arXiv:1411.2307v2 [math-ph] 31 Jan 2015

DPSU-14-2

Reflectionless Potentials for Difference Schrödinger Equations

Satoru Odake^a and Ryu Sasaki^{a,b}

a Department of Physics, Shinshu University, Matsumoto 390-8621, Japan b Department of Physics, National Taiwan University, Taipei 10617, Taiwan

Abstract

As a part of the program ‘discrete quantum mechanics,’ we present general reflectionless potentials for difference Schrödinger equations with pure imaginary shifts. By combining contiguous integer wave number reflectionless potentials, we construct the discrete analogues of the h(h + 1)/ cosh^2 x potential with the integer h, which belong to the recently constructed families of solvable dynamics having the q-ultraspherical polynomials with |q| = 1 as the main part of the eigenfunctions. For the general (h ∈ R_{>0} ) scattering theory for these potentials, we need the connection formulas for the basic hypergeometric function_2ϕ_1(^{a, b}_c |q ; z) with |q| = 1, which is not known. The connection formulas are expected to contain the quantum dilogarithm functions as the |q| = 1 counterparts of the q-gamma functions. We propose a conjecture of the connection formula of the_2ϕ_1 function with |q| = 1. Based on the conjecture, we derive the transmission and reflection amplitudes, which have all the desirable properties. They provide a strong support to the conjectured connection formula.

1 Introduction

It is well known that the general reflectionless potentials [1] in ordinary Quantum Mechanics (QM for short) can be constructed from the vacuum by repeated application of Darboux transformations in terms of the exponential seed solutions e^{kj x} + c̃_j e^{−kj x} (k_j > 0, c̃_j ∈ R) [2, 3]. This fact also explains that the reflectionless potentials are exactly solvable, that is, all the eigenvalues {−k^2_j } and the corresponding eigenfunctions are obtained explicitly. In this case, all the bound state eigenfunctions are elementary functions expressed as a ratio of determinants. It is also known that the typical exactly solvable potential h(h + 1)/ cosh^2 x [4, 5], with integer h ∈ Z_{>0} (reflectionless case), can be constructed by special combinations of the integer wave number reflectionless potentials, k_j = j, c̃_j = (−1)^{j−1} (j = 1, . . . , h). For this potential with generic h, besides the eigenpolynomial, which is the Jacobi polynomial, the scattering amplitudes are exactly calculable through the connection formulas of the Gaussian hypergeometric functions [6, 7].

The motivation of this paper is to present the parallel results in discrete Quantum Mechanics with pure imaginary shifts [8, 9]. That is, (i) To construct general reflectionless potentials by multiple Darboux transformations [10, 11, 12] in terms of the exponential seed solutions of the vacuum. The corresponding discrete eigenvalues and eigenfunctions are obtained simultaneously. That is, the reflectionless potentials are exactly solvable. (ii) By combining special exponential seed solutions corresponding to contiguous integer wave numbers, the discrete counterpart of the h(h + 1)/ cosh^2 x potential is constructed. The obtained potentials are identified as one of the exactly solvable systems introduced in our recent work [13] having the sinusoidal coordinates η(x) = sinh x and |q| = 1. For the generic couplings, the ground state wave functions consist of quantum dilogarithm functions [14]. The excited states wave functions are described by the q-ultraspherical polynomials and/or Heine’s hypergeometric functions_2ϕ_1 [15]. For the special couplings realizing the reflectionless potentials, the quantum dilogarithms are shown to degenerate into elementary functions. (iii) We propose a conjecture of the connection formula for the basic hypergeometric function_2ϕ_1 with |q| = 1, built upon the empirical correspondence between the infinite q-shifted factorials and the quantum dilogarithms. The transmission and reflection amplitudes for generic couplings are derived based on the conjectured connection formula for the basic hypergeometric function_2ϕ_1(^{a, b}_c |q ; z) with |q| = 1. The obtained scattering amplitudes have all the desirable properties and they provide a strong support for the conjectured connection formula.

Reflectionless potentials in discrete QM with real shifts were reported in [16]. This paper is organized as follows. In section two the general reflectionless potentials in discrete QM with pure imaginary shifts are derived from the trivial potential (V (x) ≡ 1) by multiple Darboux transformations in terms of exponential seed solutions. The explicit forms of the discrete eigenfunctions and the transmission amplitude are obtained. The discrete counterpart of the 1/ cosh^2 x potential is constructed in section three. A brief summary of the construction of the 1/ cosh^2 x potential by the special combination of reflectionless potentials in ordinary QM is given in § 3.1. The derivation of the discrete counterpart is done in two steps. The reflectionless case is derived directly from the special combinations of discrete reflectionless potentials in § 3.2. It is identified with a special case of the discrete exactly solvable systems with the sinusoidal coordinate η(x) = sinh x introduced earlier [13]. The properties of the generic case are explored in some detail in § 3.3. A conjectured connection formula for the basic hypergeometric function with the base |q| = 1 is presented in § 3.4. The scattering amplitudes are derived and their properties are examined. The final section is for a summary and comments. A few supporting evidences for the conjectured connection formula of the basic hypergeometric functions and for the replacement rule between the infinite q-shifted factorial and the quantum dilogarithm function are given in Appendix.

2 Reflectionless Potentials

Here we derive the general reflectionless potentials in discrete QM with pure imaginary shifts. Let us start with the basic formulation. In discrete QM the momentum operator p = −i^d_{dx} enters in the Hamiltonian in the exponentiated forms e^{±γp} (γ ∈ R), which give pure imaginary shifts to the wave function e^{±γp}ψ(x) = ψ(x ∓ iγ). The Hamiltonian H depends on an analytic function of x, V (x) and it has a factorised form: H = √ V (x)V^∗(x − iγ) e^{γp} + √ V^∗(x)V (x + iγ) e^{−γp} − V (x) − V^∗(x) (2.1) = A^†A, (2.2) A = i ( e^{γ2 p} √ V^∗(x) − e^{− γ2 p} √ V (x) ) , A^† = −i (√ V (x) e^{γ2 p} − √ V^∗(x) e^{− γ2 p} ) , (2.3)

where γ ∈ R_{≠0} is a real parameter and we assume γ > 0 in the following. The ∗-operation on an analytic function f(x) = ∑ n a_nx^n (a_n ∈ C ) is defined by f^∗(x)^{def}= f(x^∗)^∗ = ∑ n a^∗_nx^n, in which a^∗_n is the complex conjugation of a_n. The trivial choice V (x) ≡ 1 gives the free Hamiltonian H_0 together with the exponential and wave solutions: H_0 = e^{γp} + e^{−γp} − 2, p = −i d dx , (2.4)

H_0e^{±kx} = Ẽ_ke^{±kx}, Ẽ_k^{def}= −4 sin^2 kγ 2 < 0, (2.5)

H_0e^{±ikx} = E^s_ke^{±ikx}, E^s_k^{def}= 4 sinh^2 kγ 2 > 0. (2.6)

For Ẽ_k, we restrict k in the range 0 < k ≤^π_γ . Let us call e^{ikx} the right moving wave and e^{−ikx} the left moving wave. In the γ → 0 limit, these quantities reduce to the well-known counterparts in ordinary QM:

lim_{γ→0} γ^{−2}H_0 = p^2, lim_{γ→0} γ^{−2}Ẽ_k = −k^2, lim_{γ→0} γ^{−2}E^s_k = k^2, (2.7)

and the range of k becomes simply 0 < k.

We deform H_0 by the N-step Darboux transformations [10, 11, 12] in terms of the following exponential seed solutions ψ_1(x), ψ_2(x), . . . , ψ_N (x) in this order,

ψ_j (x) = e^{kj x} + c̃_je^{−kj x} = ψ^∗_j (x), 0 < k_1 < k_2 < · · · < k_N ≤^π_γ , (−1)^{j−1}c̃_j > 0, (2.8) H_0ψ_j (x) = Ẽ_{kj} ψ_j (x). (2.9)

Since the inverse of these seed solutions are locally square integrable at x = ±∞, these transformations are state adding transformations and N eigenstates are added if the resulted Hamiltonian is non-singular. First we rewrite H_0 as

H_0 = Â^†_1Â_1 + Ẽ_{k1} , Â_1^{def}= i ( e^{γ2 p} √ V̂ ∗_1 (x) − e^{− γ}2^p √ V̂_1(x) ), V̂_1(x)^{def}= ψ^1(x − iγ) ψ_1(x)

. (2.10)

Then we repeat the Darboux transformations:

H_{12...s}^{def}= Â_{12...s}Â^†_{12...s} + Ẽ_{ks} = Â^†_{12...s s+1}Â_{12...s s+1} + Ẽ_{ks+1} , (2.11) Â_{12...s}^{def}= i(e^γ2^p √ V̂ ∗_{12...s}(x) − e^{− γ}2^p √ V̂_{12...s}(x) ), (2.12)

V̂_{12...s}(x)^{def}= W^γ [ψ^1, ψ^2, . . . , ψ^{s−1}](x + i^{γ2} )

W_γ [ψ_1, ψ_2, . . . , ψ_{s−1}](x − i^γ_2 )

W_γ [ψ_1, ψ_2, . . . , ψ_s](x − iγ) W_γ [ψ_1, ψ_2, . . . , ψ_s](x)

. (2.13)

The Casoratian of functions {f_j(x)}^n_{j=1} is defined by

W_γ [f_1, . . . , f_n](x)^{def}= i^{12 n(n−1)} det ( f_k ( x^{(n)}_j )) 1≤j,k≤n , x^{(n)}_j^{def}= x + i(^{n+1}_2 − j)γ, (2.14)

(W_γ [·](x) = 1 for n = 0). The final step Hamiltonian H^{[N] def}= H_{12...N} ,

H^{[N]} = Â^{[N]}Â^{[N] †} + Ẽ_{kN} , Â^{[N] def}= Â_{12...N} , V̂^{[N]}(x)^{def}= V̂_{12...N} (x), (2.15)

is rewritten as, by setting A^{[N] def}= −Â^{[N] †},

H^{[N]} = A^{[N] †}A^{[N]} + Ẽ_{kN} , A^{[N] def}= i ( e^{γ2 p} √ V^{[N] ∗}(x) − e^{− γ2 p} √ V^{[N]}(x) ) , (2.16)

V^{[N]}(x)^{def}= V̂^{[N] ∗}(x − i^γ_2 ) = W_γ [ψ_1, . . . , ψ_{N−1}](x − iγ) W_γ [ψ_1, . . . , ψ_{N−1}](x)

W_γ [ψ_1, . . . , ψ_N ](x + i^γ_2 ) W_γ [ψ_1, . . . , ψ_N ](x − i^γ_2 )

. (2.17)

The Casoratian of exponential functions is W_γ [e^{k1x}, e^{k2x}, . . . , e^{knx}](x) = ∏ 1≤i<j≤n 2 sin^γ_2 (k_j − k_i) · e^{∑nj=1 kj x}. (2.18)

By the choice of the signs of the constants (−1)^{j−1}c̃_j > 0 (j = 1, . . . , N), it is easy to see

that the Casoratians are positive for real x: W_γ [ψ_1, . . . , ψ_j](x) > 0, −∞ < x < ∞, j = 1, . . . , N. (2.19) This means that Hamiltonian H^{[N]} is non-singular.^1 Its eigenstates Φ^{[N]}_j (x) (j = 1, 2, . . . , N)

and the right moving wave Ψ^{[N]}_k (x) (k > 0) are (for example, see [17]):

H^{[N]}Φ^{[N]}_j (x) = Ẽ_{kj} Φ^{[N]}_j (x), Φ^{[N]}_j (x) =

W_γ [ψ_1, . . . , ψ̆_j , . . . , ψ_N ](x) ( W_γ [ψ_1, . . . , ψ_N ](x − i^γ_2 )W_γ [ψ_1, . . . , ψ_N ](x + i^γ_2 )

) 1_2 ,

(2.20)

H^{[N]}Ψ^{[N]}_k (x) = E^s_kΨ^{[N]}_k (x), Ψ^{[N]}_k (x) = W_γ [ψ_1, . . . , ψ_N , e^{ikx}](x) ( W_γ [ψ_1, . . . , ψ_N ](x − i^γ_2 )W_γ [ψ_1, . . . , ψ_N ](x + i^γ_2 )

) 1_2 .

(2.21)

In (2.20) ψ̆_j means that ψ_j is excluded from the Casoratian. By using this, the asymptotic

forms of Φ^{[N]}_j (x) and Ψ^{[N]}_k (x) at x → ∞ are:

Φ^{[N]}_j (x) ≈ W_γ [e^{k1x}, . . . , ĕ^{kj x}, . . . e^{kN x}](x) ( W_γ [e^{k1x}, . . . , e^{kN x}](x − i^γ_2 )W_γ [e^{k1x}, . . . , e^{kN x}](x + i^γ_2 )

) 1_2

= (−1)^{j−1} N∏ i=1 i≠j ( 2 sin^γ_2 (k_i − k_j) )_{−1} · e^{−kj x}, (2.22)

Ψ^{[N]}_k (x) ≈ W_γ [e^{k1x}, . . . , e^{kN x}, e^{ikx}](x) ( W_γ [e^{k1x}, . . . , e^{kN x}](x − i^γ_2 )W_γ [e^{k1x}, . . . , e^{kN x}](x + i^γ_2 )

) 1_2

= N∏ j=1 2 sin^γ_2 (ik − k_j) · e^{ikx}, (2.23)

and the asymptotic forms at x → −∞ are:

Φ^{[N]}_j (x) ≈ W_γ [c̃_1e^{−k1x}, . . . , c̃_jĕ^{−kj x}, . . . c̃_N e^{−kN x}](x) ( W_γ [c̃_1e^{−k1x}, . . . , c̃_N e^{−kN x}](x − i^γ_2 )W_γ [c̃_1e^{−k1x}, . . . , c̃_N e^{−kN x}](x + i^γ_2 )

) 1_2

1 For the hermiticity of the Hamiltonian, however, we have to show that u_N (x) (2.29) has no zeros in the strip |Im x| <^1_2 γ in the complex plane (for example, see [13]).

= (−1)^{j−1}c̃^{−1}_j N∏ i=1 i≠j ( 2 sin^γ_2 (k_j − k_i) )_{−1} · e^{kj x}, (2.24)

Ψ^{[N]}_k (x) ≈ W_γ [c̃_1e^{−k1x}, . . . , c̃_N e^{−kN x}, e^{ikx}](x) ( W_γ [c̃_1e^{−k1x}, . . . , c̃_N e^{−kN x}](x − i^γ_2 )W_γ [c̃_1e^{−k1x}, . . . , c̃_N e^{−kN x}](x + i^γ_2 )

) 1_2

= N∏ j=1 2 sin^γ_2 (ik + k_j) · e^{ikx}. (2.25)

From these, Φ^{[N]}_j (x) is indeed square integrable, and the transmission and reflection amplitudes of Ψ^{[N]}_k (x) are

t^{[N]}(k) = N∏ j=1 sin^γ_2 (ik − k_j) sin^γ_2 (ik + k_j) = N∏ j=1 sinh^γ_2 (k + ik_j) sinh^γ_2 (k − ik_j)

, r^{[N]}(k) = 0. (2.26)

Thus we have established that the general reflectionless potentials are exactly solvable including the scattering problem. We have

H^{[N]}ϕ^{[N]}_n (x) = E^{[N]}_n ϕ^{[N]}_n (x) (n = 0, 1, . . . , N − 1), E^{[N]}_0 < E^{[N]}_1 < · · · < E^{[N]}_{N−1} < 0, (2.27)

in which ϕ^{[N]}n (x) and E^{[N]}n are defined by

ϕ^{[N]}_n (x)^{def}= const × Φ^{[N]}_{N−n}(x), E^{[N]}_n^{def}= Ẽ_{kN−n} (n = 0, 1, . . . , N − 1). (2.28)

Note that the Hamiltonian H^{[N]} has N eigenstates of arbitrary eigenvalues E^{[N]}n . The potential function V^{[N]}(x) and the eigenfunction Φ^{[N]}_j (x) are rational functions of e^{kj x}.

In the rest of this section, we show that some quantities related with the discrete reflectionless potentials have similar expressions to the counterparts in ordinary QM, i.e. the profile of the KdV solitons [1, 3, 18]. By introducing u_N (x) by

W_γ [ψ_1, . . . , ψ_N ](x) = ∏ 1≤i<j≤N 2 sin^γ_2 (k_j − k_i) · e^{∑Nj=1 kj x}u_N (x), (2.29)

(⇒ u_N (x) = u^∗_N (x)), the potential function V^{[N]}(x) (2.17) is expressed as V^{[N]}(x) = e^{iγkN} u_{N−1}(x − iγ) u_{N−1}(x) u_N (x + i^γ_2 ) u_N (x − i^γ_2 )

. (2.30)

This function u_N (x) (2.29) can be expressed in a determinant form,

u_N (x) = det A_N (x), ( A_N (x) ) mn def= δ_{mn} + c_me^{−(km+kn)x} sin^γ_2 (k_m + k_n) (m, n = 1, 2, . . . , N). (2.31)

Here c̃_j and c_j are related by

c̃_j = c_j sin γk_j N∏ i=1 i≠j sin^γ_2 (k_i − k_j ) sin^γ_2 (k_i + k_j)

, (2.32)

and the condition (−1)^{j−1}c̃_j > 0 means c_j > 0. This determinant has the following expansion,

u_N (x) = 1∑ μ_1,...,μ_N =0 exp (^N∑ j=1 μ_jη_j + ∑ 1≤i<j≤N a_{ij} μ_iμ_j ) , e^{ηj} = c_je^{−2kj x} sin γk_j , e^{aij} = (sin γ_2 (k_i − k_j) sin^γ_2 (k_i + k_j)

)_2 , (2.33) which is manifestly positive for real x and positive k_j(<^π_γ ) and c_j. We define u_{N,j}(x) (j = 1, . . . , N) by W_γ [ψ_1, . . . , ψ̆_j, . . . , ψ_N ](x)= ∏ 1≤i<l≤N i,l≠j 2 sin^γ_2 (k_l − k_i) · e^{∑Ni=1 kix−kj x}u_{N,j}(x), (2.34)

(⇒ u_{N,j}(x) = u^∗_{N,j}(x)). Then the eigenfunctions Φ^{[N]}_j (x) (2.20) are expressed as

Φ^{[N]}_j (x) = (−1)^{j−1} N∏ i=1 i≠j ( 2 sin^γ_2 (k_i − k_j) )_{−1} · e^{−kj x} u_{N,j}(x) √ u_N (x − i^γ_2 )u_N (x + i^γ_2 )

. (2.35)

This u_{N,j}(x) is written as a determinant by the replacement c_m →^{sin γ2 (kj −km)}_{sin} γ_{2 (kj +km)} c_m (m = 1, . . . , N) in (2.31), u_{N,j}(x) = det A_{N,j}(x), ( A_{N,j} (x) ) mn def= δ_{mn} + sin^γ_2 (k_j − k_m) sin^γ_2 (k_j + k_m) c_me^{−(km+kn)x} sin^γ_2 (k_m + k_n) (m, n = 1, 2, . . . , N). (2.36) In the γ → 0 limit, the Casoratian reduces to the Wronskian,

lim_{γ→0} γ^{− 12 n(n−1)}W_γ [f_1, . . . , f_n](x) = W[f_1, . . . , f_n](x), (2.37)

where f_j (x)’s are assumed to be independent of γ. In the γ → 0 limit, under the assumption that k_j and c̃_j are independent of γ ((2.32) implies c_j = O(γ)), the various quantities (with appropriate overall rescalings) in this section reduce to the counterparts in ordinary quantum mechanics. For example, the reflectionless potential is

U^{[N]}(x) = −2∂^2_x log u_N (x), (2.38) u_N (x) = det A_N (x), ( A_N (x) ) mn def= δ_{mn} + c_me^{−(km+kn)x} k_m + k_n (m, n = 1, 2, . . . , N). (2.39) Although the Hamiltonians are related directly, the relation between the potential function V^{[N]}(x) and the potential U^{[N]}(x) is indirect. The quantity related to U^{[N]}(x) more directly is the potential function U_N (x),

U_N (x)^{def}= √ V^{[N]}(x + i^γ_2 )V^{[N] ∗}(x − i^γ_2 ) = U^∗_N (x) (2.40) = √ W_γ [ψ_1, . . . , ψ_N ](x + iγ)W_γ [ψ_1, . . . , ψ_N ](x − iγ) W_γ [ψ_1, . . . , ψ_N ](x) = √ u_N (x + iγ)u_N (x − iγ) u_N (x) , whose limit is lim_{γ→0}

(_2 γ )_2(

U_N (x) − 1 ) = U^{[N]}(x). (2.41)

It is well known that the reflectionless potential in ordinary QM (2.38) with a proper time dependence, that is, c_m → c_me^{8k3mt} (m = 1, . . . , N), (2.42) gives the N-soliton solution of the KdV equation [18, 2, 3]. It is an interesting challenge to introduce an appropriate time dependence to U_N (x), (2.40) so that U_N (x; t) satisfies certain deformation of the KdV equation.

3 Discrete Counterpart of 1/ cosh^2 x Potential

3.1 1/ cosh^2 x potential in ordinary QM

First let us summarise fundamental properties of the 1/ cosh^2 x potential in ordinary QM. It is an exactly solvable system with finitely many discrete eigenlevels and its scattering problem is also exactly solvable.

It is well known that the reflectionless 1/ cosh^2 x potential is obtained from the trivial potential U(x) ≡ 0 by multiple Darboux transformations in terms of a very special choice of the exponential seed solutions (2.8)

k_j = j, c̃_j = (−1)^{j−1}. (3.1)

In other words, the potential (2.38) with

k_j = j, c_j = c̃_j2k_j N∏ i=1 i≠j k_i + k_j k_i − k_j = (N + j)! j!(j − 1)!(N − j)! (j = 1, . . . , N), (3.2) gives rise to U^{[N]}(x) = −

N(N + 1) cosh^2 x

, u_N (x) = e^{−N(N+1)x}(1 + e^{2x})^{12 N(N+1)}, (3.3) together with its n-th discrete eigenfunction ϕ_n(x) = (cosh x)^{n−N} P^{(N−n,N−n)} n (tanh x), (3.4) where P^{(α,β)}n (η) is the Jacobi polynomial. To be more precise, the above choice of k_j and c̃_j (3.1) gives rise to the Wronskians of the seed functions ψ_1, . . . , ψ_N (2.8):

W[ψ_1, . . . , ψ_N ](x) = N−1∏ j=1 j^{N−j} · (2 cosh x)^{12 N(N+1)}, (3.5) W[ψ_1, . . . , ψ̆_{N−n}, . . . , ψ_N ](x) W[ψ_1, . . . , ψ_N ](x) = 2^{n−N} (N − n) N! · (cosh x)^{n−N} P^{(N−n,N−n)} n (tanh x), (3.6) and the scattering amplitudes t^{[N]}(k) = N∏ j=1 (k + i j) (k − i j) , r^{[N]}(k) = 0, (3.7) which is the γ → 0 limit of (2.26) with k_j = j (j = 1, . . . , N).

Likewise the Hamiltonian with the generic coupling h, H = p^2 − h(h + 1) cosh^2 x (−∞ < x < ∞), h > 0, (3.8) has the eigenvalue E_n and the corresponding eigenfunction ϕ_n(x) (for example see [19]) E_n = −(h − n)^2, ϕ_n(x) = (cosh x)^{n−h}P^{(h−n,h−n)}_n (tanh x) (n = 0, 1, . . . , [h]^′), (3.9) where [x]^′ denotes the greatest integer not exceeding and not equal to x. The transmission and the reflection amplitudes [6, 7] are:

t(k) = Γ(−h − ik)Γ(1 + h − ik) Γ(−ik)Γ(1 − ik) , r(k) = Γ(ik)Γ(−h − ik)Γ(1 + h − ik) Γ(−ik)Γ(−h)Γ(1 + h)

. (3.10) The pole of the Gamma function Γ(−h) in the denominator of r(k) gives the reflectionless potential r(k) = 0 at h = N ∈ Z_{>0}. It is elementary to verify the unitarity relation |t(k)|^2 + |r(k)|^2 = 1 (k ∈ R_{>0} ). (3.11)

For deriving the scattering amplitudes of this potential, the Jacobi (Gegenbauer) polynomial in the eigenfunction (3.9) is replaced by the Gaussian hypergeometric function

(2 cosh x)^{n−h}_2F_1 (−n, −n + 2h + 1 h − n + 1 | | | 1 − tanh x 2 ) . Then it is analytically continued in the complex k plane by the substitution n = h + ik:

(2 cosh x)^{ik}_2F_1 (−h − ik, 1 + h − ik 1 − ik | | | 1 − tanh x 2 ) , (3.12)

which goes asymptotically to the unit amplitude right moving wave e^{ikx} at x = +∞. By using the connection formula of the Gaussian hypergeometric function,

2F_1 (α, β γ | |z) = Γ(γ)Γ(α + β − γ) Γ(α)Γ(β)

(1 − z)^{γ−α−β} ·_2F_1 ( γ − α, γ − β γ − α − β + 1 | |1 − z)

+ Γ(γ)Γ(γ − α − β) Γ(γ − α)Γ(γ − β) ·_2F_1 ( α, β α + β − γ + 1 | | | 1 − z ) , (3.13)

the asymptotic behaviour of the above wave function (3.12) at x = −∞ is given by Γ(1 − ik)Γ(−ik) Γ(−h − ik)Γ(1 + h − ik) e^{ikx} + Γ(1 − ik)Γ(ik) Γ(1 + h)Γ(−h) e^{−ikx}. (3.14) The unit amplitude right moving wave e^{ikx} at x = −∞ propagates to t(k)e^{ikx} at x = +∞ and reflected to the left moving wave r(k)e^{−ikx} at x = −∞, with the transmission amplitude t(k) and the reflection amplitude r(k) as given above (3.10).

3.2 Reflectionless case

Next, the discrete QM counterpart goes as follows. For the choice of k_j and c̃_j in (3.1), the Casoratian of ψ_1, . . . , ψ_N (2.8) becomes

W_γ [ψ_1, . . . , ψ_N ](x) = N−1∏ j=1 ( 2 sin^γ_2 j )_{N−j} · N∏ j=1 j∏ l=1 2 cosh ( x + iγ(^{j+1}_2 − l) ) . (3.15)

By using this we obtain a very simple form of the potential function V^{[N]}(x) and the ground state wavefunction Φ^{[N]}_N (x): V^{[N]}(x) = e^{−iγN} (1 + e^{iγN} e^{2x})(1 + e^{iγ(N−1)}e^{2x}) (1 + e^{2x})(1 + e^{−iγ} e^{2x})

, (3.16)

Φ^{[N]}_N (x) = (^{N−1}∏ j=1 2 sin^γ_2 j )_{−1} · (^N∏ j=1 4 cosh(x − i^γ_2 j) cosh(x + i^γ_2 j)

)_− 1_2 . (3.17)

In the γ → 0 limit, this Hamiltonian H^{[N]} with V^{[N]}(x) (3.16) reduces to the reflectionless 1/ cosh^2 x potential U^{[N]}(x) (3.3) in ordinary QM. Moreover we have W_γ [ψ_1, . . . , ψ̆_{N−n}, . . . , ψ_N ](x) W_γ [ψ_1, . . . , ψ_{N−1}](x) × n∏ l=1 2 sin^γ_2 l sin^γ_2 (2N − 2n + l)

sin^γ_2 (N − l) = e^{−iγ(N− 14 (3n−1))n}p_n(i sinh x; e^{i γ2 N} , e^{i γ2 (N−1)}, −e^{i γ2 N} , −e^{i γ2 (N−1)}|e^{−iγ} ), (3.18) where p_n(η; a_1, a_2, a_3, a_4|q) is the Askey-Wilson polynomial [20], expressed in terms of the basic hypergeometric function_4ϕ_3:

p_n(cos x ; a_1, a_2, a_3, a_4|q) (b_4^{def}= a_1a_2a_3a_4) def= a^{−n}_1 (a_1a_2, a_1a_3, a_1a_4 ; q)_{n 4}ϕ_3 (q−n, b_4qn−1, a_1eix, a_1e−ix a_1a_2, a_1a_3, a_1a_4 | | | q ; q ) . (3.19)

The type of parameter restrictions of the Askey-Wilson polynomial in (3.18) is also called the (continuous) q-ultraspherical polynomial [20, 21], which is a q-analogue of the Gegenbauer polynomial. Because of the symmetry of the parameters, the q-ultraspherical polynomial can also be expressed by_3ϕ_2 or_2ϕ_1 [20, 21]:

C_n(cos x; β|q) =

(β^2; q)_n (βq^12 , −β, −βq^12 , q; q)_n p_n(cos x; β^{12} , β^{12} q^{12} , −β^{12} , −β^{12} q^{12} |q) = (β^2; q)_n (q; q)_n β^{− 12 n}_4ϕ_3 (q−n, β2qn, β^1_2 eix, β^1_2 e−ix βq^12 , −β, −βq^12 | |q ; q )

= (β^2; q)_n (q; q)_n β^{−n}e^{−inx}_3ϕ_2 (q−n, β, βe2ix β^2, 0 | | q ; q )

= (β; q)_n (q; q)_n e^{inx}_2ϕ_1 ( q−n, β β^{−1}q^{1−n} | |q ; β^{−1}qe^{−2ix} ) (n ∈ Z_{≥0}). (3.20)

The change of the sinusoidal coordinates cos x → i sinh x is realised by ((3.39) in [13])

cos x → i sinh x ⇐⇒ x →^π_2 − ix. (3.21)

We choose the proportionality constant in the eigenfunction ϕ^{[N]}n (x) of the reflectionless potential (2.28) as

ϕ^{[N]}_n (x) = N−1∏ l=1 2 sin^γ_2 l · n∏ l=1 2 sin^γ_2 l sin^γ_2 (2N − 2n + l) sin^γ_2 (N − l)

× Φ^{[N]}_{N−n}(x). (3.22)

In [13] we presented the exactly solvable discrete QM system with |q| = 1 and the sinusoidal coordinate η(x) = sinh x. Its Hamiltonian (with K = 1) is

H^′ = A^†A, A^{def}= i ( e^{γ2 p} √ V^∗(x) − e^{− γ2 p} √ V (x) ) , (3.23)

V (x) = e^{iπ}e^{−i γ2} a^∗_1a^∗_2 |a_1a_2|

∏_2

j=1(1 + a_j e^x)(1 − a^{∗ −1}_j e^x) (1 + e^{2x})(1 + e^{−iγ} e^{2x})

, q = e^{−iγ} . (3.24)

For the parameters

a_j = e^{−iγ(αj +iβj )}, β_j ∈ R, γ − π < γα_j < 0, −γα > π −^γ_2 (α^{def}= α_1 + α_2), (3.25)

its eigenfunctions are

H^′ϕ_n(x) = E^′_nϕ_n(x) (n = 0, 1, . . . , n_{max}), n_{max} = [^1_2 − α −^π_γ ]^′, ϕ_n(x) = ϕ_0(x)P_n ( η(x) ) , η(x) = sinh x, E^′_n = 4 sin^γ_2 n sin^γ_2 (n − 1 + 2α), P_n(η) = e^{−i π2 n}e^{iγ 34 n(n−1)}e^{iγαn} (−i)^np_n(iη; ia_1, ia_2, −ia^{∗ −1}_1 , −ia^{∗ −1}_2 |e^{−iγ} ), (3.26) ϕ_0(x) = e^{( 12 −α− πγ )x} √ 1 + e^{2x} × (_2∏ j=1 Φ^γ_2 ( x + γβ_j + iγ(^1_2 − α_j ) ) Φ^γ_2 ( x − γβ_j + iγ(^1_2 − α_j) − iπ ) Φ^γ_2 ( x + γβ_j − iγ(^1_2 − α_j ) ) Φ^γ_2 ( x − γβ_j − iγ(^1_2 − α_j ) + iπ ) ) 1_2 . (3.27)

The quantum dilogarithm function Φ_γ (z) [14] plays the main role in the orthogonality weight function for the finitely many orthogonal polynomials P_n(η) (3.26) with |q| = 1. It is a meromorphic function, defined for |Im z| < γ + π by the integral representation

Φ_γ (z) = exp (∫ R+i0 e^{−izt} 4 sinh γt sinh πt dt t ) (|Im z| < γ + π), (3.28)

and analytically continued to the whole complex plane by the functional equation Φ_γ (z + iγ) Φ_γ (z − iγ) = 1 1 + e^z

. (3.29)

For more properties of the quantum dilogarithm functions, see Appendix B in [13].

Now let us identify the obtained potential function V^{[N]}(x) (3.16) as a special case of the above exactly solvable |q| = 1 systems. We assume

N + 2 < π γ , (3.30)

and choose the parameters of H^′ in (3.25)

β_1 = β_2 = 0, α_1 = −^π_{2γ} −^N_2 , α_2 = −^π_{2γ} −^{N−1}_2 ( ⇒ a_1 = ie^{i γ2 N} , a_2 = ie^{i γ2 (N−1)} ) . (3.31)

Then the two Hamiltonian H^{[N]} with V^{[N]}(x) (3.16) and H^′ (3.23) are equal up to an additive constant H^{[N]} = H^′ + Ẽ_{kN} , (3.32) and the ground state wave function ϕ_0(x) (3.27) and the eigenpolynomials P_n(η) (3.26) of H^′ become

ϕ_0(x) = (^N∏ j=1 4 cosh(x − i^γ_2 j) cosh(x + i^γ_2 j)

)_− 1_2 , (3.33) P_n(η) = e^{−iγ(N− 14 (3n−1))n}p_n(iη; e^{i γ2 N} , e^{i γ2 (N−1)}, −e^{i γ2 N} , −e^{i γ2 (N−1)}|e^{−iγ} ). (3.34) Namely ϕ_n(x) (3.27) of H^′ agrees with ϕ^{[N]}n (x) (3.22) of H^{[N]}. The additive constant Ẽ_{kN} in (3.32) provides the proper eigenvalues of H^{[N]}

E^{[N]}_n = E^′_n + Ẽ_{kN} = 4 sin^γ_2 n sin^γ_2 (n − 1 + 2α) − 4 sin^{2 γ}_2 k_N = −4 sin^{2 γ}_2 (N − n) = Ẽ_{kN−n} ,

and the highest level of discrete eigenstates is also n_{max} = [^1_2 − α −^π_γ ]^′ = [N]^′ = N − 1. In order to show that the quantum dilogarithm in the ground state wave function ϕ_0(x) (3.27) of H^′ reduces to the elementary function (3.33), the functional equation (3.29) is used repeatedly,

Φ_γ (z + iγn_1) Φ_γ (z − iγn_2) = n1+n2 2 −1 ∏ k=0 1 1 + e^{z+iγ(n1−2k−1)} ( n_1, n_2 ∈ Z_{≥0}, n_1 ≡ n_2 (mod 2) ) . (3.35)

Thus the discrete analogue of the reflectionless 1/ cosh^2 x potential is constructed by the special combination of the discrete reflectionless potential.

3.3 Generic case

Now we turn to the construction of the discrete analogue of generic 1/ cosh^2 x potential. Let us consider H^′ (3.23) with the parameters,

β_1 = β_2 = 0, α_1 = −^π_{2γ} −^h_2 , α_2 = −^π_{2γ} −^h_2 +^1_2 ( ⇒ a_1 = ie^{i γ2 h}, a_2 = ie^{i γ2 (h−1)} ) , h > 0, h + 2 <^π_γ , (3.36)

and define a new Hamiltonian H:

H^{def}= H^′ + Ẽ_h. (3.37) The parameter ranges satisfy the previous restrictions (3.25). The eigenstates of H are

Hϕ_n(x) = E_nϕ_n(x) (n = 0, 1, . . . , n_{max}), n_{max} = [h]^′, V (x) = e^{−iγh} (1 + e^{iγh}e^{2x})(1 + e^{iγ(h−1)}e^{2x}) (1 + e^{2x})(1 + e^{−iγ} e^{2x})

, (3.38) ϕ_n(x) = ϕ_0(x)P_n ( η(x) ) , η(x) = sinh x, E_n = Ẽ_{h−n} = −4 sin^{2 γ}_2 (h − n), (3.39) P_n(η) = e^{−iγ(h− 14 (3n−1))n}p_n(iη; e^{i γ2 h}, e^{i γ2 (h−1)}, −e^{i γ2 h}, −e^{i γ2 (h−1)}|e^{−iγ} ) ∝ C_n(i sinh x; β|q), q = e^{−iγ} , β^{def}= e^{iγh} = q^{−h}, (3.40)

ϕ_0(x) = e^{hx} √ 1 + e^{2x} × ( Φ_γ 2 ( x + i^γ_2 (h + 1) + i^π_2 ) Φ^γ_2 ( x + i^γ_2 (h + 1) − i^π_2 ) Φ^γ_2 ( x − i^γ_2 (h + 1) − i^π_2 ) Φ^γ_2 ( x − i^γ_2 (h + 1) + i^π_2 )

× Φ^γ_2 ( x + i^γ_2 h + i^π_2 ) Φ^γ_2 ( x + i^γ_2 h − i^π_2 ) Φ^γ_2 ( x − i^γ_2 h − i^π_2 ) Φ^γ_2 ( x − i^γ_2 h + i^π_2 ) ) 1_2

= e^{hx} √ 1 + e^{2x} ( Φ_γ ( 2x + iγ(1 + h) ) Φ_γ ( 2x + iγh ) Φ_γ ( 2x − iγ(1 + h) ) Φ_γ ( 2x − iγh ) ) 1_2

= e^{hx} √ 1 + e^{2x} (Φ_γ 2 ( 2x + iγ(h +^1_2 ) ) Φ^γ_2 ( 2x − iγ(h +^1_2 ) ) ) 1_2

, (3.41)

where we have used the properties

Φ_γ (z + i^π_2 )Φ_γ (z − i^π_2 ) = Φ_{2γ} (2z), Φ_γ (z + i^γ_2 )Φ_γ (z − i^γ_2 ) = Φ^γ_2 (z). (3.42)

Note that P_n(η) has definite parity P_n(−η) = (−1)^nP_n(η), like the Gegenbauer polynomial

P_n in (3.9). It should be stressed that this Hamiltonian H (3.37) is symmetric under the

parameter inversion:

h + 1 ↔ −h, (3.43)

V (x)V^∗(x − iγ), V (x) + V^∗(x) − Ẽ_h : invariant. (3.44)

Note that the eigenfunctions (3.39)–(3.41) are not invariant under the parameter inversion

because half of the solutions are discarded to ensure the square integrability. On the other

hand, the scattering amplitudes are invariant since the full two-dimensional solution space

is needed for the scattering problem. This Hamiltonian H has the correct γ → 0 limit [13],

lim_{γ→0} γ^{−2}H = H = p^2 − h(h + 1)

cosh^2 x

, (3.45)

which has regular singular points at x = iπ/2, mod iπ, with the characteristic exponents

h + 1 and −h. The invariance under the above parameter inversion (3.43) is inherited by

the Hamiltonian and by the transmission and reflection amplitudes t(k), r(k) (3.10).

3.4 Scattering amplitudes: Conjectures

In ordinary QM, scattering problems can be formulated for non-confining potentials, that is, those having finitely many discrete eigenstates defined on a full line or a half line. They are exactly solvable, i.e. the transmission and reflection amplitudes are exactly calculable, if the discrete eigenvalues and eigenfunctions are exactly known [6, 7]. We naturally expect the same situation in discrete QM and the scattering problem for the Hamiltonian H (3.37) should also be exactly solvable. Asymptotically the Hamiltonian H (3.37) has the plane wave solutions e^{±ikx}, since it approaches to the free Hamiltonian H_0 (2.4):

H → H_0 (x → ±∞), He^{±ikx} ≈ E^s_ke^{±ikx}, E^s_k = 4 sinh^2 kγ 2 . The scattering problem is formulated as follows. We pick up a special wave solution Ψ_k(x) which approaches to the unit amplitude right moving plane wave at x → +∞:

HΨ_k(x) = E^s_kΨ_k(x), Ψ_k(x) → e^{ikx} (x → +∞). (3.46)

Analytically continued in x to the region x = −∞, Ψ_k(x) is a linear combination of the right and left moving plane waves: Ψ_k(x) → A(k)e^{ikx} + B(k)e^{−ikx} (x → −∞). (3.47) The transmission t(k) and the reflection r(k) amplitudes are defined by

t(k)^{def}= 1 A(k) , r(k)^{def}= B(k) A(k) . (3.48)

At a possible zero of A(k) (a pole of t(k)) on the positive imaginary k axis, k = iκ (κ > 0): A(iκ) = 0, the special wave solution Ψ_k(x) analytically continued in the complex upper k plane has the asymptotic behaviours of a bound state Ψ_{iκ}(x) → { e^{−κx} : x → +∞ B(iκ)e^{κx} : x → −∞ , (3.49) with the eigenvalue Ẽ_κ(= E^s_{iκ}).

The special plane wave solution is obtained from the discrete eigenfunction (3.40)–(3.41) expressed by the basic hypergeometric function: ϕ_n(x) ∝ ϕ_0(x)C_n(i sinh x; β|q), q = e^{−iγ} , β = e^{iγh} = q^{−h},

∝ e^{hx} √ 1 + e^{2x} (Φ_γ 2 ( 2x + iγ(h +^1_2 ) ) Φ^γ_2 ( 2x − iγ(h +^1_2 ) ) ) 1_2 e^{nx}_2ϕ_1 ( q−n, β β^{−1}q^{1−n} | | |q ; β^{−1}qe^{−2x−iπ} ) , where the substitution of the coordinate x →^π_2 − ix (3.21) is made corresponding to the sinusoidal coordinates change cos x → i sinh x in the q-ultraspherical polynomial (3.20). Next it is analytically continued into the complex k plane by the substitution n = h + ik as in the ordinary QM:

Ψ_k(x)^{def}= e^{ikx}e^{2hx} √ 1 + e^{2x} (Φ_γ 2 ( 2x + iγ(h +^1_2 ) ) Φ^γ_2 ( 2x − iγ(h +^1_2 ) ) ) 1_2

2ϕ_1 (q−h−ik, q−h q^{1−ik} | | | q ; q^{1+h}e^{−2x−iπ} ) , (3.50) which approaches to the unit amplitude right moving wave e^{ikx} at x → ∞. Hereafter we exclude the cases of q being a root of unity q^n = 1 (n ∈ Z_{>0}). The convergence of the basic hypergeometric function_2ϕ_1(^{a, b}_c |q ; z) with |q| = 1 is a subtle problem and we do not know if the answer is known. We consider |q| = 1 is approached from below, |q| ↗ 1 [22], which is realised by adding an infinitesimal negative imaginary part to γ, γ → γ − iϵ (ϵ > 0). In the following, we assume that the function_2ϕ_1(^{a, b}_c |q ; z) with |q| = 1 has a positive radius of convergence at z = 0 and it is analytically continued to the whole complex z plane.

In order to evaluate Ψ_k(x) in the asymptotic region x → −∞, we need the connection formula for the basic hypergeometric function_2ϕ_1(^{a, b}_c |q ; z) with |q| = 1. However, the authors are aware of the connection formula only for 0 < q < 1 (4.3.2) in [15]:

2ϕ_1 (a, b c | | q ; z) = (b, c/a; q)∞ (c, b/a; q)_∞ (az, q/(az); q)_∞ (z, q/z; q)_∞ ·_2ϕ_1 (a, aq/c aq/b | |q ; cq abz )

+ (a, c/b; q)_∞ (c, a/b; q)_∞ (bz, q/(bz); q)_∞ (z, q/z; q)_∞ ·_2ϕ_1 (b, bq/c bq/a | | | q ; cq abz ) , (3.51)

derived by Watson [23]. The underlying logic for the formula is that the basic hypergeometric functions on the right hand side with the z-depending factors satisfy the same difference equation as the left hand side: ( (c − abz)q^{Dz} + (a + b)z − c − q + (q − z)q^{−Dz} ) 2ϕ_1 (a, b c | | | q ; z ) = 0, (3.52)

in which D_z is D_z^{def}= z^d_{dz} and q^{Dz} f(z) = f(qz). This situation is unchanged when the base is changed from 0 < q < 1 to |q| = 1. For |q| = 1, however, the infinite q-shifted factorial (a; q)_∞ does not converge. We know through the construction of exactly solvable discrete QM systems with |q| = 1 [13], that the infinite q-shifted factorials should be replaced by quantum dilogarithm functions (3.28). Experience with q-orthogonal polynomials with |q| = 1 [13] has led us to the following replacement rule for the coefficients of the connection formula

(e^z; q)_∞ −→ const./Φ^{(+)}γ_2 (z), Φ^{(+)}γ_2 (z)^{def}= Φ^γ_2 ( z + i^γ_2 + iπ ) , q = e^{−iγ} . (3.53)

The above constant factor is not yet determined, since the infinite q-factorials appear in ratios. By applying this replacement rule to the connection formula with 0 < q < 1 above (3.51), we arrive at the following:

Conjecture 1 The connection formula for the basic hypergeometric function_2ϕ_1 with |q| = 1, (q = e^{−iγ} , γ > 0) reads:

2ϕ_1 (eλ, eμ e^ν | | |q ; e^z ) (3.54) = Φ^{(+)}γ_2 (ν)Φ^{(+)}γ_2 (μ − λ) Φ^{(+)}γ_2 (μ)Φ^{(+)}γ_2 (ν − λ)

Φ^{(+)}γ_2 (z)Φ^{(+)}γ_2 (−iγ − z) Φ^{(+)}γ_2 (λ + z)Φ^{(+)}γ_2 (−iγ − λ − z)

·_2ϕ_1 (eλ, q eλ−ν q e^{λ−μ} | | | q ; q e^{ν−λ−μ−z} )

+ Φ^{(+)}γ_2 (ν)Φ^{(+)}γ_2 (λ − μ) Φ^{(+)}γ_2 (λ)Φ^{(+)}γ_2 (ν − μ)

Φ^{(+)}γ_2 (z)Φ^{(+)}γ_2 (−iγ − z) Φ^{(+)}γ_2 (μ + z)Φ^{(+)}γ_2 (−iγ − μ − z)

·_2ϕ_1 (eμ, q eμ−ν q e^{μ−λ} | | |q ; q e^{ν−λ−μ−z} ) .

Remark 1 The first factors of the above connection formula and the arguments of_2ϕ_1 have similar structures to those of the corresponding Gaussian hypergeometric function:

2F_1 (λ, μ ν | | |z ) = Γ(ν)Γ(μ − λ) Γ(μ)Γ(ν − λ) (−z)^{−λ} ·_2F_1 (λ, λ − ν + 1 λ − μ + 1 | | | 1 z )

+ Γ(ν)Γ(λ − μ) Γ(λ)Γ(ν − μ) (−z)^{−μ} ·_2F_1 (μ, μ − ν + 1 μ − λ + 1 | | | 1 z ) . (3.55)

Remark 2 It is straightforward to show that both of the basic hypergeometric functions with the z-dependent factors on the right hand side satisfy the same q-difference equation (3.52) as the left hand side. One only has to apply translation rules e^λ → a, e^μ → b, e^ν → c, e^z → z, e^{−iγ} → q, etc. The quantum dilogarithm formulas (3.29), (3.42), (3.62)–(3.66) are useful.

Remark 3 Since we do not have an analytic proof for the connection formula (3.54), we will provide several supporting evidences for the Conjecture 1 and the replacement rule (3.53) in Appendix.

Based on the Conjecture 1, the asymptotic form of the plane wave solution Ψ_k(x) at x = −∞ is obtained: Ψ_k(x) → e^{ikx}e^{−i γ2 h(h+1)} Φ^{(+)}γ_2 (−kγ − iγ)Φ^{(+)}γ_2 (−kγ) Φ^{(+)}γ_2 (−kγ + iγh)Φ^{(+)}γ_2 (−kγ − iγ(h + 1)) + e^{−ikx}e^{−i γ2 h(h+1)+ kγ2 (1−ik)} Φ^{(+)}γ_2 (−kγ − iγ)Φ^{(+)}γ_2 (kγ) Φ^{(+)}γ_2 (iγh)Φ^{(+)}γ_2 (−iγ(h + 1))

. (3.56)

This leads to the transmission and the reflection amplitudes for the Hamiltonian H (3.37): t(k) = e^{i γ2 h(h+1)} Φ^{(+)}γ_2 (−kγ + iγh)Φ^{(+)}γ_2 (−kγ − iγ(h + 1))

Φ^{(+)}γ_2 (−kγ)Φ^{(+)}γ_2 (−kγ − iγ)

= e^{i γ2 h(h+1)}

Φ^γ_2 (−kγ + iγ(h +^1_2 ) + iπ)Φ^γ_2 (−kγ − iγ(h +^1_2 ) + iπ)

Φ^γ_2 (−kγ + i^γ_2 + iπ)Φ^γ_2 (−kγ − i^γ_2 + iπ)

, (3.57)

r(k) = e^{kγ2 (1−ik)} Φ^{(+)}γ_2 (kγ)Φ^{(+)}γ_2 (−kγ + iγh)Φ^{(+)}γ_2 (−kγ − iγ(h + 1))

Φ^{(+)}γ_2 (−kγ)Φ^{(+)}γ_2 (iγh)Φ^{(+)}γ_2 (−iγ(h + 1)) = e^{kγ2 (1−ik)} Φ^γ_2 (kγ + i^γ_2 + iπ)Φ^γ_2 (−kγ + iγ(h +^1_2 ) + iπ)Φ^γ_2 (−kγ − iγ(h +^1_2 ) + iπ) Φ^γ_2 (−kγ + i^γ_2 + iπ)Φ^γ_2 (iγ(h +^1_2 ) + iπ)Φ^γ_2 (−iγ(h +^1_2 ) + iπ) . (3.58) They satisfy all the known criteria for the scattering amplitudes. Obviously they are invariant under the parameter inversion −h ↔ h+1 (3.43). The pole of the quantum dialog Φ^γ_2 ( −kγ + iγ(h +^1_2 ) + iπ ) in the numerator of t(k) (k = iκ, κ > 0) at k = i(h − n), n = 0, 1, . . . , [h]^′, (3.59) corresponds to the eigenvalue E_n = E^s_{i(h−n)} = −4 sin^{2 γ}_2 (h − n) in (3.39). For 0 < κ ≤^π_γ , there are no other poles of t(k). The scattering amplitudes satisfy the unitarity relation |t(k)|^2 + |r(k)|^2 = 1 (k ∈ R_{>0} ). (3.60) When h is a positive integer N, they reduce to the special case obtained in § 2 (2.26) for k_j = j (j = 1, . . . , N): t(k) = N∏ j=1 sinh^γ_2 (k + i j) sinh^γ_2 (k − i j)

, r(k) = 0. (3.61)

The pole of the quantum dialog Φ^γ_2 ( iγ(h +^1_2 ) + iπ ) in the denominator of r(k) at h = N is responsible for the reflectionless property. There are no other zeros of r(k). Thus we do believe these scattering amplitudes are correct and they provide a strong evidence for the connection formula, Conjecture 1. We do hope experts to provide an analytic proof of the connection formula.

For the verification of these results, on top of (3.29), (3.42), the following properties and formulas are useful [13]: functional relations: Φ_γ (z + iπ) Φ_γ (z − iπ) = 1 1 + e^{πγ z} , Φ_γ (z)^∗ = 1 Φ_γ (z^∗)

(complex conjugation), (3.62)

Φ_γ (z)Φ_γ (−z) = exp ( i 4γ ( z^2 + γ^2 + π^2 3 )) . (3.63)

poles and zeros:

poles of Φ_γ (z) : z = i ( (2n_1 − 1)γ + (2n_2 − 1)π ) (n_1, n_2 ∈ Z_{≥1}), (3.64) zeros of Φ_γ (z) : z = −i ( (2n_1 − 1)γ + (2n_2 − 1)π ) (n_1, n_2 ∈ Z_{≥1}). (3.65)

asymptotic forms: (|Im z| < γ + π)

Φ_γ (z) = { exp (_i 4γ ( z^2 +^{γ2+π2}_3 )) (Re z → ∞) 1 (Re z → −∞)

. (3.66)

4 Summary and Comments

In ordinary QM, the scattering problems for non-confining exactly solvable systems defined on the full line or half line are known to be exactly solvable [6, 7]. We have recently developed several exactly solvable systems with non-confining potentials in discrete QM with pure imaginary shifts [13]. The eigenpolynomials are q-orthogonal polynomials with |q| = 1 and their orthogonality weight functions are quantum dilogarithm functions. One of them is the discrete counterpart of the 1/ cosh^2 x potential. We do expect that its scattering problem is exactly solvable. However, the solutions of scattering problems in general require the connection formulas of the (basic) hypergeometric functions. To the best of our knowledge, the connection formula for_2ϕ_1 with |q| = 1 is not known. We made a conjecture of the connection formula Conjecture 1 (3.54), built upon the empirical correspondence between the infinite q-shifted factorial and the quantum dilogarithm (3.53). Based on the conjectured connection formula for_2ϕ_1 with |q| = 1, the scattering amplitudes of the discrete analogue of the 1/ cosh^2 x potential are derived (3.57)–(3.58). They reproduce well the reflectionless limit and retain the proper symmetry of the Hamiltonian. We do believe that the Conjecture 1 (3.54) is correct and ask experts to provide its analytical proof.

It is also interesting to investigate the scattering problems of the exactly solvable systems with non-confining potentials developed in [13]; the discrete counterpart of the Morse potential with the sinusoidal coordinate η(x) = e^{±x}, the deformation of the hyperbolic Darboux- Pöschl-Teller potential with η(x) = cosh x, the discrete counterpart of the the hyperbolic symmetric top II with η(x) = sinh x.

As for the discrete quantum mechanics with real shifts [24], we have not yet developed a satisfactory scattering theory.

After completing the present work, several related papers were brought to our attention. We thank friends and colleagues for the useful information. The analytic difference operators having exponential interaction terms and their eigenfunctions were discussed in [25]. The q-hypergeometric function of the Barnes type with |q| = 1 and its connection formula were presented in [26, 27]. Quantum dilogarithm functions appeared in many papers, in particular [28, 29] in connection with the applications to various quantum groups. The analogue of the 1/ cosh^2 x potential in discrete QM with real shifts [16] was reported in [30].

Acknowledgements

We thank K. Aomoto for useful comments. R. S. thanks Pauchy Hwang and Dept. Phys. National Taiwan University for hospitality. S. O. is supported in part by Grant-in-Aid for Scientific Research from the Ministry of Education, Culture, Sports, Science and Technology (MEXT), No.25400395.

Appendix

A Some supporting evidences for the Conjecture

In this Appendix we provide a few supporting evidences for the conjectured connection formula (3.54) and the replacement rule between the q-shifted factorials and quantum dilogarithm functions (3.53).

First we note that

Φ^{(+)}γ_2 (z)Φ^{(+)}γ_2 (−z − iγ) = exp (_i 2γ (z + i^γ_2 + iπ)^2 +^i_{24γ} (γ^2 + 4π^2) ) 1 − e^{− 2πγ z} . (A.1)

By using this, we can show that (3.54) is consistent with twice applications. Namely, applying (3.54) to the r.h.s. of (3.54), we have

2ϕ_1 (_{eλ, eμ} e^ν |q ; e z) = (· · · ) ( (· · · ) ·_2ϕ_1 (_{eλ, eμ} e^ν |q ; e z) + (· · · ) ·_2ϕ_1 (_{qeλ−ν , qeμ−ν} q^2e^{−ν} |q ; e z)) + (· · · ) ( (· · · ) ·_2ϕ_1 (_{eλ, eμ} e^ν |q ; e z) + (· · · ) ·_2ϕ_1 (_{qeλ−ν , qeμ−ν} q^2e^{−ν} |q ; e z)) =_2ϕ_1 (_{eλ, eμ} e^ν |q ; e z) . The corresponding result for the original connection formula (3.51) can be proven by using Riemann identity for the theta functions.

a = q^{−n} (n ∈ Z_{≥0}) case: When a = q^{−n} (n ∈ Z_{≥0}) in the original connection formula (3.51), the second term on the right hand side vanishes, (q^{−n}; q)_∞ = 0 and it reduces to ((0.6.19) of [20] review):

2ϕ_1 (q−n, b c | | |q ; z ) = (b; q)_n (c; q)_n q^{− 12 n(n+1)}(−z)^n ·_2ϕ_1 (q−n, q1−n/c q^{1−n}/b | | |q ; cq^{1+n} bz ) . (A.2)

Since both sides are finite sums, this formula is true for all complex q, except for 0 and the root of unities (q^m = 1, 1 ≤ m ≤ n). In this case, the conjectured connection formula (3.54) gives rise to the same formula as above. For this, we note that Φ^{(+)}γ_2 (λ) in the denominator of the second term on r.h.s. has a pole at λ = e^{inγ} and the quantum dilogarithms of the first term on r.h.s. give the correct factors: Φ^{(+)}γ_2 (z)Φ^{(+)}γ_2 (−iγ − z) Φ^{(+)}γ_2 (z + inγ)Φ^{(+)}γ_2 (−iγ − inγ − z)

= q^{− 12 n(n+1)}(−e^z)^n, (A.3)

Φ^{(+)}γ_2 (ν)Φ^{(+)}γ_2 (μ − inγ) Φ^{(+)}γ_2 (ν − inγ)Φ^{(+)}γ_2 (μ) = n−1∏ j=0 1 − e^{μ−ijγ} 1 − e^{ν−ijγ} = (e^μ; q)_n (e^ν ; q)_n

. (A.4)

q-analogue of Euler’s transformation formula:

2F_1 (a, b c | | | z ) = (1 − z)^{c−a−b} ·_2F_1 (c − a, c − b c | | |z ) , reads for 0 < q < 1 ((10.10.2) of [21])

2ϕ_1 (a, b c | | |q ; z ) = (abz/c; q)_∞ (z; q)_∞ ·_2ϕ_1 (c/a, c/b c | | |q ; abz c ) . (A.5)

The replacement rule (3.53) says that the |q| = 1 counterpart is

2ϕ_1 (eλ, eμ e^ν | |q ; e^z ) = Φ^{(+)}γ_2 (z) Φ^{(+)}γ_2 (z + λ + μ − ν)

·_2ϕ_1 (eν−λ, eν−μ e^ν | |q ; e^{z+λ+μ−ν} ) . (A.6)

One can show that the r.h.s. satisfies the same difference equation (3.52) as the l.h.s. At z → −∞, the basic hypergeometric functions and the factors go to unity and the equality holds. This is a supporting evidence for the replacement rule (3.53).

References

[1] I. Kay and H. M. Moses, “Reflectionless transmission through dielectrics and scattering potentials,” J. Appl. Phys. 27 (1956) 1503-1508.

[2] V. B. Matveev and M. A. Salle, Darboux transformations and solitons, Springer-Verlag, Berlin Heidelberg (1991).

[3] R. Sasaki, “Exactly solvable potentials with finitely many discrete eigenvalues of arbitrary choice,” arXiv:1402.5474[math-ph].

[4] L. Infeld and T. E. Hull, “The factorization method,” Rev. Mod. Phys. 23 (1951) 21-68.

[5] F. Cooper, A. Khare and U. Sukhatme, “Supersymmetry and quantum mechanics,” Phys. Rep. 251 (1995) 267-385.

[6] A. Khare and U. P. Sukhatme, “Scattering amplitudes for supersymmetric shapeinvariant potentials by operator methods,” J. Phys. A21 (1988) L501-L508.

[7] C. -L. Ho, J. -C. Lee and R. Sasaki, “Scattering Amplitudes for Multi-indexed Extensions of Solvable Potentials,” Ann. Phys. 343 (2014) 115-131, arXiv:1309.5471[quant-ph].

[8] S. Odake and R. Sasaki, “Exactly solvable ‘discrete’ quantum mechanics; shape invariance, Heisenberg solutions, annihilation-creation operators and coherent states,” Prog. Theor. Phys. 119 (2008) 663-700, arXiv:0802.1075[quant-ph].

[9] S. Odake and R. Sasaki, “Discrete quantum mechanics,” (Topical Review) J. Phys. A44 (2011) 353001 (47 pp), arXiv:1104.0473[math-ph].

[10] S. Odake and R. Sasaki, “Crum’s Theorem for ‘discrete’ quantum mechanics,” Prog.

Theor. Phys. 122 (2009) 1067-1079, arXiv:0902.2593[math-ph].

[11] L. García-Gutiérrez, S. Odake and R. Sasaki, “Modification of Crum’s theorem for ‘discrete’ quantum mechanics,” Prog. Theor. Phys. 124 (2010) 1-26, arXiv:1004.0289

[math-ph].

[12] S. Odake and R. Sasaki, “Multi-indexed Wilson and Askey-Wilson polynomials,” J.

Phys. A46 (2013) 045204 (22 pp), arXiv:1207.5584[math-ph].

[13] S. Odake and R. Sasaki, “Solvable Discrete Quantum Mechanics: q-Orthogonal Polynomials with |q| = 1 and Quantum Dilogarithm,” arXiv:1406.2768[math-ph].

[14] L. D. Faddeev and R. M. Kashaev, “Quantum dilogarithm,” Mod. Phys. Lett. A9 (1994) 427-434, arXiv:hep-th/9310070; L. Faddeev, “Discrete Heisenberg-Weyl group and modular group,” Lett. Math. Phys. 34 (1995) 249-254, arXiv:hep-th/9504111.

[15] G. Gasper and M. Rahman, Basic hypergeometric series, 2nd ed. Encyclopedia of mathematics and its applications, Cambridge, (2004).

[16] V. Spiridonov and A. Zhedanov, “Discrete reflectionless potentials, quantum algebras and q-orthogonal polynomials,” Ann. Phys. 237 (1995) 126-146.

[17] S. Odake and R. Sasaki, “Casoratian Identities for the Wilson and Askey-Wilson Polynomials,” Journal of Approximation Theory (2014), doi:10.1016/j.jat.2014.04.009, arXiv:

1308.4240[math-ph].

[18] R. Hirota, “Exact solution of the Korteweg-de Vries equation for multiple collisions of solitons,” Phys. Rev. Lett. 27 (1971) 1192-1194.

[19] S. Odake and R. Sasaki, “Krein-Adler transformations for shape-invariant potentials and pseudo virtual states,” J. Phys. A46 (2013) 245201 (24pp), arXiv:1212.6595[math-

ph].

[20] R. Koekoek and R. F. Swarttouw, “The Askey-scheme of hypergeometric orthogonal polynomials and its q-analogue,” arXiv:math.CA/9602214; R. Koekoek, P. A. Lesky and R. F. Swarttouw, Hypergeometric orthogonal polynomials and their q-analogues, Springer-Verlag (2010).

[21] G. E. Andrews, R. Askey and R. Roy, Special Functions, vol. 71 of Encyclopedia of mathematics and its applications, Cambridge Univ. Press, Cambridge, (1999).

[22] W. Al-Salam, Wm. R. Allaway and R. Askey, “A characterization of the continuous qultraspherical polynomials,” Canad. Math. Bull. 27 (1984) 329-336; “Sieved ultraspherical polynomials,” Trans. Amer. Math. Soc. 284 (1984) 39-55.

[23] G. N. Watson, “The continuation of functions defined by generalized hypergeometric series,” Trans. Camb. Phil. Soc. 21 (1910) 281-299.

[24] S. Odake and R. Sasaki, “Orthogonal Polynomials from Hermitian Matrices,” J. Math.

Phys. 49 (2008) 053503 (43 pp), arXiv:0712.4106[math.CA].

[25] S. N. M. Ruijsenaars, “A unitary joint eigenfunction transform for the AΔOs exp(ia_± d/dz) + exp(2πz/a_∓),” J. Nonlinear Math. Phys. 12 Suppl. 2 (2005) 253-294.

[26] M. Nishizawa and K. Ueno, “Integral solutions of q-difference equations of the hypergeometric type with |q| = 1,” Proceedings of the workshop “Infinite Analysis - Integral Systems and Representation Theory,” IIAS Report No. 1997-001, 247-255, arXiv:q-alg/

9612014.

[27] Y. Takeyama, “The q-twisted cohomology and the q-hypergeometric function at |q| = 1,” Publ. Res. Inst. Math. Sci. 37 (2001) 71-89, arXiv:math/0005071[math.QA].

[28] B. Ponsot and J. Teschner, “Liouville bootstrap via harmonic analysis on a noncompact quantum group,” arXiv:hep-th/9911110.

[29] I. C.-H. Ip, “Representation of the quantum plane, its quantum double and harmonic analysis on GL^+_q (2, R),” Sel. Math. New Ser. 19 (2013) 987-1082, arXiv:1108.5365

[math.QA].

[30] J. F. van Diejen and A. N. Kirillov, “Formulas for q-spherical functions using inverse scattering theory of reflectionless Jacobi operators,” Commun. Math. Phys. 210 (2000) 335-369.