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Abstract

In a previous paper we presented 3+2M term recurrence relations with variable de-
pendent coefficients for M -indexed orthogonal polynomials of Laguerre, Jacobi, Wilson
and Askey-Wilson types. In this paper we present (conjectures of) the recurrence re-
lations with constant coefficients for these multi-indexed orthogonal polynomials. The
simplest recurrence relations have 3 + 2ℓ terms, where ℓ (≥ M) is the degree of the
lowest member of the multi-indexed orthogonal polynomials.

1 Introduction

Exactly solvable quantum mechanical systems in one dimension have seen remarkable devel-

opments in recent years and the central role is played by exceptional orthogonal polynomials

[1]–[30](and the references therein). A set of polynomials {Pn(η)|n ∈ Z≥0} is called excep-

tional orthogonal polynomials, when the following conditions (i)–(iii) plus (iv) are satisfied;

(i) they are orthogonal with respect to some inner product, (ii) there are missing degrees,

i.e., {degPn|n ∈ Z≥0} $ Z≥0, (iii) but they form a complete set, and (iv) they satisfy second

order differential or difference equations. The constraints of Bochner’s theorem and its gener-

alizations [31, 32] are avoided by the condition (ii). We want to distinguish the following two

cases; the set of missing degrees I = Z≥0\{degPn|n ∈ Z≥0} is case (1): I = {0, 1, . . . , ℓ−1},

case (2) I 6= {0, 1, . . . , ℓ − 1}, where ℓ is a positive integer. The situation of case (1) is

called stable in [12]. The first example of the case (1) exceptional orthogonal polynomials,

X1 Laguerre and Jacobi, was found by Gómez-Ullate, Kamran and Milson [1], and its quan-

tum mechanical formulation was given by Quesne [2]. Based on the quantum mechanical
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formulation (ordinary quantum mechanics (oQM), discrete quantum mechanics with pure

imaginary shifts (idQM)[16]), Sasaki and the present author constructed Xℓ polynomials

and their generalizations, multi-indexed orthogonal polynomials [4, 5, 17, 23]. The multi-

indexed orthogonal polynomials of Laguerre, Jacobi, Wilson and Askey-Wilson types, which

are obtained by multi-step Darboux transformations [33, 34, 35, 3, 9] with virtual state wave-

functions as seed solutions [17, 23], correspond to the case (1). The exceptional orthogonal

polynomials, which are obtained by multi-step Darboux transformations with eigenstate or

pseudo virtual state wavefunctions as seed solutions [25, 26, 9, 29], correspond to the case

(2). For those having purely discrete orthogonality weight functions, the number of orthogo-

nal polynomials may be finite. The multi-indexed (q-)Racah polynomials [13, 21], which are

constructed based on discrete quantum mechanics with real shifts (rdQM) [16], correspond

to the case (1).

The ordinary orthogonal polynomials {Pn(η)|n ∈ Z≥0, degPn = n} satisfy the three term

recurrence relations, ηPn(η) = AnPn+1(η) + BnPn(η) + CnPn−1(η) (An, Bn, Cn : constants),

and conversely the polynomials satisfying the three term recurrence relations are orthogonal

polynomials (Favard’s theorem [32]). Since the exceptional orthogonal polynomials are not

ordinary orthogonal polynomials, they do not satisfy the three term recurrence relations.

In a previous paper [27], we showed that M-indexed orthogonal polynomials PD,n(η) of

Laguerre, Jacobi, Wilson and Askey-Wilson types satisfy 3 + 2M term recurrence relations

(D = {d1, . . . , dM}),

R
[M ]
n,0 (η)PD,n(η) = −

M+1
∑

k=−M−1
k 6=0

R
[M ]
n,k (η)PD,n+k(η), (1.1)

where R
[M ]
n,k (η) ’s are polynomials of degree M + 1 − |k| in η. In contrast to the three term

recurrence relations, the coefficients of (1.1) are not constants. The three term recurrence

relations are used to study bispectral properties or dual polynomials [32, 36], in which the

constant coefficients of the recurrence relations are important. To study bispectral properties,

recurrence relations with constant coefficients are desired,

X(η)PD,n(η) =

L
∑

k=−L

r
X,D
n,k PD,n+k(η) (∀n ∈ Z≥0), (1.2)

where r
X,D
n,k ’s are constants and X(η) is some polynomial of degree L in η. Such recurrence

relations for M = 1 case were first given by Sasaki, Tsujimoto and Zhedanov [11]. They
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found 1 + 4ℓ term recurrence relations. Recently Miki and Tsujimoto found different re-

currence relations with 3 + 2ℓ terms [37]. Their choices of X(η) are Ξℓ(η)
2 and

∫ η

0
Ξℓ(y)dy,

respectively. Durán studied recurrence relations with constant coefficients for several excep-

tional orthogonal polynomials including exceptional Laguerre polynomials by using duality

[38]. The exceptional Laguerre polynomials in [38] correspond to eigenstates and type I vir-

tual states deletion, and our multi-indexed polynomials correspond to type I and II virtual

states deletion (see § 4).

In this paper we present infinitely many (conjectures of) recurrence relations with con-

stant coefficients for M-indexed orthogonal polynomials of Laguerre, Jacobi, Wilson and

Askey-Wilson types, namely we present infinitely many polynomials X(η) leading to (1.2).

The minimal degree of X(η) is (conjectured as) ℓD + 1, where ℓD is the degree of the lowest

member multi-indexed orthogonal polynomial PD,0(η), and this gives 3+2ℓD term recurrence

relations with constant coefficients.

This paper is organized as follows. In section 2 we recapitulate some fundamental formu-

las of the multi-indexed orthogonal polynomials and present a method deriving recurrence

relations with constant coefficients. Section 3 is the main part of the paper. After discussing

a necessary condition for X(η), we present (conjectures of) recurrence relations with con-

stant coefficients for the multi-indexed orthogonal polynomials of Laguerre, Jacobi, Wilson

and Askey-Wilson types, Conjecture 1 and Conjecture 2. The final section is for a summary

and comments. Some useful formulas of the multi-indexed orthogonal polynomials of La-

guerre, Jacobi, Wilson and Askey-Wilson types are listed in Appendix A. Some examples

are presented in Appendix B.

2 Method

In this section we explain an idea for deriving the recurrence relations with constant coeffi-

cients. We follow the notation of [27]. The virtual state wavefunction φ̃(x) is characterized

by the degree v and the type t (I or II), like φ̃t
v(x). For simplicity, we suppress type t in

many places.

The fundamental formulas of the multi-indexed orthogonal polynomials of Laguerre, Ja-

cobi, Wilson and Askey-Wilson types are found in [27]. Among them we recall that

Âd1...dsφd1...ds−1 n(x) = φd1...ds n(x), Â†
d1...ds

φd1...ds n(x) = (En − Ẽds)φd1...ds−1 n(x), (2.1)
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φd1...ds n(x) = Ψd1...ds(x)Pd1...ds,n

(

η(x)
)

(n ∈ Z≥0), Pd1...ds,n(η)
def
= 0 (n < 0), (2.2)

degPd1...ds,n(η) = ℓd1...ds + n, deg Ξd1...ds(η) = ℓd1...ds, dj > 0,

ℓd1...ds =

s
∑

j=1

dj −
1
2
s(s− 1) + 2sIsII, st = #{dj|dj: type t, j = 1, . . . , s} (t = I, II), (2.3)

(φd1...ds n, φd1...ds m) = (Ψ2
d1...ds

Pd1...ds,n, Pd1...ds,m) = hd1...ds,nδnm,

hd1...ds,n =
s
∏

j=1

(En − Ẽdj) · hn. (2.4)

The relations (2.1) are rewritten by using the step forward (F̂) and backward (B̂) shift

operators as

F̂d1...dsPd1...ds−1,n(η) = Pd1...ds,n(η), B̂d1...dsPd1...ds,n(η) = (En − Ẽds)Pd1...ds−1,n(η). (2.5)

Here F̂d1...ds and B̂d1...ds are defined by

F̂d1...ds

def
= Ψd1...ds(x)

−1 ◦ Âd1...ds ◦Ψd1...ds−1(x), B̂d1...ds

def
= Ψd1...ds−1(x)

−1 ◦ Â†
d1...ds

◦Ψd1...ds(x),

(2.6)

and their explicit forms are given in (A.1)–(A.2) and (A.8)–(A.9). This gives Rodrigues

type formula, Pd1...ds,n(η) = F̂d1...ds · · · F̂d1d2F̂d1Pn(η). These formulas were not presented

explicitly in our previous papers. We remark that, from their explicit forms, F̂d1...ds and

B̂d1...ds map rational functions of η to rational functions of η. For an appropriate parameter

range (for example, see [17, 23, 39]), the Hamiltonians Hd1...ds are non-singular and their

eigenfunctions {φd1...ds n(x)}
∞
n=0 form a complete set of the Hilbert space. For any polynomial

X(η) in η, the function X
(

η(x)
)

φd1...ds n(x) belongs to the Hilbert space.

The Hamiltonian Hd1...ds does not depend on the order of dj’s. On the other hand,

the multi-indexed orthogonal polynomial Pd1...ds,n(η) changes the sign under a permuta-

tion of dj ’s, Pdσ1 ...dσs ,n
(η) = sgn

(

1 ... s

σ1 ... σs

)

Pd1...ds,n(η). The denominator polynomial Ξd1...ds(η)

also changes the sign, Ξdσ1 ...dσs
(η) = sgn

(

1 ... s

σ1 ... σs

)

Ξd1...ds(η). We write Hd1...dM , φd1...dM n(x),

Pd1...dM ,n(η), Ξd1...dM (η), hd1...dM ,n, etc. as HD, φD n(x), PD,n(η), ΞD(η), hD,n, etc., respectively

(D = {d1, . . . , dM}).1

First we note the following property of orthogonal polynomials.

1 In the Appendix of [27], we assumed the ‘standard order’ D = {dI
1
, . . . , dI

MI
, dII

1
, . . . , dII

MII
} for simplicity.

We do not assume it in this paper.
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Lemma 1 Let us assume for a certain polynomial X(η) of degree L in η that

X(η)PD,n(η) =

L
∑

k=−n

r
X,D
n,k PD,n+k(η) (∀n ∈ Z≥0). (2.7)

Here r
X,D
n,k ’s are constants. The sum

L
∑

k=−n

can be replaced by
L
∑

k=−L

.

Proof Multiplying by ΨD(x) to (2.7), we have

X(η)φD,n(x) =
L
∑

k=−n

r
X,D
n,k φD n+k(x).

By using (2.4) we have

(φDm, XφD n) =

L
∑

k=−n

r
X,D
n,k hD,mδm,n+k = θ(m ≤ n+ L) rX,D

n,m−nhD,m

= (XφDm, φDn) =
L
∑

k=−m

r
X,D
m,k hD,nδn,m+k = θ(m ≥ n− L) rX,D

m,n−mhD,n, (2.8)

where θ(P ) is a step function for a proposition P , θ(P ) = 1 (P : true), 0 (P : false). This

means (φDm, XφDn) = 0 unless n− L ≤ m ≤ n + L. Namely r
X,D
n,k = 0 unless −L ≤ k ≤ L.

Remark Although the inner product formulas used in the proof are valid only for ‘real’ X(η)

(X∗ = X) and an appropriate parameter range such that the Hamiltonian is non-singular,

the final result, which represents the polynomial equations, is valid for any parameter values

and complex X(η).

Next we explain a method to obtain recurrence relations with constant coefficients. Let

X(η) be a polynomial of degree L in η. Since X(η)φDn(x) belongs to the Hilbert space and

{φD n(x)}
∞
n=0 is a complete set, we have the expansion

X(η)φDn(x) =
∞
∑

k=−n

r
X,D
n,k φD n+k(x), (2.9)

where r
X,D
n,k ’s are constants. By using this and (2.4), we obtain

(φDm, XφDn) =

∞
∑

k=−n

r
X,D
n,k hD,mδm,n+k = r

X,D
n,m−nhD,m. (2.10)
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On the other hand, by using (2.1)–(2.2) and (2.6), we obtain

(φDm, XφDn)

= (Âd1...dM · · · Âd1d2Âd1φm, XφD n)

=
(

φm, Â
†
d1
Â†

d1d2
· · · Â†

d1...dM
(XφD n)

)

=
(

φ0Pm, (φ0B̂d1Ψ
−1
d1
)(Ψd1B̂d1d2Ψ

−1
d1d2

) · · · (Ψd1...dM−1
B̂d1...dMΨ−1

d1...dM
)(Ψd1...dMXPD,n)

)

=
(

φ0Pm, φ0B̂d1B̂d1d2 · · · B̂d1...dM (XPD,n)
)

=
(

φ2
0Pm, B̂d1B̂d1d2 · · · B̂d1...dM (XPD,n)

)

. (2.11)

From the property of B̂d1...ds , the function B̂d1B̂d1d2 · · · B̂d1...dM (XPD,n) is a rational function of

η. When it is not a polynomial in η, we have infinitely many m such that (φDm, XφD n) 6= 0,

namely r.h.s. of (2.9) is an infinite sum. Let us consider the case that B̂d1B̂d1d2 · · · B̂d1...dM

(XPD,n) is a polynomial of degree n + L′ in η. Since any polynomial in η can be expanded

in Pn(η), we have

B̂d1B̂d1d2 · · · B̂d1...dM (XPD,n) =

L′
∑

k=−n

r
(0)X,D
n,k Pn+k(η), (2.12)

where r
(0)X,D
n,k ’s are constants. Substituting this to (2.11), we obtain

(φDm, XφDn) =
L′
∑

k=−n

r
(0)X,D
n,k hmδmn+k,= θ(m ≤ L′ + n) r

(0)X,D
n,m−nhm. (2.13)

Eqs.(2.10) and (2.13) imply

r
X,D
n,k = 0 (k > L′), r

X,D
n,k hD,n+k = r

(0)X,D
n,k hn+k (−n ≤ k ≤ L′). (2.14)

Thus we obtain

X(η)φDn(x) =

L′
∑

k=−n

r
X,D
n,k φD n+k(x), (2.15)

namely,

X(η)PD,n(η) =
L′
∑

k=−n

r
X,D
n,k PD,n+k(η). (2.16)

By comparing the degree of both sides, we have L′ = L. By Lemma1, the sum
L
∑

k=−n

can be

replaced by
L
∑

k=−L

.

We summarize this argument as the following proposition.
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Proposition 1 Let us assume for a certain polynomial X(η) of degree L in η that the

function B̂d1B̂d1d2 · · · B̂d1...dM (XPD,n) is a polynomial in η. Expand it as (2.12). We have

1 + 2L term recurrence relations with constant coefficients for PD,n(η) :

X(η)PD,n(η) =

L
∑

k=−L

r
X,D
n,k PD,n+k(η) (∀n ∈ Z≥0), r

X,D
n,k =

r
(0)X,D
n,k

∏M

j=1(En+k − Ẽdj)
. (2.17)

Remark 1 See Remark below Lemma1.

Remark 2 Under the assumption of this proposition, the functions B̂d1...dj B̂d1...djdj+1
· · · B̂d1...dM

(XPD,n) (j = 2, . . . ,M) are also polynomials in η.

Remark 3 The function B̂d1B̂d1d2 · · · B̂d1...dM (XPD,n) is rewritten as

B̂d1B̂d1d2 · · · B̂d1...dM (XPD,n) = (B̂d1B̂d1d2 · · · B̂d1...dMXF̂d1...dM · · · F̂d1d2F̂d1)Pn. (2.18)

This operator B̂d1 · · ·X · · · F̂d1 maps polynomials in η to rational functions of η. To find a

proper polynomial X(η) giving recurrence relations with constant coefficients is rephrased

as follows; Find a polynomial X(η) such that the operator B̂d1B̂d1d2 · · · B̂d1...dMXF̂d1...dM

· · · F̂d1d2F̂d1 maps polynomials in η to polynomials in η.

3 Recurrence Relations with Constant Coefficients

In this section we present recurrence relations with constant coefficients (1.2) for the multi-

indexed orthogonal polynomials of Laguerre, Jacobi, Wilson and Askey-Wilson types.

3.1 Multi-indexed Laguerre and Jacobi polynomials

In this subsection we discuss the recurrence relations with constant coefficients for the multi-

indexed Laguerre and Jacobi polynomials. We note that the first order differential operator

of the form a(x) d
dx

+ b(x) (a(x), b(x) : functions of x) acts on the product of two functions

f(x) and g(z) as

(

a(x)
d

dx
+ b(x)

)

(

f(x)g(x)
)

= f(x)
(

a(x)
d

dx
+ b(x)

)

g(x) + a(x)
df(x)

dx
g(x). (3.1)

First we consider a necessary condition for X(η) giving recurrence relations with constant

coefficients. Let us assume (2.7) for a polynomial X(η) of degree L in η. Applying B̂D =
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B̂d1...dM (A.2) to (2.7), we have

B̂D

(

X(η)PD,n(η)
)

=
L
∑

k=−n

r
X,D
n,k B̂DPD,n+k(η) =

L
∑

k=−n

r
X,D
n,k (En+k − ẼdM )Pd1...dM−1,n(η)

= X(η)B̂DPD,n(η)− c2
F
eB̂D(η)

Ξd1...dM−1
(η)

ΞD(η)

dX(η)

dη
PD,n(η)

= (En − ẼdM )X(η)Pd1...dM−1,n(η)− c2
F
eB̂D(η)

Ξd1...dM−1
(η)

ΞD(η)

dX(η)

dη
PD,n(η), (3.2)

where (3.1) and (2.5) are used. Since the expression in the first line is a polynomial in η, the

expression in the last line should be so. The denominator polynomial ΞD(η) does not have

common roots with eB̂D(η) and PD,n(η) for some n. Therefore, if ΞD(η) = Ξd1...dM (η) does not

have common roots with Ξd1...dM−1
(η), the polynomial dX(η)

dη
should be divisible by ΞD(η).

We summarize this argument as follows.

Proposition 2 Let X(η) be a polynomial of degree L in η. Assume (2.7) and

dX(η)

dη
= ΞD(η)Y (η), Y (η) : a polynomial in η. (3.3)

Then one action of B̂D to the both sides of (2.7) keeps the polynomiality intact.

Remark If two polynomials in η, ΞD(η) = Ξd1...dM (η) and Ξd1...dM−1
(η), do not have common

roots, the polynomial of degree L in η, X(η), satisfying (2.7) should satisfy (3.3) for some

polynomial Y (η).

The overall normalization and the constant term of X(η) are not important, because the

change of the former induces that of the overall normalization of rX,D
n,k and the shift of the

latter induces that of rX,D
n,0 . By taking the constant term of X(η) as X(0) = 0, the condition

for the candidate of X(η) (3.3) gives

X(η) =

∫ η

0

ΞD(y)Y (y)dy, degX(η) = L = ℓD + deg Y (η) + 1. (3.4)

The minimal degree candidate of X(η), which corresponds to Y (η) = 1, is

Xmin(η) =

∫ η

0

ΞD(y)dy, degXmin(η) = ℓD + 1. (3.5)

Based on these properties we present our main result. After one action of B̂D to (2.7),

further actions of B̂d1...dM−1
, B̂d1...dM−2

, . . . give more conditions for X(η). However, it seems

that these additional conditions are satisfied automatically by the original condition (3.3)
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and by the properties of Pd1...ds,n(η) and Ξd1...ds(η), for example, see the proof of M = 2 case

in Remark 5 below. We conjecture that this candidate X(η) (3.4) actually gives recurrence

relations with constant coefficients.

Conjecture 1 For any polynomial Y (η), we take X(η) as (3.4). Then the multi-indexed La-

guerre and Jacobi polynomials PD,n(η) satisfy 1+2L term recurrence relations with constant

coefficients (1.2).

Remark 1 If two polynomials in η, ΞD(η) = Ξd1...dM (η) and Ξd1...dM−1
(η), do not have

common roots, this conjecture exhausts all possible X(η) giving recurrence relations with

constant coefficients, and the minimal degree choice X(η) = Xmin(η) (3.5) gives 3+2ℓD term

recurrence relations.

Remark 2 The minimal degree polynomial Xmin(η) can be divisible by η. The degree

of Xmin(η)
η

is ℓD, which is the lowest degree of PD,n(η). The recurrence relations (1.2),
Xmin(η)

η
× ηPD,n(η) =

∑

· · · , can be regarded as a natural generalization of the three term

recurrence relations of the ordinary orthogonal polynomial Pn(η), 1×ηPn(η) = AnPn+1(η)+

BnPn(η) + CnPn−1(η).

Remark 3 Since Y (η) is arbitrary, we obtain infinitely many recurrence relations. However

not all of them are independent. For ‘M = 0 case’ (namely, ordinary orthogonal polyno-

mials), it is trivial that recurrence relations obtained from arbitrary Y (η) (deg Y ≥ 1) are

derived by the three term recurrence relations.

Remark 4 For M = 1 case (D = {ℓ}), the minimal degree choice X(η) = Xmin(η), which

gives 3 + 2ℓ term recurrence relations, was given by Miki and Tsujimoto [37], and the

choice X(η) = Ξℓ(η)
2, which corresponds to Y (η) = 2Ξℓ(η) and gives 1 + 4ℓ term recur-

rence relations, was given by Sasaki, Tsujimoto and Zhedanov [11]. For general M , Y (η) =

2∂ηΞD(η)p(η) + ΞD(η)∂ηp(η), where p(η) is any polynomial in η, gives X(η) = ΞD(η)
2p(η).

Remark 5 Direct verification of this conjecture is rather straightforward for lower M and

smaller dj, n and deg Y , by a computer algebra system, e.g. Mathematica. The coefficients

r
X,D
n,k are explicitly obtained for small dj and n. However, to obtain the closed expression of

r
X,D
n,k for general n is not an easy task even for small dj, and it is a different kind of problem.

We present some examples in Appendix B.

Remark 6 For M = 1, 2 we can prove this conjecture. Since we have Proposition 1, it is

sufficient to show that B̂d1B̂d1d2 · · · B̂d1...dM (XPD,n) is a polynomial in η.
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M = 1 From (3.2) we have

B̂d1

(

X(η)Pd1,n(η)
)

= (En − Ẽd1)X(η)Pn(η)− c2
F
eB̂d1(η)Y (η)Pd1,n(η).

This is a polynomial in η. Thus M = 1 case is proved.

M = 2 From (3.2) and (A.2) we have

B̂d1B̂d1d2

(

X(η)Pd1d2,n(η)
)

= B̂d1

(

(En − Ẽd2)X(η)Pd1,n(η)− c2
F
eB̂d1d2(η)Ξd1(η)Y (η)Pd1d2,n(η)

)

= (En − Ẽd2)
(

(En − Ẽd1)X(η)Pn(η)− c2
F

eB̂d1(η)

Ξd1(η)
Ξd1d2(η)Y (η)Pd1,n(η)

)

+ c4
F
eB̂d1(η)∂η

(

eB̂d1d2(η)Y (η)Pd1d2,n(η)
)

+ c4
F

eB̂d1(η)

Ξd1(η)
eB̂d1d2(η)∂ηΞd1(η)Y (η)Pd1d2,n(η)

− c3
F
ẽB̂d1e

B̂
d1d2

(η)Y (η)Pd1d2,n(η).

By using (A.6) with s = 2, this becomes

= (En − Ẽd2)(En − Ẽd1)X(η)Pn(η)

+ c4
F
eB̂d1(η)∂η

(

eB̂d1d2(η)Y (η)Pd1d2,n(η)
)

+ c4
F
eB̂d1(η)e

B̂
d1d2

(η)Y (η)∂ηPd1d2,n(η)

− c3
F

(

ẽB̂d1e
B̂
d1d2

(η) + eB̂d1(η)ẽ
B̂
d1d2

)

Y (η)Pd1d2,n(η).

This is a polynomial in η. Thus M = 2 case is proved.

3.2 Multi-indexed Wilson and Askey-Wilson polynomials

In this subsection we discuss the recurrence relations with constant coefficients for the multi-

indexed Wilson and Askey-Wilson polynomials. We restrict the parameters: {a∗1, a
∗
2} =

{a1, a2} (as a set) and {a∗3, a
∗
4} = {a3, a4} (as a set).

The sinusoidal coordinate η(x) is η(x) = x2 for Wilson case and η(x) = cosx for Askey-

Wilson case. They satisfy [40]

η(x− iγ
2
)n+1 − η(x+ iγ

2
)n+1

η(x− iγ
2
)− η(x+ iγ

2
)

=
n

∑

k=0

g′ (k)n η(x)n−k (n ∈ Z≥0), (3.6)

where g
′ (k)
n is given by [41]

η(x) = x2 : g′ (k)n =
(−1)k

22k+1

(

2n + 2

2k + 1

)

,
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η(x) = cosx : g′ (k)n = θ(k : even)
(n+ 1)!

2k

k
2

∑

r=0

(

n− k + r

r

)

(−1)r[[n− k + 1 + 2r]]′

(k
2
− r)! (n− k

2
+ 1 + r)!

,

[[n]]′
def
=

e−
γ

2
n − e

γ

2
n

e−
γ

2 − e
γ

2

. (3.7)

For a polynomial p(η) in η, when it is regarded as a function of x, we denote it by adding a

check,

p̌(x)
def
= p

(

η(x)
)

. (3.8)

Since η(x−im
2
γ)+η(x+im

2
γ) and η(x−im

2
γ)η(x+im

2
γ) (m ∈ Z) are expressed as polynomials

in η(x), any symmetric polynomial in η(x−im
2
γ) and η(x+im

2
γ) is expressed as a polynomial

in η(x) [40, 27]. For example, the followings are polynomials in η(x) (p, p1, p2 : polynomials

in η):

p̌(x− iγ
2
) + p̌(x+ iγ

2
),

p̌(x− iγ
2
)− p̌(x+ iγ

2
)

η(x− iγ
2
)− η(x+ iγ

2
)
,

p̌(x− iγ
2
)p̌(x+ iγ

2
),

p̌1(x− iγ)p̌2(x− iγ
2
)− p̌1(x+ iγ)p̌2(x+ iγ

2
)

η(x− iγ
2
)− η(x+ iγ

2
)

,

η(x) = x2 : xp̌1(x+ iγ
2
)p̌2(x− iγ

2
) + xp̌1(x− iγ

2
)p̌2(x+ iγ

2
),

η(x) = cosx : e±ixp̌1(x+ iγ
2
)p̌2(x− iγ

2
) + e∓ixp̌1(x− iγ

2
)p̌2(x+ iγ

2
). (3.9)

For a polynomial p(η) in η, let us define a polynomial in η, I[p](η), as follows:

p(η) =

n
∑

k=0

akη
k 7→ I[p](η) =

n+1
∑

k=0

bkη
k, (3.10)

where bk’s are defined by

bk+1 =
1

g
′ (0)
k

(

ak −
n

∑

j=k+1

g
′ (j−k)
j bj+1

)

(k = n, n− 1, . . . , 1, 0), b0 = 0. (3.11)

The constant term of I[p](η) is chosen to be zero. It is easy to show that this polynomial

I[p](η) = P (η) satisfies
P̌ (x− iγ

2
)− P̌ (x+ iγ

2
)

η(x− iγ
2
)− η(x+ iγ

2
)

= p̌(x). (3.12)

The operator of the form a(x)e
γ

2
p − b(x)e−

γ

2
p (a(x), b(x) : functions of x) acts on the

product of two functions f(x) and g(z) as

(

a(x)e
γ

2
p − b(x)e−

γ

2
p
)(

f(x)g(x)
)

11



= a(x)f(x− iγ
2
)g(x− iγ

2
)− b(x)f(x+ iγ

2
)g(x+ iγ

2
)

= f (+)(x)
(

a(x)g(x− iγ
2
)− b(x)g(x+ iγ

2
)
)

− if (−)(x)
(

a(x)g(x− iγ
2
) + b(x)g(x+ iγ

2
)
)

= f (+)(x)
(

a(x)e
γ

2
p − b(x)e−

γ

2
p
)

g(x)− if (−)(x)
(

a(x)g(x− iγ
2
) + b(x)g(x+ iγ

2
)
)

, (3.13)

where f (±)(x) are defined by [27]

f (+)(x)
def
=

1

2

(

f(x− iγ
2
) + f(x+ iγ

2
)
)

, f (−)(x)
def
=

i

2

(

f(x− iγ
2
)− f(x+ iγ

2
)
)

. (3.14)

The auxiliary function ϕ(x) is rewritten as

ϕ(x) = icϕ
(

η(x− iγ
2
)− η(x− iγ

2
)
)

, cϕ =

{

1 : W
(sinh −γ

2
)−1 : AW

. (3.15)

First we consider a necessary condition for X(η) giving recurrence relations with constant

coefficients. Let us assume (2.7) for a polynomial X(η) of degree L in η. Applying B̂D =

B̂d1...dM (A.9) to (2.7), we have

B̂D

(

X̌(x)P̌D,n(x)
)

=
L
∑

k=−n

r
X,D
n,k B̂DP̌D,n+k(x) =

L
∑

k=−n

r
X,D
n,k (En+k − ẼdM )P̌d1...dM−1,n(η)

= X̌(+)(x)B̂DP̌D,n(x)− iX̌(−)(x)
( icB̂D

ϕ(x)Ξ̌D(x)
eB̂D(x)Ξ̌d1...dM−1

(x+ iγ
2
)P̌D,n(x− iγ

2
)

+
icB̂D

ϕ(x)Ξ̌D(x)
eB̂ ∗
D (x)Ξ̌d1...dM−1

(x− iγ
2
)P̌D,n(x+ iγ

2
)
)

= (En − ẼdM )X̌(+)(x)P̌d1...dM−1,n(x)

+
cB̂D

Ξ̌D(x)

X̌(−)(x)

ϕ(x)

(

eB̂D(x)Ξ̌d1...dM−1
(x+ iγ

2
)P̌D,n(x− iγ

2
)

+ eB̂ ∗
D (x)Ξ̌d1...dM−1

(x− iγ
2
)P̌D,n(x+ iγ

2
)
)

, (3.16)

where (3.13) and (2.5) are used. Since the expression in the first line is a polynomial in η, the

expression in the last line should be so. By (3.9) and (A.12), X̌(−)(x)
ϕ(x)

=
X̌(x−i

γ

2
)−X̌(x+i

γ

2
)

2cϕ(η(x−i γ
2
)−η(x+i γ

2
))

and eB̂D(x)Ξ̌d1...dM−1
(x+ iγ

2
)P̌D,n(x−iγ

2
)+eB̂ ∗

D (x)Ξ̌d1...dM−1
(x−iγ

2
)P̌D,n(x+ iγ

2
) are polynomials

in η(x). If the latter is not divisible by Ξ̌D(x), the former should be divisible by Ξ̌D(x).

We summarize this argument as follows.

Proposition 3 Let X(η) be a polynomial of degree L in η. Assume (2.7) and

X̌(x− iγ
2
)− X̌(x+ iγ

2
)

η(x− iγ
2
)− η(x+ iγ

2
)

= Ξ̌D(x)Y̌ (x), Y (η) : a polynomial in η. (3.17)

Then one action of B̂D to the both sides of (2.7) keeps the polynomiality intact.
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Remark If two polynomials in η, Ξ̌D(x) = Ξ̌d1...dM (x) and eB̂D(x)Ξ̌d1...dM−1
(x + iγ

2
)P̌D,n(x −

iγ
2
)+eB̂ ∗

D (x)Ξ̌d1...dM−1
(x− iγ

2
)P̌D,n(x+ iγ

2
), have no common roots for some n, the polynomial

of degree L in η, X(η), satisfying (2.7) should satisfy (3.17) for some polynomial Y (η).

By taking the constant term of X(η) as X(0) = 0, the condition for the candidate of

X(η) (3.17) gives

X(η) = I[ΞDY ](η), degX(η) = L = ℓD + deg Y (η) + 1. (3.18)

The minimal degree candidate of X(η), which corresponds to Y (η) = 1, is

Xmin(η) = I[ΞD](η), degXmin(η) = ℓD + 1. (3.19)

Based on these properties we present our another main result. Like as § 3.1, we conjecture

that this candidate X(η) (3.18) actually gives recurrence relations with constant coefficients.

Conjecture 2 For any polynomial Y (η), we take X(η) as (3.18). Then the multi-indexed

Wilson and Askey-Wilson polynomials PD,n(η) satisfy 1 + 2L term recurrence relations with

constant coefficients (1.2).

Remark 1 If two polynomials in η, Ξ̌D(x) = Ξ̌d1...dM (x) and eB̂D(x)Ξ̌d1...dM−1
(x+ iγ

2
)P̌D,n(x−

iγ
2
)+ eB̂ ∗

D (x)Ξ̌d1...dM−1
(x− iγ

2
)P̌D,n(x+ iγ

2
), have no common roots for some n, this conjecture

exhausts all possible X(η) giving recurrence relations with constant coefficients, and the

minimal degree choice X(η) = Xmin(η) (3.19) gives 3 + 2ℓD term recurrence relations.

Remark 2 See Remark 2 and 3 below Conjecture 1.

Remark 3 By (3.9), for any polynomial p(η), Y̌ (x) =
Ξ̌D(x−iγ)p̌(x−i

γ

2
)−Ξ̌D(x+iγ)p̌(x+i

γ

2
)

η(x−i
γ

2
)−η(x+i

γ

2
)

is also

a polynomial in η. This Y (η) gives X̌(x) = Ξ̌D(x − iγ
2
)Ξ̌D(x + iγ

2
)p̌(x), which corresponds

to Remark 4 below Conjecture 1.

Remark 4 See Remark 5 below Conjecture 1.

Remark 5 For M = 1 we can prove this conjecture. Since we have Proposition 1, it is

sufficient to show that B̂d1B̂d1d2 · · · B̂d1...dM (XPD,n) is a polynomial in η.

M = 1 From (3.16) we have

B̂d1

(

X̌(x)P̌d1,n(x)
)

= (En − Ẽd1)X̌
(+)(x)P̌n(x) +

cB̂d1
2cϕ

Y̌ (x)
(

eB̂d1(x)P̌d1,n(x− iγ
2
) + eB̂ ∗

d1
(x)P̌d1,n(x+ iγ

2
)
)

.

This is a polynomial in η. Thus M = 1 case is proved.
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4 Summary and Comments

In addition to 3+2M term recurrence relations with variable dependent coefficients presented

in [27], we have presented (conjectures of) the recurrence relations with constant coefficients

for the multi-indexed orthogonal polynomials of Laguerre, Jacobi, Wilson and Askey-Wilson

types, Conjecture 1 and Conjecture 2. Since Y (η) is arbitrary, we obtain infinitely many

recurrence relations. However not all of them are independent. The most important one is

the minimal degree one Xmin(η) (3.5) or (3.19), which gives 3+2ℓD term recurrence relations.

Here ℓD (≥ M) is the degree of the lowest member polynomial PD,0(η). For this case, the

coefficients r
Xmin,D
n,k may have nice forms. Both derivations given in [27] and present paper

are based on multi-step Darboux transformations. Although we have discussed Laguerre,

Jacobi, Wilson and Askey-Wilson cases, the method is applicable to the multi-indexed (q-

)Racah polynomials (which correspond to the case (1) I = {0, 1, . . . , ℓ − 1}) and various

case (2) polynomials. The results in [11] and [37] (type I and II) correspond to special

cases of our results. In [37], type III case is also studied, which corresponds to case (2). In

[38], exceptional Charlier, Meixner, Hermite and Laguerre polynomials are studied and some

recurrence relations, which have minimal order (minimalness is stated as a conjecture), are

proved by a different method from our paper. The exceptional Laguerre polynomials in [38]

are labeled by the two sets, F1 = {f1, . . . , fk1} (labels of eigenstates) and F2 = {f ′
1, . . . , f

′
k2
}

(labels of type I virtual states). For F1 = ∅, they correspond to special cases of our multi-

indexed Laguerre polynomials with D = {dI1, . . . , d
I
M} = F2 (no type II), for which existence

of (minimal degree) recurrence relations are proved [38]. For F1 6= ∅, they correspond to

case (2). For general case (2), the referee suggests that the minimal degree is equal to the

number of missing degrees. It is an interesting problem to show this suggestion. We hope

that Conjecture 1 and 2 will be proved in the near future.

Multi-indexed orthogonal polynomials of Laguerre, Jacobi, Wilson and Askey-Wilson

types are labeled by an index set D but different index sets may give the same multi-indexed

orthogonal polynomials, PD,n(η;λ) ∝ PD′,n(η;λ
′) [30]. For example, D1 = {1II, 3II, 4II, 5II, 8II}

with λ, D2 = {1I, 2I, 6I, 8I} with λ − 9δ̃I and D3 = {3I, 5I, 2II} with λ − 6δ̃I give the same

multi-indexed orthogonal polynomials, PD1,n(η;λ) ∝ PD2,n(η;λ − 9δ̃I) ∝ PD3,n(η;λ − 6δ̃I).

The 3+2M term recurrence relations given in [27] states that these polynomials PD1,n(η;λ),

PD2,n(η;λ − 9δ̃I) and PD3,n(η;λ − 6δ̃I) satisfy 13, 11 and 9 term recurrence relations with

14



variable dependent coefficients, respectively. But the above equivalence implies that all of

them satisfy 9 term recurrence relations with variable dependent coefficients. On the other

hand, the degrees of lowest members PD,0(η) are ℓD1 = ℓD2 = ℓD3 = 11, and for each case the

minimal degree polynomial Xmin(η) gives 25 term recurrence relations with constant coeffi-

cients. The above equivalence, which gives ΞD1(η;λ) ∝ ΞD2(η;λ − 9δ̃I) ∝ ΞD3(η;λ − 6δ̃I),

implies that these three 25 term recurrence relations are essentially same.

The 3+2M term recurrence relations with variable dependent coefficients can be used to

calculate the multi-indexed orthogonal polynomials effectively and it needs M+1 initial data

PD,n(η) (n = 0, 1, . . . ,M) [27]. The simplest recurrence relations with constant coefficients

corresponding to Xmin(η) has 3+2ℓD terms and it needs ℓD+1 initial data. The difference of

M and ℓD, ℓD−M =
∑M

j=1(dj−1)+2MIMII, becomes large for large dj . In order to calculate

the multi-indexed orthogonal polynomials by using recurrence relations, the 3 + 2M term

recurrence relations with variable dependent coefficients are useful. On the other hand, in

order to study bispectral properties etc., recurrence relations with constant coefficients are

needed.

We hope that the recurrence relations with constants coefficients obtained in this paper

will be used as a starting point for theoretical developments of various problems involving

bispectrality, generalizations of the Jacobi matrix, spectral theory, etc.
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A Some Formulas

The notation and fundamental formulas of the multi-indexed orthogonal polynomials of

Laguerre, Jacobi, Wilson and Askey-Wilson types are found in [27]. See also [23]. In this
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appendix we present other basic formulas. See footnote in § 2. We write parameter (λ)

dependence explicitly.

A.1 Multi-indexed Laguerre and Jacobi polynomials

Explicit forms of the operators (2.6) are

F̂d1...ds(λ) = c−1
F

Ξd1...ds(η;λ)

Ξd1...ds−1(η;λ)

(

cFe
F̂
d1...ds

(η)
( d

dη
−

∂ηΞd1...ds(η;λ)

Ξd1...ds(η;λ)

)

+ ẽF̂d1...ds(λ)

)

, (A.1)

B̂d1...ds(λ) = cF
Ξd1...ds−1(η;λ)

Ξd1...ds(η;λ)

(

cFe
B̂
d1...ds

(η)
(

−
d

dη
+

∂ηΞd1...ds−1(η;λ)

Ξd1...ds−1(η;λ)

)

+ ẽB̂d1...ds(λ)

)

, (A.2)

where eF̂d1...ds(η), e
B̂
d1...ds

(η), ẽF̂d1...ds(λ) and ẽB̂d1...ds(λ) are given by

L : eF̂d1...ds(η) =

{

1 : ds = dIs
η : ds = dIIs

, eB̂d1...ds(η) =

{

η : ds = dIs
1 : ds = dIIs

,

ẽF̂d1...ds(λ) =

{

−2 : ds = dIs
2(g + sI − sII) + 1 : ds = dIIs

,

ẽB̂d1...ds(λ) =

{

−2(g + sI − sII) + 1 : ds = dIs
2 : ds = dIIs

, (A.3)

J : eF̂d1...ds(η) =

{ 1+η

2
: ds = dIs

1−η

2
: ds = dIIs

, eB̂d1...ds(η) =

{ 1−η

2
: ds = dIs

1+η

2
: ds = dIIs

,

ẽF̂d1...ds(λ) =

{

−2(h+ sII − sI)− 1 : ds = dIs
2(g + sI − sII) + 1 : ds = dIIs

,

ẽB̂d1...ds(λ) =

{

−2(g + sI − sII) + 1 : ds = dIs
2(h+ sII − sI)− 1 : ds = dIIs

. (A.4)

By (A.1)–(A.2), eqs. (2.5) are

Pd1...ds,n(η;λ)

=
1

Ξd1...ds−1(η;λ)

(

eF̂d1...ds(η)
(

Ξd1...ds(η;λ)∂ηPd1...ds−1,n(η;λ)− ∂ηΞd1...ds(η;λ)Pd1...ds−1,n(η;λ)
)

+ c−1
F
ẽF̂d1...ds(λ)Ξd1...ds(η;λ)Pd1...ds−1,n(η;λ)

)

, (A.5)
(

En(λ)− Ẽds(λ)
)

Pd1...ds−1,n(η;λ)

=
c2
F

Ξd1...ds(η;λ)

(

eB̂d1...ds(η)
(

−Ξd1...ds−1(η;λ)∂ηPd1...ds,n(η;λ) + ∂ηΞd1...ds−1(η;λ)Pd1...ds,n(η;λ)
)

+ c−1
F
ẽB̂d1...ds(λ)Ξd1...ds−1(η;λ)Pd1...ds,n(η;λ)

)

. (A.6)
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A.2 Multi-indexed Wilson and Askey-Wilson polynomials

We restrict the parameters: {a∗1, a
∗
2} = {a1, a2} (as a set) and {a∗3, a

∗
4} = {a3, a4} (as a set).

Explicit form of the potential function V̂d1...ds(x;λ) is

V̂d1...ds(x;λ) =
Ξ̌d1...ds−1(x+ iγ

2
;λ)

Ξ̌d1...ds−1(x− iγ
2
;λ)

Ξ̌d1...ds(x− iγ;λ)

Ξ̌d1...ds(x;λ)

×

{

κsI−sII−1αI(λ)V
(

x; tI(λ[sI−1,sII])
)

: ds = dIs

κsII−sI−1αII(λ)V
(

x; tII(λ[sI,sII−1])
)

: ds = dIIs
. (A.7)

Explicit forms of the operators (2.6) are

F̂d1...ds(λ) =
icF̂d1...ds(λ)

ϕ(x)Ξ̌d1...ds−1(x;λ)

(

eF̂d1...ds(x;λ)Ξ̌d1...ds(x+ iγ
2
;λ)e

γ

2
p

− eF̂ ∗
d1...ds

(x;λ)Ξ̌d1...ds(x− iγ
2
;λ)e−

γ

2
p
)

, (A.8)

B̂d1...ds(λ) =
icB̂d1...ds(λ)

ϕ(x)Ξ̌d1...ds(x;λ)

(

eB̂d1...ds(x;λ)Ξ̌d1...ds−1(x+ iγ
2
;λ)e

γ

2
p

− eB̂ ∗
d1...ds

(x;λ)Ξ̌d1...ds−1(x− iγ
2
;λ)e−

γ
2
p
)

, (A.9)

where cF̂d1...ds(λ), c
B̂
d1...ds

(λ), eF̂d1...ds(x;λ) and eB̂d1...ds(x;λ) are given by

cF̂d1...ds(λ)
−1 = cB̂d1...ds(λ) =

{

κ
s−1
2

+sIIαI(λ)
1
2 : ds = dIs

κ
s−1
2

+sIαII(λ)
1
2 : ds = dIIs

, (A.10)

eF̂d1...ds(x;λ) =

{

v1(x;λ
[sI,sII]) : ds = dIs

v2(x;λ
[sI,sII]) : ds = dIIs

, (A.11)

eB̂d1...ds(x;λ) =

{

v2(x;λ
[sI−1,sII]) : ds = dIs

v1(x;λ
[sI,sII−1]) : ds = dIIs

. (A.12)

Here v1(x;λ) and v2(x;λ) are given in [23]:

v1(x;λ) =

{

∏2
j=1(aj + ix) : W

e−ix
∏2

j=1(1− aje
ix) : AW

, v2(x;λ) =

{

∏4
j=3(aj + ix) : W

e−ix
∏4

j=3(1− aje
ix) : AW

. (A.13)

Note that v∗1(x;λ) = v1(−x;λ) and v∗2(x;λ) = v2(−x;λ). By (A.8)–(A.9), eqs. (2.5) are

P̌d1...ds,n(x;λ)

=
icF̂d1...ds(λ)

ϕ(x)Ξ̌d1...ds−1(x;λ)

(

eF̂d1...ds(x;λ)Ξ̌d1...ds(x+ iγ
2
;λ)Pd1...ds−1,n(x− iγ

2
;λ)

− eF̂ ∗
d1...ds

(x;λ)Ξ̌d1...ds(x− iγ
2
;λ)Pd1...ds−1,n(x+ iγ

2
;λ)

)

, (A.14)
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(

En(λ)− Ẽds(λ)
)

Pd1...ds−1,n(x;λ)

=
icB̂d1...ds(λ)

ϕ(x)Ξ̌d1...ds(x;λ)

(

eB̂d1...ds(x;λ)Ξ̌d1...ds−1(x+ iγ
2
;λ)Pd1...ds,n(x− iγ

2
;λ)

− eB̂ ∗
d1...ds

(x;λ)Ξ̌d1...ds−1(x− iγ
2
;λ)Pd1...ds,n(x+ iγ

2
;λ)

)

. (A.15)

B Some Examples

For illustration, we present some examples of the coefficients rX,D
n,k of the recurrence relations

(1.2) for X(η) = Xmin(η) and small dj .

B.1 Multi-indexed Laguerre polynomials

Ex.1 D = {1I} : 5-term recurrence relations

X(η) = Xmin(η) =
1
2
η(η + 2g + 1),

r
X,D
n,2 = 1

2
(n+ 1)(n+ 2), r

X,D
n,−2 =

1
8
(2g + 2n− 3)(2g + 2n+ 3),

r
X,D
n,1 = −(n + 1)(2g + 2n+ 3), r

X,D
n,−1 = −1

2
(2g + 2n− 1)(2g + 2n + 3), (B.1)

r
X,D
n,0 = 1

8

(

24n2 + 4(10g + 11)n+ (2g + 1)(6g + 13)
)

,

Ex.2 D = {1I, 2I} : 7-term recurrence relations

X(η) = Xmin(η) =
1
24
η
(

4η2 + 6(2g + 1)η + 3(2g + 1)(2g + 3)
)

,

r
X,D
n,3 = −1

6
(n + 1)3 , r

X,D
n,−3 = − 1

12
(2g + 2n− 5)(g + n+ 3

2
)2 ,

r
X,D
n,2 = 1

2
(n+ 1)2(2g + 2n+ 5), r

X,D
n,−2 =

1
2
(2g + 2n− 3)(g + n+ 3

2
)2 ,

r
X,D
n,1 = −1

4
(n + 1)(2g + 2n+ 3)(4g + 5n+ 12), (B.2)

r
X,D
n,−1 = −1

8
(2g + 2n− 1)(2g + 2n+ 5)(4g + 5n+ 7),

r
X,D
n,0 = 1

48

(

160n3 + 96(4g + 7)n2 + 8(36g2 + 132g + 97)n+ (2g + 1)(2g + 5)(14g + 45)
)

,

Ex.3 D = {1I, 1II} : 9-term recurrence relations

X(η) = Xmin(η) =
1
8
η
(

2η3 + 4(2g − 1)η2 + 3(2g − 3)(2g + 1)η + (2g − 3)(2g − 1)(2g + 1)
)

,

r
X,D
n,4 =

(n+ 1)4(2g + 2n− 3)

4(2g + 2n+ 5)
, r

X,D
n,−4 =

1
16
(2g + 2n− 7)(g + n− 3

2
)2(2g + 2n+ 3),

r
X,D
n,3 = −(n + 1)3(2g + 2n− 3), r

X,D
n,−3 = −(g + n− 5

2
)3(2g + 2n+ 3),

r
X,D
n,2 =

(n+ 1)2(2g + 2n− 3)

4(2g + 2n+ 1)

(

28n2 + 2(26g + 29)n+ 3(2g + 1)(4g + 7)
)

,
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r
X,D
n,−2 =

1
16
(2g + 2n− 3)(2g + 2n + 3)

(

28n2 + 2(26g − 27)n+ 24g2 − 50g + 17
)

, (B.3)

r
X,D
n,1 = −1

2
(n+ 1)(2g + 2n− 3)(2g + 2n+ 3)(4g + 7n+ 5),

r
X,D
n,−1 = −(g + n− 3

2
)2(2g + 2n+ 3)(4g + 7n− 2),

r
X,D
n,0 = 1

64

(

1120n4 + 160(22g + 3)n3 + 8(492g2 + 168g − 299)n2

+ 8(224g3 + 156g2 − 328g − 135)n+ (2g − 3)(2g + 1)(6g + 5)(10g + 19)
)

.

Note that we have equivalences [30],

P{1I,2I},n(η; g) =
1

g + n+ 1
2

P{2II},n(η; g + 3), (B.4)

P{1I,1II},n(η; g) = −3(g + n− 3
2
)P{1I,3I},n(η; g − 2). (B.5)

Recurrence relations for P{1I},n(η; g) were given in [37, 38] and those for P{2II},n(η; g) were

given in [37].

B.2 Multi-indexed Jacobi polynomials

We set a = g + h and b = g − h.

Ex.1 D = {1I} : 5-term recurrence relations

X(η) = Xmin(η) =
1
4
η
(

(b+ 2)η + 2(a− 1)
)

,

r
X,D
n,2 =

(n + 1)2(b+ 2)(a+ n)2(2h+ 2n− 3)

(a+ 2n)4(2h+ 2n+ 1)
,

r
X,D
n,−2 =

(b+ 2)(2g + 2n− 3)(2g + 2n+ 3)(h+ n− 3
2
)2

4(a+ 2n− 3)4
,

r
X,D
n,1 =

(n + 1)(a− 1)(a+ n)(2g + 2n + 3)(2h+ 2n− 3)

(a + 2n− 1)3(a+ 2n+ 3)
, (B.6)

r
X,D
n,−1 =

(a− 1)(2g + 2n− 1)(2g + 2n+ 3)(h+ n− 3
2
)2

(a+ 2n− 3)(a+ 2n− 1)3
,

r
X,D
n,0 =

b+ 2

4(a+ 2n− 2)2(a + 2n+ 1)2

(

−b(b + 4)
(

2n(a+ n)− (a− 2)(a− 1)
)

+ (a + 2n− 1)(a+ 2n + 1)
(

2n(a+ n)− (a− 2)(2a− 1)
)

)

,

Ex.2 D = {1I, 2I} : 7-term recurrence relations

X(η) = Xmin(η) =
1
48
(b+ 4)η

(

(b+ 2)(b+ 3)η2 + 3(b+ 3)(a− 1)η + 3(a2 − 2a+ b+ 3)
)

,

r
X,D
n,3 =

(n+ 1)3(b+ 2)3(a+ n)3(h+ n− 5
2
)2

6(a+ 2n)6(h+ n + 1
2
)2

,
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r
X,D
n,−3 =

(b+ 2)3(2g + 2n− 5)(g + n + 3
2
)2(h+ n− 5

2
)3

12(a+ 2n− 5)6
,

r
X,D
n,2 =

(n+ 1)2(b+ 3)2(a− 1)(a+ n)2(2g + 2n + 5)(h+ n− 5
2
)2

(a+ 2n− 1)5(a+ 2n+ 5)(2h+ 2n+ 1)
,

r
X,D
n,−2 =

(b+ 3)2(a− 1)(2g + 2n− 3)(g + n+ 3
2
)2(h+ n− 5

2
)3

2(a+ 2n− 5)(a+ 2n− 3)5
,

r
X,D
n,1 =

(b+ 4)(a+ n)(2g + 2n + 3)(2h+ 2n− 5)

8(a+ 2n− 2)4(a + 2n+ 3)2

×
(

b(b+ 9)(n+ 1)
(

n(n+ a + 1)− (a− 2)2
)

+ (n+ 1)
(

2(9− 4a+ 2a2)n(n + a+ 1) + (a− 3)3(a+ 6)
)

)

, (B.7)

r
X,D
n,−1 =

(b+ 4)(2g + 2n− 1)(2g + 2n+ 5)(h+ n− 3
2
)2

8(a+ 2n− 4)2(a + 2n− 1)4

×
(

b(b+ 9)
(

n(n+ a− 1)− (a− 1)2 − 1
)

+ 2n(2a2 − 4a+ 9)(n+ a− 1) + (a− 1)4 − 23(a− 1)2 − 14
)

,

r
X,D
n,0 =

(b+ 4)(a− 1)

48(a+ 2n− 3)3(a + 2n+ 1)3

(

b4(b+ 17)
(

6n(n+ a)− (a− 2)(a− 3)
)

− b3
(

48n3(n+ 2a) + 48(a2 + a− 14)n2 + 48a(a− 14)n

− (a− 2)(a− 3)(3a2 + 3a− 104)
)

− 2b2
(

264n3(n+ 2a) + 6(45a2 + 42a− 181)n2 + 6a(a2 + 42a− 181)n

− (a− 2)(a− 3)(15a2 + 12a− 137)
)

+ 3b
(

32n5(n+ 3a) + 16(6a2 + 3a− 43)n4 + 32a(a2 + 3a− 43)n3

− 2(3a4 − 36a3 + 358a2 + 316a− 625)n2

− 2a(3a4 − 12a3 + 14a2 + 316a− 625)n

− (a− 2)(a− 3)(a4 + 2a3 − 32a2 − 14a+ 99))

+ 3(a+ 2n− 1)(a+ 2n + 1)
(

24n3(n + 2a) + 2(7a2 + 22a− 111)n2

− 2a(5a2 − 22a+ 111)n− (a− 2)(a− 3)(4a2 + 9a− 33)
)

)

,

Ex.3 D = {1I, 1II} : 9-term recurrence relations

X(η) = Xmin(η) = −
1

64
η
(

(b− 2)b(b+ 2)η3 + 4b2(a− 1)η2 + 6b(a− 1)2η

+ 4(a− 3)(a− 1)(a+ 1)
)

,

r
X,D
n,4 = −

(n + 1)4(b− 2)b(b+ 2)(a+ n)4(2g + 2n− 3)(2h+ 2n− 3)

4(a+ 2n)8(2g + 2n+ 5)(2h+ 2n+ 5)
,
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r
X,D
n,−4 = −

(b− 2)b(b+ 2)

64(a+ 2n− 7)8
(2g + 2n− 7)(g + n− 3

2
)2(2g + 2n+ 3)

× (2h+ 2n− 7)(h+ n− 3
2
)2(2h+ 2n+ 3),

r
X,D
n,3 = −

(n + 1)3b
2(a− 1)(a+ n)3(2g + 2n− 3)(2h+ 2n− 3)

2(a+ 2n− 1)7(a+ 2n+ 7)
,

r
X,D
n,−3 = −

b2(a− 1)(g + n− 5
2
)3(2g + 2n+ 3)(h+ n− 5

2
)3(2h+ 2n+ 3)

2(a + 2n− 7)(a+ 2n− 5)7
,

r
X,D
n,2 =

(n+ 1)2b(a + n)2(2g + 2n− 3)(2h+ 2n− 3)

8(a+ 2n− 2)6(a+ 2n+ 5)2(2g + 2n+ 1)(2h+ 2n + 1)

×
(

b4
(

2n(n+ a + 2)− 3(a− 1)(a− 2)
)

− b2
(

8n3(n + 2a+ 4)− 2(7a2 − 50a− 15)n2 − 2(a+ 2)(11a2 − 34a+ 1)n

− 3(a− 1)(a− 2)(2a2 + 9a+ 11)
)

− (a + 2n− 1)(a+ 2n+ 5)
(

4(3a2 − 6a+ 1)n(n+ a + 2)

+ 3(a− 2)(a+ 1)2(a + 2)
)

)

,

r
X,D
n,−2 =

b(2g + 2n− 3)(2g + 2n+ 3)(2h+ 2n− 3)(2h+ 2n + 3)

128(a+ 2n− 6)2(a+ 2n− 3)6

×
(

b4
(

2n(n+ a− 2)− 3a2 + 5a− 6
)

− b2
(

8n4 + 16(a− 2)n3 − 2(7a2 − 2a− 15)n2 − 2(a− 2)(11a2 − 18a+ 1)n

− 6a4 + 35a3 − 68a2 + 49a− 66
)

− (2n + a+ 1)(2n+ a− 5)
(

4(3a2 − 6a+ 1)n(n+ a− 2)

+ (a− 3)(3a3 − 9a2 + 12a+ 4)
)

)

, (B.8)

r
X,D
n,1 = −

(n + 1)(a− 1)(a+ n)(2g + 2n− 3)(2g + 2n+ 3)(2h+ 2n− 3)(2h+ 2n+ 3)

8(a+ 2n− 3)5(a+ 2n+ 3)3

×
(

b2
(

3n(n+ a + 1)− (a− 2)(a− 3)
)

+ (a+ 1)(a− 3)(a+ 2n− 2)(a+ 2n+ 4)
)

,

r
X,D
n,−1 = −

(a− 1)(g + n− 3
2
)2(2g + 2n+ 3)(h+ n− 3

2
)2(2h+ 2n+ 3)

2(a+ 2n− 5)3(a + 2n− 1)5

×
(

b2
(

3n(n+ a− 1)− a2 + 2a− 6
)

+ (a− 3)(a+ 1)(a+ 2n− 4)(a+ 2n+ 2)
)

,

r
X,D
n,0 = −

b

64(a+ 2n− 4)4(a+ 2n+ 1)4

×
(

b6
(

6n3(n + 2a)− 6(a2 − 5a+ 5)n2 − 6a(2a2 − 5a+ 5)n+ (a− 4)4
)

− 2b4
(

24n5(n+ 3a) + 6(a2 + 28a− 9)n4 − 12a(9a2 − 28a+ 9)n3

− 2(38a4 − 71a3 − 17a2 + 5a+ 117)n2 − 2a(5a4 + 13a3 − 44a2 + 5a+ 117)n
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+ (a− 4)4(2a
2 + 3a+ 11)

)

+ b2
(

96n7(n+ 4a) + 48(a2 + 26a− 15)n6 − 48a(25a2 − 78a+ 45)n5

− 6(279a4 − 616a3 + 98a2 + 376a− 417)n4

− 12a(75a4 − 96a3 − 202a2 + 376a− 417)n3

− 2(87a6 + 153a5 − 1139a4 + 1262a3 − 931a2 − 1031a+ 2775)n2

+ 2a(6a6 − 129a5 + 353a4 − 134a3 − 320a2 + 1031a− 2775)n

+ (a− 4)4(6a
4 + 18a3 + 37a2 + 114a+ 153)

)

+ 2(a+ 2n− 3)(a+ 2n+ 3)
(

48(2a2 − 4a+ 1)n5(n + 3a)

+ 4(76a4 − 124a3 − 73a2 + 124a− 39)n4

+ 8a(16a4 − 4a3 − 103a2 + 124a− 39)n3

+ 2(3a6 + 78a5 − 274a4 + 142a3 + 385a2 − 544a− 114)n2

− 2a(5a6 − 38a5 + 56a4 + 106a3 − 463a2 + 544a+ 114)n

− (a− 4)(a− 2)2(a + 1)2(2a
3 − 3a2 − 2a+ 21)

)

)

.

Note that we have equivalences [30],

P{1I,2I},n(η; g, h) = −
(g − h+ 4)(h+ n− 5

2
)2

4(g + n + 1
2
)

P{2II},n(η; g + 3, h− 3), (B.9)

P{1I,1II},n(η; g, h) =
3(g + n− 3

2
)

(g − h+ 1)(h+ n + 1
2
)
P{1I,3I},n(η; g − 2, h+ 2). (B.10)

Recurrence relations for P{1I},n(η; g, g) and P{2II},n(η; g, g) were given in [37].

B.3 Multi-indexed Wilson polynomials

We set b1 = a1 + a2 + a3 + a4, σ1 = a1 + a2, σ2 = a1a2, σ
′
1 = a3 + a4 and σ′

2 = a3a4.

Ex.1 D = {1I} : 5-term recurrence relations

X(η) = Xmin(η) =
1
4
η
(

2(σ1 − σ′
1 − 2)η + 4(σ2σ

′
1 − σ1σ

′
2 − σ1σ

′
1 + 2σ′

2) + σ1 + 3σ′
1 − 2

)

,

r
X,D
n,2 =

(σ1 − σ′
1 − 2)(b1 + n− 1)2(σ1 + n− 2)

2(b1 + 2n− 1)4(σ1 + n)
,

r
X,D
n,−2 =

n(n− 1)(σ1 − σ′
1 − 2)

2(b1 + 2n− 4)4
(σ1 + n− 2)2(σ

′
1 + n− 2)(σ′

1 + n + 1)

×
2
∏

i=1

4
∏

j=3

(ai + aj + n− 2)2 ,
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r
X,D
n,1 = −

2(b1 + n− 1)(σ1 + n− 2)(σ′
1 + n + 1)

(b1 + 2n− 2)3(b1 + 2n+ 2)

×
(

(σ1 − σ′
1 − 2)n(n+ b1)− (b1 − 2)(σ′

1 − σ2 + σ′
2 + 1)

)

, (B.11)

r
X,D
n,−1 =

2n(σ1 + n− 2)2(σ
′
1 + n− 1)(σ′

1 + n + 1)

(b1 + 2n− 4)(b1 + 2n− 2)3

2
∏

i=1

4
∏

j=3

(ai + aj + n− 1)

×
(

(2− σ1 + σ′
1)n(n+ b1 − 2) + (σ1 − 2)b1 − (σ2 − σ′

2)(b1 − 2)
)

,

r
X,D
n,0 =

1

32(b1 + 2n− 3)2(b1 + 2n)2
A.

Here A is a polynomial of degree 8 in n, whose coefficients are polynomials in σ1, σ2, σ
′
1 and

σ′
2. Since A has a lengthy expression, we do not write down it here and put it on the web

page [42].

B.4 Multi-indexed Askey-Wilson polynomials

We set b4 = a1a2a3a4, σ1 = a1 + a2, σ2 = a1a2, σ
′
1 = a3 + a4 and σ′

2 = a3a4.

Ex.1 D = {1I} : 5-term recurrence relations

X(η) = Xmin(η) =
η

(1 + q)σ1

(

2q
1
2 (σ2 − σ′

2q
2)η − (1 + q)

(

σ1(1− σ′
2)q + σ′

1(σ2 − q2)
)

)

,

r
X,D
n,2 =

q
3
2 (1− σ−1

2 σ′
2q

2)(b4q
n−1; q)2(1− σ2q

n−2)

2(1 + q)(b4q2n−1; q)4(1− σ2qn)
,

r
X,D
n,−2 =

(qn−1; q)2(1− σ−1
2 σ′

2q
2)

2(1 + q)q
1
2 (b4q2n−4; q)4

(σ2q
n−2; q)2(1− σ′

2q
n−2)(1− σ′

2q
n+1)

2
∏

i=1

4
∏

j=3

(aiajq
n−2; q)2,

r
X,D
n,1 = −

(1− b4q
n−1)(1− σ2q

n−2)(1− σ′
2q

n+1)

2q
1
2σ2(b4q2n−2; q)3(1− b4q2n+2)

×
(

q(b4q
2n + 1)

(

qσ1(1− σ′
2) + σ′

1(σ2 − q2)
)

− (1 + q2)qn
(

σ1σ
′
2(σ2 − q2) + σ′

1σ2q(1− σ′
2)
)

)

, (B.12)

r
X,D
n,−1 = −

(1− qn)(σ2q
n−2; q)2(1− σ′

2q
n−1)(1− σ′

2q
n+1)

2q
5
2σ2(1− b4q2n−4)(b4q2n−2; q)3

2
∏

i=1

4
∏

j=3

(1− aiajq
n−1)

×
(

(b4q
2n + q2)

(

qσ1(1− σ′
2) + σ′

1(σ2 − q2)
)

− (1 + q2)qn
(

σ1σ
′
2(σ2 − q2) + σ′

1σ2q(1− σ′
2)
)

)

,

r
X,D
n,0 =

1

2q
11
2 σ2(1 + q)(b4q2n−3; q)2(b4q2n; q)2

A,

Here A is a polynomial of degree 8 in qn, whose coefficients are polynomials in σ1, σ2, σ
′
1

and σ′
2. Since A has a lengthy expression, we put it on the web page [42].
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