x; λ) = ϕ_v(x; λ), Ẽ^{os}_v (λ) = v(2h − v) (v > 2h). (4.12)

In the absence of virtual state wavefunctions, shape-invariant rational extensions of the soliton potential are not possible.

4.3 Rosen-Morse potential (RM)

This potential is also called Rosen-Morse II potential. The system has finitely many discrete eigenstates 0 ≤ n ≤ n_{max}(λ) = [h − √ μ ]^′ in the specified parameter range: λ = (h, μ), δ = (−1, 0), −∞ < x < ∞, h > √ μ > 0, w(x; λ) = −h log cosh x − μ h x, U(x; λ) = − h(h + 1) cosh^2 x

+ 2μ tanh x + h^2 + μ^2 h^2 , E_n(λ) = h^2 − (h − n)^2 + μ^2 h^2 − μ^2 (h − n)^2

, η(x) = tanh x,

f_n(λ) = h^2(h − n)^2 − μ^2 h(h − n)^2 , b_{n−1}(λ) = n(2h − n) h , ϕ_n(x; λ) = e^{− μh−n x}(cosh x)^{−h+n}P_n ( η(x); λ ) , ϕ_0(x; λ) = e^{− μh x}(cosh x)^{−h}, P_n(η; λ) = P^{(αn,βn)}_n (η), α_n = h − n + μ h − n , β_n = h − n − μ h − n , h_n(λ) =

2^{2h−2n}(h − n)Γ(h +^μ_{h−n} + 1)Γ(h −^μ_{h−n} + 1) n! ( (h − n)^2 −^{μ2}_{(h−n)2} ) Γ(2h − n + 1) .

4.3.1 virtual states and pseudo virtual states

The energy spectrum is depicted in the second graphic (E_n(λ) < 0 (n ≥ 0) ⇔ h −^μ_h < n < h or h < n < h +^μ_h or n > 2h) of Fig. 1. The overshoot eigenfunctions provide two types of virtual state wavefunctions [49] and a new type of pseudo virtual wavefunctions:

ϕ̃^{os}_v (x; λ) = ϕ_v(x; λ), Ẽ^{os}_v (λ) = v(2h − v)(h − v +^{μh} )(h − v −^{μh} ) (h − v)^2 , type II virtual states : h − μ h < v < h type I virtual states : h < v < h + μ h pseudo virtual states : v > 2h

. (4.13)

The type II virtual states correspond to the region (b_1), whereas the overshoot eigenfunctions in region (b_2) provide type I virtual states. The negative energy condition Ẽ_v < 0 is also satisfied in the region (b_3), v > 2h, and in this range the overshoot eigenfunctions provide the new type of pseudo virtual state wavefunctions. Since these virtual state wavefunctions satisfy the boundary conditions

type II virtual state : ∂^s_xϕ̃^{os}_v (x; λ) | x=∞= 0 (s = 0, 1, . . .), (4.14) type I virtual state : ∂^s_xϕ̃^{os}_v (x; λ) | x=−∞= 0 (s = 0, 1, . . .), (4.15)

the multiple virtual state ϕ̃^{os}_v deletion (type II only or type I only) gives a non-singular Hamiltonian H^{[M]}. They satisfy the ‘shape-invariance’ relation (4.11).

4.4 Hyperbolic symmetric top II (hst)

The system has finitely many discrete eigenstates 0 ≤ n ≤ n_{max}(λ) = [h]^′ in the specified parameter range: λ = (h, μ), δ = (−1, 0), −∞ < x < ∞, h, μ > 0, w(x; λ) = −h log cosh x − μ tan^{−1} sinh x, U(x; λ) = −h(h + 1) + μ^2 + μ(2h + 1) sinh x cosh^2 x

+ h^2,

E_n(λ) = h^2 − (h − n)^2, η(x) = sinh x, f_n(λ) = n − 2h 2 , b_{n−1}(λ) = −2n, ϕ_n(x; λ) = ϕ_0(x; λ)P_n ( η(x); λ ) , ϕ_0(x; λ) = e^{−μ tan−1 sinh x}(cosh x)^{−h}, P_n(η; λ) = i^{−n}P^{(α,β)}_n (iη), α = −h −^1_2 − iμ, β = −h −^1_2 + iμ, h_n(λ) = πΓ(2h − n + 1) 2^{2h}n! (h − n)Γ(h − n +^1_2 + iμ)Γ(h − n +^1_2 − iμ) .

4.4.1 pseudo virtual states

The energy spectrum is depicted in the first graphic (E_n(λ) < 0 (n ≥ 0) ⇔ n > 2h) of Fig. 1. The overshoot eigenfunctions in region (b) provide the new type of pseudo virtual state wavefunctions for v > 2h:

ϕ̃^{os}_v (x; λ) = ϕ_v(x; λ), Ẽ^{os}_v (λ) = v(2h − v) (v > 2h). (4.16)

In the absence of virtual state wavefunctions, shape-invariant rational extensions of the hyperbolic symmetric top II potential are not possible.

4.5 Kepler problem in hyperbolic space (Kh)

This potential is also called Eckart potential. It has finitely many discrete eigenstates 0 ≤ n ≤ n_{max}(λ) = [ √ μ − g]^′ in the specified parameter range: λ = (g, μ), δ = (1, 0), 0 < x < ∞, √ μ > g > 1 2 , w(x; λ) = g log sinh x − μ g x, U(x; λ) = g(g − 1) sinh^2 x

− 2μ coth x + g^2 + μ^2 g^2 ,

E_n(λ) = g^2 − (g + n)^2 + μ^2 g^2 − μ^2 (g + n)^2

, η(x) = coth x,

f_n(λ) = μ^2 − g^2(g + n)^2

g(g + n)^2 , b_{n−1}(λ) = n(2g + n) g , ϕ_n(x; λ) = e^{− μg+n x}(sinh x)^{g+n}P_n ( η(x); λ ) , ϕ_0(x; λ) = e^{− μg x}(sinh x)^g, P_n(η; λ) = P^{(αn,βn)}_n (η), α_n = −g − n + μ g + n , β_n = −g − n − μ g + n , h_n(λ) =

(g + n)Γ(1 − g +^μ_{g+n} )Γ(2g + n) 2^{2g+2n}n! (_{μ2} (g+n)^2 − (g + n) 2) Γ(g +^μ_{g+n} ) . The discrete symmetry and the pseudo virtual state wavefunctions are: H(λ) = H ( t(λ) ) + E_{−1}(λ), t(λ) = (1 − g, μ), ϕ̃_v(x; λ) = ϕ_v(x; t(λ)) = e^μg−v−1^x(sinh x)^{−g+v+1}P_v(η(x); t(λ)), Ẽ_v(λ) = E_v(t(λ)) + E_{−1}(λ) = E_{−v−1}(λ) (0 ≤ v < g − 1, v > μ g + g − 1 ) . (4.17)

In the following we restrict to g >^3_2 .

4.5.1 virtual states

The energy spectrum is depicted in the third graphic of Fig. 1, (E_n(λ) < 0 (n ≥ 0) ⇔ n > μ g −g, Ẽ_v(λ) < 0 (v ≥ 0) ⇔ 0 ≤ v < g −1 or g −1 < v < 2g −1 or v >^μ_g +g −1). In this case the discrete symmetry generates type II virtual state wavefunctions for g − 1 < v < 2g − 1 [49, 42]. This is the only example, except for (hDPT), that the discrete symmetry provides the virtual state wavefunctions. Since this type II virtual state wavefunction satisfies the boundary conditions ∂^s_xϕ̃_v(x; λ) | |_{x=∞}= 0 (s = 0, 1, . . .), (4.18)

a multiple virtual state ϕ̃_v deletion gives a non-singular Hamiltonian H^{[M]}. The ‘shapeinvariance’ relation is

w_D(x; λ)^{def}= log | | | W[ϕ̃_{d1} , . . . , ϕ̃_{dM} , ϕ_0](x; λ) W[ϕ̃_{d1} , . . . , ϕ̃_{dM} ](x; λ) | | |, ( ∂_xw_D(x; λ) )_2

− ∂^2_xw_D(x; λ) = ( ∂_xw_{D+} (x; λ + δ)

)_2

+ ∂^2_xw_{D+} (x; λ + δ) + E_1(λ), (4.19)

where D_+^{def}= {d_1 + 1, d_2 + 1, . . . , d_M + 1} [42].

The overshoot eigenfunctions in region (b) provide type I virtual state wavefunctions for v >^μ_g − g [49]:

ϕ̃^{os}_v (x; λ) = ϕ_v(x; λ),

Ẽ^{os}_v (λ) = −v(2g + v)

(g + v +^μ_g )(g + v −^μ_g )

(g + v)^2 ( v > μ g − g ) . (4.20)

Since this type I virtual state wavefunction satisfies the boundary conditions

∂^s_xϕ̃^{os}_v (x; λ) | x=0= 0 (s = 0, 1, . . . , M − 1) for g > M − 1, (4.21)

a multiple virtual state ϕ̃^{os}_v deletion gives a non-singular Hamiltonian H^{[M]} for g > M − 1. It satisfies the ‘shape-invariance’ relation (4.11).

4.6 Hyperbolic Darboux-Pöschl-Teller potential (hDPT)

It has finitely many discrete eigenstates 0 ≤ n ≤ n_{max}(λ) = [^{h−g}_2 ]^′ in the specified parameter range: λ = (g, h), δ = (1, −1), 0 < x < ∞, h > g > 1 2 , w(x; λ) = g log sinh x − h log cosh x, U(x; λ) = g(g − 1) sinh^2 x − h(h + 1) cosh^2 x

+ (h − g)^2, E_n(λ) = 4n(h − g − n), η(x) = cosh 2x, f_n(λ) = 2(n + g − h), b_{n−1}(λ) = −2n, ϕ_n(x; λ) = ϕ_0(x; λ)P_n ( η(x); λ ) , ϕ_0(x; λ) = (sinh x)^g(cosh x)^{−h},

P_n(η; λ) = P^{(g− 12 ,−h− 12 )} n (η), h_n(λ) = Γ(n + g +^1_2 )Γ(h − g − n + 1) 2 n! (h − g − 2n)Γ(h − n +^1_2 ) . The eigenvalues can be also expressed as E_n(λ) = 4 ((_{h−g} 2 )_2 − (_{h−g} 2 − n )_2) . Three types of discrete symmetries are:

type I : H(λ) = H ( t^I(λ) ) − (1 + 2g)(1 + 2h), t^I(λ) = (g, −1 − h), type II : H(λ) = H ( t^{II}(λ) ) − (1 − 2g)(1 − 2h), t^{II}(λ) = (1 − g, h), type III : H(λ) = H ( t(λ) ) + E_{−1}(λ), t = t^{II} ∘ t^I, t(λ) = (1 − g, −1 − h).

The pseudo virtual state wavefunctions are generated by type III symmetry [42]. In the following we restrict to g >^3_2 .

4.6.1 virtual states

The energy spectrum is depicted in the first graphic (E_n(λ) < 0 (n ≥ 0) ⇔ n > h − g) of Fig. 1. The overshoot eigenfunctions in region (b) provide type I virtual state wavefunctions for v > h − g:

ϕ̃^{os}_v (x; λ) = ϕ_v(x; λ), Ẽ^{os}_v (λ) = −4v(g − h + v) (v > h − g). (4.22)

Since this type I virtual state wavefunction satisfies the boundary conditions

∂^s_xϕ̃^{os}_v (x; λ) | |_{x=0}= 0 (s = 0, 1, . . . , M − 1) for g > M − 1, (4.23)

a multiple virtual state ϕ̃^{os}_v deletion gives a non-singular Hamiltonian H^{[M]} for g > M − 1. It satisfies the ‘shape-invariance’ relation (4.11).

In the rest of this subsection we present various formulas for the type I and type II virtual states which are generated by the discrete symmetries of the Hamiltonian [15, 22, 42]:

ϕ̃^I_v(x; λ) = ϕ_v(x; t^I(λ)) = (sinh x)^g(cosh x)^{h+1}P_v(η(x); t^I(λ)) (v ≥ 0), Ẽ^I_v(λ) = E_v(t^I(λ)) − (1 + 2g)(1 + 2h) = −(2v + 1 + 2g)(2v + 1 + 2h), (4.24) ϕ̃^{II}_v (x; λ) = ϕ_v(x; t^{II}(λ)) = (sinh x)^{1−g}(cosh x)^{−h}P_v(η(x); t^{II}(λ)) (0 ≤ v < g − 1 2 ), Ẽ^{II}_v (λ) = E_v(t^{II}(λ)) − (1 − 2g)(1 − 2h) = −(2v + 1 − 2g)(2v + 1 − 2h). (4.25)

Since these virtual state wavefunctions satisfy the boundary conditions

∂^s_xϕ̃^I_v(x; λ) | |_{x=0}= 0 (s = 0, 1, . . . , M − 1) for g > M − 1, (4.26) ∂^s_xϕ̃^{II}_v (x; λ) | |_{x=∞}= 0 (s = 0, 1, . . . , ), (4.27)

a multiple virtual state ϕ̃^I_v (or ϕ̃^{II}_v ) deletion gives a non-singular Hamiltonian H^{[M]} (g > M −1 for type I). For a mixed deletion of type I and II,

D = {d_1, . . . , d_M } = {d^I_1, . . . , d^I_{MI} , d^{II}_1 , . . . , d^{II}_{MII} } (M = M_I + M_{II}),

the Wronskian formulas are

W[ϕ̃_{d1} , ϕ̃_{d2} , . . . , ϕ̃_{dM} ](x; λ) = A_D(x; λ)Ξ_D ( η(x); λ ) , (4.28) W[ϕ̃_{d1} , ϕ̃_{d2} , . . . , ϕ̃_{dM} , ϕ_n](x; λ) = A_{D,n}(x; λ)P_{D,n} ( η(x); λ ) , (4.29) A_D(x; λ) = ( sinh x

)_{g(MI−MII)+} 1_{2 MI(MI−1)+} 1_{2 MII(MII+1)−MIMII} × ( cosh x

)_{−h(MII−MI)+} 1_{2 MI(MI+1)+} 1_{2 MII(MII−1)−MIMII} × c^{− 12 M(M−1)} F , (4.30) A_{D,n}(x; λ) = ( sinh x

)_{g(MI−MII+1)+} 1_{2 MI(MI+1)+} 1_{2 MII(MII−1)−MIMII} × ( cosh x

)_{−h(MII−MI+1)+} 1_{2 MI(MI−1)+} 1_{2 MII(MII+1)−MIMII} × c^{− 12 M(M+1)}

F . (4.31)

Here Ξ_D(η; λ) and P_{D,n}(η; λ) are polynomials in η and their degrees are generically ℓ^′_D and ℓ^′_D + n respectively, where ℓ^′_D is

ℓ^′_D =

M_I∑

j=1 d^I_j +

M_{II}∑

j=1 d^{II}_j − 1 2 M_I(M_I − 1) − 1 2 M_{II}(M_{II} − 1) + M_IM_{II}. (4.32)

The ratio of the Wronskians becomes W[ϕ̃_{d1} , . . . , ϕ̃_{dM} , ϕ_n](x; λ) W[ϕ̃_{d1} , . . . , ϕ̃_{dM} ](x; λ) = P_{D,n} ( η(x); λ ) Ξ_D ( η(x); λ ) × ϕ_0(x; λ + M_Iδ̃^I + M_{II}δ̃^{II}), (4.33)

where δ̃^I = (1, 1) and δ̃^{II} = (−1, −1). The lowest degree polynomial P_{D,0}(η; λ) is related to the denominator polynomial Ξ_D with shifted parameters

P_{D,0}(η; λ) ∝ Ξ_D(η; λ + δ). (4.34)

For a proper choice of the parameter range, the Hamiltonian H^{[M]} is non-singular as in the trigonometric DPT case [4]. The ordinary shape-invariance relation holds:

w_D(x; λ) = log | | |W[ ϕ̃_{d1} , . . . , ϕ̃_{dM} , ϕ_0](x; λ) W[ϕ̃_{d1} , . . . , ϕ̃_{dM} ](x; λ) | | |, ( ∂_xw_D(x; λ) )_2 − ∂^2_xw_D(x; λ) = ( ∂_xw_D(x; λ + δ)

)_2 + ∂^2_xw_D(x; λ + δ) + E_1(λ). (4.35)

4.7 New pseudo virtual states with half integer coupling constant

A Darboux transformation in terms of a pseudo virtual state (ϕ̃_v(x), Ẽ_v) creates a new eigenstate with the energy Ẽ_v. For the ordinary pseudo virtual states created by the twisting of parameters, the energy is always equal to that of the original ‘eigenstate’ with a negative degree Ẽ_v = E_{−v−1} (4.17), as emphasised in [42]. For the new type of pseudo virtual states found in (s) §4.2, (RM) §4.3 and (hst) §4.4, their energies do not coincide with the negative energy levels of the original system in general. However it happens for half integer coupling constant cases. In these cases the possibility arises that the Darboux-Crum transformations in terms of multiple pseudo virtual states are equivalent to the Krein-Adler transformations in terms of multiple eigenstates with shifted parameters, like those explained in [42]. In fact, this happens for (s) with a half odd integer h and for (RM) with a half integer h.

In (RM), the energy function E_n(λ) (n ∈ R) satisfies E_n(λ) = E_{2h−n}(λ). In the following we assume that the coupling constant h is a half integer, 2h ∈ Z_{>0}. Then, for integers v (v > 2h) and v^′ = v − 2h − 1 ≥ 0, we have E_v(λ) = E_{−v}′_{−1}(λ), namely Ẽ^{os}_v (λ) = E_{−v}′_{−1}(λ), which resembles Ẽ_v(λ) = E_{−v−1}(λ) in [42]. Moreover, it is easy to see that the degree of the polynomial is reduced accordingly, deg ( P_v(η; λ) ) = v − 2h − 1 = v^′ (v > 2h). (4.36)

Let D^{def}= {d_1, d_2, . . . , d_M } (d_j > 2h) be a set of distinct non-negative integers and fix an integer N ≥ max(D) − 1. Let us define a set of distinct non-negative integers D̄ = {0, 1, . . . , N}\{d̄^′_1, d̄^′_2, . . . , d̄^′_M } together with the shifted parameters λ̄: D̄^{def}= {0, 1, . . . , ˘d̄^′_1, . . . , ˘d̄^′_2, . . . , ˘d̄^′_M , . . . , N} = {e_1, e_2, . . . , e_{N+1−M} }, d^′_j^{def}= d_j − 2h − 1 ≥ 0, d̄^′_j^{def}= N − d^′_j ≥ 0, λ̄^{def}= λ − (N + 1)δ. (4.37)

Then we have Ξ̄_D(η; λ) ∝ Ξ̄_{D̄}(η; λ̄), (4.38)

whose degree is ℓ¯_D = ℓ_D − (2h + 1)M = ∑_M j=1 d^′_j −^1_2 M(M − 1) < ℓ_D. The relation (4.38) implies the equivalence of the two deformed systems; the Darboux-Crum transformations in terms of D pseudo virtual states ϕ̃^{os}_{dj} and the Krein-Adler transformations in terms of D̄ eigenstates ϕ_{ej} with shifted parameters λ̄, as explained in detail in [42]. The situation is similar for (s) with a half odd integer h. The degree reduction of the polynomial is realised by factorisation:

P_v(η; λ) = (1 + η^2)^{h+ 12} × ( a polynomial of degree v − 2h − 1 in η ) (v > 2h), and the above equivalence holds with a slight modification on the left hand side:

(1 + η^2)^{−(h+ 12 )M} Ξ̄_D(η; λ) ∝ Ξ̄¯_D(η; λ̄). (4.39)

For an integer h (h = m), the polynomial P_v(η; λ) (v > 2h) vanishes but the limit lim_{h→m}(h − m)^{−1}P_v(η; λ) exists and its degree is v. Thus it is not divisible by a non-polynomial factor (1 + η^2)^{m+ 1}2 . The degree reduction (4.36) does not occur for (hst), too. Thus the above equivalence does not hold for (s) with an integer h and (hst).

5 Summary and Comments

For iso-spectral rational extensions of shape-invariant potentials in one dimensional quantum mechanics, virtual state wavefunctions are essential. For the radial oscillator potentials and the Darboux-Pöschl-Teller potentials and various examples from the discrete quantum mechanics, the virtual state wavefunctions are obtained by twisting parameters based on discrete symmetries of the Hamiltonian [4, 7, 10, 15, 17, 21, 29, 42]. For six shape-invariant potentials having finitely many discrete eigenstates, the concept of overshoot eigenfunctions is introduced for searching new types of virtual and pseudo virtual wavefunctions. The new type of virtual state wavefunctions exist for (M), (RM), (Kh) [49] and (hDPT). As a byproduct, a new type of pseudo virtual state wavefunctions are discovered for (s), (RM) and (hst).

With the present paper, our research project on the rational extensions of various exactly solvable potentials in one dimension is almost complete [4, 15, 20, 21, 22, 26, 27, 41, 42]. Establishing parallel results in one dimensional discrete quantum mechanics (those having the Wilson, Askey-Wilson, (q-)Racah polynomials, etc as the main part of the eigenfunctions) is an immediate task. An interesting challenge is rational extensions of exactly solvable multi-dimensional quantum mechanical models, e.g. the Calogero-Moser, the Ruijsenaars- Schneider-van Diejen models, etc.

Acknowledgements

We thank A. Khare for useful discussion at the early stage of investigation. R. S. is supported in part by Grant-in-Aid for Scientific Research from the Ministry of Education, Culture, Sports, Science and Technology (MEXT), No.22540186.

References

[1] L. Infeld and T. E. Hull, “The factorization method,” Rev. Mod. Phys. 23 (1951) 21-68.

[2] F. Cooper, A. Khare and U. Sukhatme, “Supersymmetry and quantum mechanics,” Phys. Rep. 251 (1995) 267-385.

[3] G. Szegö, Orthogonal polynomials, Amer. Math. Soc., Providence, RI, (1939).

[4] S. Odake and R. Sasaki, “Exactly Solvable Quantum Mechanics and Infinite Families of Multi-indexed Orthogonal Polynomials,” Phys. Lett. B702 (2011) 164-170, arXiv:

1105.0508[math-ph].

[5] D. Gómez-Ullate, N. Kamran and R. Milson, “Two-step Darboux transformations and exceptional Laguerre polynomials,” J. Math. Anal. Appl. 387 (2012) 410-418, arXiv:

1103.5724[math-ph].

[6] D. Gómez-Ullate, N. Kamran and R. Milson, “A conjecture on exceptional orthogonal polynomials,” Found. Comput. Math. In press, arXiv:1203.6857[math-ph].

[7] S. Odake and R. Sasaki, “Multi-indexed (q-)Racah polynomials,” J. Phys. A45 (2012) 385201 (21pp), arXiv:1203.5868[math-ph].

[8] R. Sasaki and K. Takemura, “Global solutions of certain second order differential equations with a high degree of apparent singularity,” SIGMA 8 (2012) 085 (18pp), arXiv:

1207.5302[math.CA].

[9] C.-L. Ho, R. Sasaki and K. Takemura, “Confluence of apparent singularities in multiindexed orthogonal polynomials: the Jacobi case,” J. Phys. A46 (2013) 115205 (21pp),

arXiv:1210.0207[math.CA].

[10] S. Odake and R. Sasaki, “Multi-indexed Wilson and Askey-Wilson polynomials,” J.

Phys. A46 (2013) 045204 (22pp), arXiv:1207.5584[math-ph].

[11] G. Junker and P. Roy, “Conditionally exactly solvable problems and non-linear algebras,” Phys. Lett. A232 (1997) 155-161; G. Junker and P. Roy, “Conditionally Exactly Solvable Potentials: A Supersymmetric Construction Method,” Ann. Phys. 270 (1998) 155-177.

[12] D. Gómez-Ullate, N. Kamran and R. Milson, “An extension of Bochner’s problem: exceptional invariant subspaces,” J. Approx Theory 162 (2010) 987-1006, arXiv:0805.

3376[math-ph]; “An extended class of orthogonal polynomials defined by a Sturm-

Liouville problem,” J. Math. Anal. Appl. 359 (2009) 352-367, arXiv:0807.3939

[math-ph].

[13] C. Quesne, “Exceptional orthogonal polynomials, exactly solvable potentials and supersymmetry,” J. Phys. A41 (2008) 392001, arXiv:0807.4087[quant-ph].

[14] B. Bagchi, C. Quesne and R. Roychoudhury, “Isospectrality of conventional and new extended potentials, second-order supersymmetry and role of PT symmetry,” Pramana J. Phys. 73 (2009) 337-347, arXiv:0812.1488[quant-ph].

[15] S. Odake and R. Sasaki, “Infinitely many shape invariant potentials and new orthogonal polynomials,” Phys. Lett. B679 (2009) 414-417, arXiv:0906.0142[math-ph].

[16] C. Quesne, “Solvable rational potentials and exceptional orthogonal polynomials in supersymmetric quantum mechanics,” SIGMA 5 (2009) 084, arXiv:0906.2331[math-

ph].

[17] S. Odake and R. Sasaki, “Infinitely many shape invariant discrete quantum mechanical systems and new exceptional orthogonal polynomials related to the Wilson and Askey- Wilson polynomials,” Phys. Lett. B682 (2009) 130-136, arXiv:0909.3668[math-ph].

[18] B. Midya and B. Roy, “Exceptional orthogonal polynomials and exactly solvable potentials in position dependent mass Schrödinger Hamiltonians,” Phys. Lett. A373 (2009) 4117-4122, arXiv:0910.1209[quant-ph].

[19] T. Tanaka, “N -fold supersymmetry and quasi-solvability associated with X_2-Laguerre polynomials,” J. Math. Phys. 51 (2010) 032101, arXiv:0910.0328[math-ph].

[20] S. Odake and R. Sasaki, “Infinitely many shape invariant potentials and cubic identities of the Laguerre and Jacobi polynomials,” J. Math. Phys. 51 (2010) 053513, arXiv:

0911.1585[math-ph].

[21] S. Odake and R. Sasaki, “Another set of infinitely many exceptional (X_ℓ) Laguerre polynomials,” Phys. Lett. B684 (2010) 173-176, arXiv:0911.3442[math-ph].

[22] C.-L. Ho, S. Odake and R. Sasaki, “Properties of the exceptional (X_ℓ) Laguerre and Jacobi polynomials,” SIGMA 7 (2011) 107 (24 pp), arXiv:0912.5447[math-ph].

[23] D. Gómez-Ullate, N. Kamran and R. Milson, “Exceptional orthogonal polynomials and the Darboux transformation,” J. Phys. A43 (2010) 434016, arXiv:1002.2666[math-

ph].

[24] D. Dutta and P. Roy, “Conditionally exactly solvable potentials and exceptional orthogonal polynomials,” J. Math. Phys. 51 (2010) 042101 (9 pp).

[25] S. Odake and R. Sasaki, “Exceptional Askey-Wilson type polynomials through Darboux- Crum transformations,” J. Phys. A43 (2010) 335201 (18pp), arXiv:1004.0544[math-

ph].

[26] R. Sasaki, S. Tsujimoto and A. Zhedanov, “Exceptional Laguerre and Jacobi polynomials and the corresponding potentials through Darboux-Crum transformations,” J. Phys. A43 (2010) 315204, arXiv:1004.4711[math-ph].

[27] S. Odake and R. Sasaki, “A new family of shape invariantly deformed Darboux-Pöschl- Teller potentials with continuous ℓ,” J. Phys. A44 (2011) 195203 (14pp), arXiv:1007.

3800[math-ph].

[28] C.-L. Ho, “Dirac(-Pauli), Fokker-Planck equations and exceptional Laguerre polynomials,” Annals Phys. 326 (2011) 797-807, arXiv:1008.0744[quant-ph].

[29] S. Odake and R. Sasaki, “Exceptional (X_ℓ) (q)-Racah polynomials,” Prog. Theor. Phys.

125 (2011) 851-870, arXiv:1102.0812[math-ph].

[30] C-L. Ho and R. Sasaki, “Zeros of the exceptional Laguerre and Jacobi polynomials,” ISRN Mathematical Physics Volume 2012 (2012) Article ID 920475 (27pp), arXiv:

1102.5669[math-ph].

[31] S. Odake and R. Sasaki, “Discrete quantum mechanics,” (Topical Review) J. Phys. A44 (2011) 353001 (47 pp), arXiv:1104.0473[math-ph].

[32] C-L. Ho, “Prepotential approach to solvable rational potentials and exceptional orthogonal polynomials,” Prog. Theor. Phys. 126 (2011) 185-201, arXiv:1104.3511[math-ph].

[33] C. Quesne, “Higher-order SUSY, exactly solvable potentials, and exceptional orthogonal polynomials,” Mod. Phys. Lett. A26 (2011) 1843-1852, arXiv:1106.1990[math-ph].

[34] A. Ramos, “On the new translational shape-invariant potentials,” J. Phys. A: Math.

Theor. 44 (2011), 342001 (9 pp), arXiv:1106.3732[quant-ph].

[35] C.-I. Chou and C.-L. Ho, “Generalized Rayleigh and Jacobi processes and exceptional orthogonal polynomials,” arXiv:1207.6001[math-ph].

[36] A. Ramos, “Symmetries and the compatibility condition for the new translational shape invariant potentials,” Phys. Lett. A376 (2012) 3499-3503, arXiv:1205.0712[math-ph].

[37] G. Darboux, Théorie générale des surfaces vol 2 (1888) Gauthier-Villars, Paris.

[38] M. M. Crum, “Associated Sturm-Liouville systems,” Quart. J. Math. Oxford Ser. (2) 6 (1955) 121-127, arXiv:physics/9908019.

[39] M. G. Krein, “On continuous analogue of a formula of Christoffel from the theory of orthogonal polynomials,” (Russian) Doklady Acad. Nauk. CCCP, 113 (1957) 970-973; V. É. Adler, “A modification of Crum’s method,” Theor. Math. Phys. 101 (1994) 1381- 1386.

[40] S. Odake and R. Sasaki, “Crum’s theorem for ‘discrete’ quantum mechanics,” Prog.

Theor. Phys. 122 (2009) 1067-1079, arXiv:0902.2593[math-ph].

[41] L. García-Gutiérrez, S. Odake and R. Sasaki, “Modification of Crum’s Theorem for ‘Discrete’ Quantum Mechanics,” Prog. Theor. Phys. 124 (2010) 1-26, arXiv:1004.0289

[math-ph].

[42] S. Odake and R. Sasaki, “Krein-Adler transformations for shape-invariant potentials and pseudo virtual states,” arXiv:1212.6595[math-ph].

[43] D. Gómez-Ullate, N. Kamran and R. Milson, “The Darboux transformation and algebraic deformations of shape-invariant potentials,” J. Phys. A37 (2004) 1789-1804,

arXiv:quant-ph/0308062.

[44] D. Gómez-Ullate, N. Kamran and R. Milson, “Supersymmetry and algebraic Darboux transformations,” J. Phys. A37 (2004) 10065-10078, arXiv:nlin.SI/0402052.

[45] Y. Grandati, “Solvable rational extensions of the isotonic oscillator,” Ann. Phys. 326 (2011) 2074-2090, arXiv:1101.0055[math-ph]; “Solvable rational extensions of the Morse and Kepler-Coulomb potentials,” J. Math. Phys. 52 (2011) 103505 (12pp),

arXiv:1103.5023[math-ph]; “Multistep DBT and regular rational extensions of the

isotonic oscillator,” Ann. Phys. 327 (2012) 2411-2431, arXiv:1108.4503[math-ph].

[46] C.-L. Ho, “Prepotential approach to solvable rational extensions of harmonic oscillator and Morse potentials,” J. Math. Phys. 52 (2011) 122107 (8pp), arXiv:1105.3670

[math-ph].

[47] I. Marquette and C. Quesne, “Two-step rational extensions of the harmonic oscillator:

exceptional orthogonal polynomials and ladder operators,” J. Phys. A46 (2013) 155201 (14pp), arXiv:1212.3474[math-ph].

[48] C. Quesne, “Revisiting (quasi-)exactly solvable rational extensions of the Morse potential,” Int. J. Mod. Phys. A27 (2012) 1250073, arXiv:1203.1812[math-ph].

[49] C. Quesne, “Novel Enlarged Shape Invariance Property and Exactly Solvable Rational Extensions of the Rosen-Morse II and Eckart Potentials,” SIGMA 8 (2012) 080 (19pp),

arXiv:1208.6165[math-ph].

[50] Y. Grandati, “New rational extensions of solvable potentials with finite bound state spectrum,” Phys. Lett. A376 (2012) 2866-2872, arXiv:1203.4149[math-ph].

[51] L. I. Schiff, Quantum mechanics, third edition. McGraw-Hill (1968).

[52] C. V. Sukumar, “Supersymmetric quantum mechanics of one-dimensional systems,” J.

Phys. A18 (1985) 2917-2936; “Supersymmetric quantum mechanics and the inverse scattering method,” J. Phys. A18 (1985) 2937-2955.

[53] L. E. Gendenshtein, “Derivation of exact spectra of the Schroedinger equation by means of supersymmetry,” JETP Lett. 38 (1983) 356-359.

[54] S. Odake and R. Sasaki, “Unified theory of annihilation-creation operators for solvable (‘discrete’) quantum mechanics,” J. Math. Phys. 47 (2006) 102102 (33pp), arXiv:

quant-ph/0605215; “Exact solution in the Heisenberg picture and annihilation-creation

operators,” Phys. Lett. B641 (2006) 112-117, arXiv:quant-ph/0605221.