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Abstract

The multi-indexed Laguerre and Jacobi polynomials form a complete set of orthog-
onal polynomials. They satisfy second order differential equations but not three term
recurrence relations, because of the ‘holes’ in their degrees. The multi-indexed La-
guerre and Jacobi polynomials have Wronskian expressions originating from multiple
Darboux transformations. For the ease of applications, two different forms of simplified
expressions of the multi-indexed Laguerre and Jacobi polynomials are derived based
on various identities. The parity transformation property of the multi-indexed Jacobi
polynomials is derived based on that of the Jacobi polynomial.
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1 Introduction

The exceptional and multi-indexed orthogonal polynomials [10} 9, 22} 2] 15, 1], 17, 18], 19, 21]
seem to be a focal point of recent research on exactly solvable quantum mechanics. They
belong to a new type of orthogonal polynomials which satisfy second order differential (differ-
ence) equations and form complete orthogonal basis in an appropriate Hilbert space. One of
their characteristic features is that they do not satisfy three term recurrence relations because
of the ‘holes’ in the degrees. This is how they avoid the constraints due to Bochner [23] 3].
They are constructed from the original quantum mechanical systems, the radial oscillator
potential and the Poschl-Teller potential, by multiple application of Darboux transforma-
tions [5 ] in terms of seed solutions called virtual state wavefunctions which are generated

by two types of discrete symmetry transformations [17, [I8] 19] 21].
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The multi-indexed Laguerre and Jacobi polynomials have Wronskian expressions [17]
originating from multiple Darboux transformations [4]. In this note we present two different
forms of equivalent determinant expressions without higher derivatives of the Wronskians
by using various identities of the Laguerre and Jacobi polynomials [24]. These simplified
expressions show explicitly the constituents of the multi-indexed orthogonal polynomials and
they are helpful for deeper understanding. In [6] and [7] Durédn employed similar simplified
expressions as the starting point of his exposition of the exceptional Laguerre and Jacobi
polynomials. See also [8] by Durdn and Pérez. In their expressions, the matrix elements of
the determinants are polynomials. In the original expressions in [I7], the matrix elements
of the determinants contain the non-polynomial factors, see (I0)—(I3). In the simplified
expressions presented in this paper in §2Z4H2ZT] they are also all polynomials.

This short note is organised as follows. In §2.] the quantum mechanical settings for the
original Laguerre and Jacobi polynomials are recapitulated. That is, the Hamiltonians with
the radial oscillator potential and the Poschl-Teller potential are introduced and their eigen-
values and eigenfunctions are presented. Type I and II discrete symmetry transformations
for the Hamiltonians of the Laguerre and Jacobi polynomials are explained in §2.21 The seed
solutions for Darboux transformations, to be called the virtual state wavefunctions of type I
and II, for the Laguerre and Jacobi, are listed explicitly. In §2.3the Wronskian forms of the
multi-indexed Laguerre and Jacobi polynomials derived in [17] and [I4] are recapitulated as
the starting point. §2.4] and §[2.5] are the main content of this note. Those who are familiar
with the multi-indexed Laguerre and Jacobi polynomials can directly go to this part. The
first simplified expressions of the multi-indexed Laguerre and Jacobi polynomials are derived
in §[2.4] by using various identities of the original Laguerre and Jacobi polynomials. The sec-
ond simplified expressions, to be derived in §2.5] are the consequences of the multi-linearity
of determinants and the form of the Schrodinger equation ¢ (z) = (U(z) — £)¢(z). Every
even order derivative ¢)®*™ (z) in the Wronskian can be replaced by (—&)™)(x). In §2.6 the
parity transformation formula of the multi-indexed Jacobi polynomials is presented. Section

is for a summary and comments.



2 Multi-indexed Laguerre and Jacobi Polynomials

The foundation of the theory of multi-indexed orthogonal polynomials is the exactly solvable

one dimensional quantum mechanical system H:

d2
and its iso-spectrally deformed system
d2
HD¢Dn(x) :gnQS’Dn(x) (n:O>1a~")> %D = _@ +UD(x)> (2)

in terms of multiple application of Darboux transformations [17, 4]. In this note we discuss
two systems which have the Laguerre and Jacobi polynomials as the main parts of the
eigenfunctions. We follow the notation of [17] with slight modifications for simplification

sake.

2.1 Original Laguerre and Jacobi polynomials

2.1.1 radial oscillator potential

The Hamiltonian with the radial oscillator potential

e —1 1
U(x)d:fx2+%—2‘q—1, 0<z< oo, 9> 5 (3)

has the Laguerre polynomials L (n) as the main part of the eigenfunctions:

onaig) ™ dola ) L (@), & Lan, n(e) L a?
def _l 2 1 = -
do(r;9) & e 229, LI () = — ( ;)k(mr k+1)p_in”.
2R

Here are some identities of the Laguerre polynomials [24] to be used in §2.4H2.5]

0, L) >= ~L V), (4)
L& () — LD () = LY, (), (5)
nLﬁ”(n) aL;”l(n):—nL D (n). (6)

As is clear from (3)), the lower boundary, = = 0, is the regular singular point with the char-
acteristic exponents g and 1 —g. The upper boundary point, = oo, is an irregular singular
point. Here (a), &f [[;-,(a +j — 1) is the shifted factorial or the so-called Pochhammer’s
symbol.



2.1.2 Poschl-Teller potential

The Hamiltonian with the Poschl-Teller potential

wglg—1) hh—1 Lol
e U P R P P P N
sin” x cos? x 2

has the Jacobi polynomials pled) (n) as the main part of the eigenfunctions:

Pn ($§ (9, h)) £ b0 ($; (9, h))Pég‘%”“%) (n(m)), n(x) L cos 2x,
go(; (9, >)@@mwvwm@h En(g.h) = dn(n + g +h),

+1 —n)g(n+a+ B+ 1), /1 —n\F
plad)(py - @ ( )
" ( Zl{?' Oé—i-l)k 2

Here are some identities of the Jacobi polynomials [24] to be used in in §2.4H2.5]

0, PP () = L(n+a+ B+ 1HPET (), (7)
(n+ B)P#D () — BRI () = (n + o + B) 1P (), 8)
(n+ )P () — aPF V() = —(n + a + B)F21 P T (). 9)

The two boundary points, x = 0,5 are the regular singular points with the characteristic

exponents g, 1 — g and h, 1 — h, respectively.

2.2 Discrete symmetry transformations and virtual state wave-
functions

The seed solutions (virtual state wavefunctions) for Darboux transformations can be con-
structed by applying discrete symmetry transformations of the Hamiltonian to the eigenfunc-
tions. They have negative energies and have no node and they are not square integrable, see

[T7] for more detail.

2.2.1 Laguerre (L) system

Type I transformation It is obvious that the transformation x — iz is the symmetry of
the radial oscillator system. The seed solutions are

1.2

L1: Hol(z) = EdL(x), dL(x) = Fh(a)El(n(x)), dh(x) = ex™as,
S E Ly, B agrval), veZs

Hereafter we use v for the degree of the seed polynomial &, in order to distinguish it with

the degree n of eigenpolynomial P,.



Type II transformation The exchange of the characteristic exponents of the regular
singular point x = 0, g — 1 — g, is another discrete symmetry transformation. It generates

the seed solutions,

2

@) = Eloy(@). d@) EH@E (@), &) = e,
Sl E L), & alg-v—d), v=01. -3,

in which [a]" denotes the greatest integer less than a.

2.2.2  Jacobi (J) system

Type I transformation The exchange of the characteristic exponents of the regular sin-

gular point z = 5, h — 1 — h, is a discrete symmetry transformation:

)1—h

J1: HEL(x) = ELGL(z),  oL(x) = dh(2)el (n(x)),  dh(x)©
BRI ) B gy vt Dh—v—1), v=0,1,....[h— L]

v

(sin x)?(cos

Y

Type II transformation Likewise the exchange of the characteristic exponents of the

regular singular point x =0, g — 1 — g, is a discrete symmetry transformation:

T2 HOWM(x) = ENGN(x),  Oll(x) € o ()& (n(x)). A (2) = (sinw)' ~9(cos )",
) L P () N g v D v+ ), v=0,1,...,[g— 1"
2.3 Wronskian forms of the multi-indexed Laguerre and Jacobi

polynomials

We deform the original Hamiltonian system () by applying multiple Darboux transforma-

tions [I7, 4] in terms of M type I seed solutions and My type II seed solutions specified by

the degree set D & {di,...,dpy} (ordered set), M = My + My, My & # #{d;|d; € D, type 1},

My & #{d;|d; € D, type 11}. The multi-indexed orthogonal polynomials {Pp ,(n)} are the

main parts of the eigenfunctions {¢p,(z)} of the deformed Hamiltonian system Hp (2I):

UD(SL’) d:ef U(CL’) - 283 log‘w[édw M) (;dM](I) ’
) def W[égdla---aégdw%](ﬁ) n —
¢D”( ) W[del,...,qsz](l') ( 0717)
def pr def é (m)
= ¢y ¥p(2)Ppu(n(2), vplr) = Ep(n(z))’



in which ¢o(z) and ¢, are defined by

ng(x) def { ¢o(x; g + My — My) L o def { 2 -1
¢0(SL’; (Q+MI_MII,}L—MI+MII)) 0 d -4 :J -
The superscript I and II of the seed solutions are suppressed for simplicity of notation. The

Wronskian of n-functions {f1, ..., f,} is defined by formula

=11 (o
W e S (£

)lgj,kgn.

There are two different but equivalent Wronskian definitions of the denominator polyno-
mial Zp(n) and the multi-indexed orthogonal polynomial Pp (7). The first is based on the
Wronskians of the ‘polynomials’ [17]:

dof 77(M1+g—%)MH€—M1?7 -1,
:D(n) = W[:udw .. 'a:udM](n) X 1-n (MH—g—%)MH 147 (Mu-i-h—%)MI ) ) (10)
(%) (%) o
dof n(MI+g+%)MH€—M177 1,
P’D,N(n) = W[:udw ooy Hdyrs PN] (77) X 1-n (MH—g-i—%)MH 147 (Mu-i-h—i-%)MI ) ) (11)
(%) (%) J
( _1
e x LY 2)(—77) L, v type 1
1
1e() def n29 x ng g)(n)1 1 L, v type 11 12)
' ()" P ), v type T
1 1 ,ph 1
| (T PED ) 13, v type T
def ng_%)(n) L
P8 - (13)
B =) 2

The second is based on the Wronskians of the virtual state wavefunctions (;;V(:c) and the

eigenfunction ¢, (z) [14]:

—M'(M'+g—3) o—M'n L
— iM(M-1) ~ 2/e :
:'D(T/) = C]_— [¢d1, ceey QSdNI](l') X { 1—n —M’(M’+g—%) 141 —M’(M’—h-i—%) . s
(=) (%) 2
(14)
—IM(M+1) ~
PD,TL(n) - C]: [¢d17 R (bde ¢n]( )
{ = (M43 (M +9) o= (M'=3)n : -
o\ —(M+ 1) (M +g) (M= Ly(M'—h) ; 15
(=) 7Y +J

in which M’ < $(My — My) and n = n(z).



2.4 Simplified forms of the multi-indexed Laguerre and Jacobi
polynomials, A:

In this and the subsequent subsections we will derive simplified expressions of the multi-
indexed Laguerre and Jacobi polynomials Pp ,(n) and the corresponding denominator poly-
nomials Zp(n) starting from the Wronskian expressions (I0)—(I3]) in the previous subsection.

In this subsection we simplify the Wronskians of the ‘polynomials’ (I0)—(I3]). Let us first
transform the higher derivatives of the ‘seed polynomials’ p(n) in (I2]). For the L system,

we obtain

1
L1: an(enng 2)(_77)) L(g+1 )(_77),
L2: 0, (2 0L () = (v = g + i O L),

by using ([@)—-(E) and (@)—-(6), respectively. By repeating these we arrive at for j € Zsq,

. _1 i3
AL ) = e 18P ),
. 1 (l_ ) . 3 (E_ —7)
9, YLy ! () = (1) Ng— 3 —v)jmin® 7L ()
1_._ . (3 _g—j
=2 97K x (=177 Y(g — % —v)j_anH ]ng g J)(n)’

in which K is a positive integer. For the J system, we obtain

11

11 11
T 0,((5F R () = Sy — b ) () p e pe e g,
1_oh—1 1_ _1
120 0, (FDF R () = — k(v = g+ H)(AFEr p T

by using ()& ([®) and ()& (@), respectively. Repeated applications of these formulas lead to

(h— % =)o (M3 Pt e

_%_V)j 1(#)1@1 ]P(gﬂ 5.2 h—j)(

1 3_ h
(g_%_v>j—1(¥)2 g— ]P(g —9—J:h+j— )(77>

PN 1 _ . 3 _g—jhtj—32
- (%)2 9K o —(g—%—V)j_1(¥)K+l ]PV(2 9—d:h+j 2)(17).

),

The higher derivatives of the eigenpolynomials P,(n) in (I3]) are replaced simply through ({))
and ([7), respectively,

' _1
oL Y ) = (—1y L )



. _1lp1 1
8%—1P7§9 5:h 2)(7]) (n+g+h)] lpni"ijjz Jhtj— 2)(77)7

271
in which we adopt the convention L,(f‘)(n) = ( )=0 (n € Z).
Let us define M dimensional column vectors )Z'V(M) (X, (M)) i1 and ZM) = (Zflﬂj))]ﬂil
by
3
(LYt 2)(—7]) L, v type I
. (3
an, e ] G5 - V)M ILE T () : L, v type II
Xv’j (n> - (=it h— L 147 M—jP(g"‘j_%v%_h_j) -] t I
?( -3 _V)j—l(T) v (77) - dJ, vViype
_ . (B_g—j.ht+j—2
[ (g — 5= V) (BRI G v type T
(9+5—3)
M def ( 1)] 1Lng+l] ]2 (77) :L
25 (n) = .
v 1 (9+i—3.h+j—3) )
(n+g+h)1P; (n) :J

The Wronskians in (I0)—(II]) are replaced by ordinary determinants consisting of these col-

umn vectors:
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Zp(n) = Ax |X0w) - X)) (16)
PD,n(n) = A x ))Z‘éiw-i-l)(n) X{g%-ﬁ-l ( ) Z_’M+1 (77) ’ (17)
n—MII(MII_l) -1,
- (1-577) My (M~ )(T’?) My (Mp—1) .7 °

It should be stressed that the components of the matrices in (If) and (IT) are all polyno-
mials in 7. This is a good contrast with the starting Wronskians W/ug,, ..., ta,,](n) and

Wity , - - - sty Pol(n) in (1), (), in which pg,’s have non-polynomial factors (I2).



2.5 Simplified forms of the multi-indexed Laguerre and Jacobi
polynomials, B:

Here we will simplify the Wronskians of the virtual state wavefunctions and the eigenpoly-
nomials (I4)), (IT). By replacing the even order derivatives of the virtual state wavefunctions
and eigenfunctions in the Wronskians ({[4), (5], by the rule %™ (z) — (=&)™(x), we

obtain

W[dil’ ) dil\/l’ ¢n](95) = det(aj,k)lgj,kgM-i-la (18)
{ a1 = (=€q) g () (1 <k < M), a1 1= (=) on(z) (1<1< [AE21)
g = (=€q,)' ' (2) A<k < M),  ayusr= (=)' (x) (1 <1< [ME])

in which [a] denotes the greatest integer not exceeding a. The first derivatives in the 2I-th

row can be simplified by adding —zggg X (21 — 1)-th row,

Syla) > (= = DY () = 2 gy (@) = @) (@) x A

dzx (b()(l‘) - /(ZL’)
3 d (@)oo O e
¢l () — (@ ¢O(I)>¢ (x) o) do(2)Ce (n(2)) = do(2)C (n(x)) x A,
_ [ : L
4= () { (sinxcosz)™t :J 7 (19)

in which ¢,(n) and ,(n) are polynomials in 7 defined by

1
Culn) = ~2n L () L
) = 1 o\ plgt3.h+3) ) ’
—s(n+g+h)(1—-n*)P,", (n) :J
(22 (=) 1,1
C w25 ) L, 11
Cv(ﬁ) = .

1 _p 1

(h=5 v =P ") g
_g—1 1

| (9= 3=+ ) g

Use is made of ({)—(6) for L and ([@)—(@) for J.
By extracting the functions ¢g(x), qu(a:) from each column of the matrix a;; (I8) and
the factor A of ([I9) from the even rows, we arrive at another set of simplified determinant

expressions for the multi-indexed polynomials:

Pp.(n) = C;fM(MH det(a;k)1<jr<m41 X A, (20)



{ an-15=(—€4,) " Ca,(n) A1 <k < M), ay-1m41=(=E)"'Pu(n) 1<1< [*52])

= (—E4.) o () A<k < M),  anary= (=€) 'Cu(n) (1 <1< 2]
- OO+ M-2(4) 1

A_{ (1;217)—([M’]+1)([M'}+M—2[%])(%) ([-M')+1)([-M']+M—2[4]])

In a similar way, we obtain

=) = e det(ag )1 pear % 4, (21)

a1 = (—Eq) " Ea () (1 <1< M) B+ M =203 'L

{ = (<€) n) (1<t 3) 7T { (15 Lg) NN T2ED

Again all the components of the matrices a; in ([20) and (2I]) are polynomials in 7.

2.6 Parity transformation of the multi-indexed Jacobi polynomi-
als

The Jacobi polynomial has the parity transformation property [24]
P (=) = (—1)" P (), 22)

We will show that this property is inherited by the multi-indexed Jacobi polynomials. It is
based on the property of the Wronskian

Wifi, o fal(=n) = (=12 OWgn, o ga)(m), ge(m) = fil=n).

In this subsection, we indicate the types of the virtual states explicitly by (v,t), in which
t stands for type I or II. Based on (22]), we obtain

v + def II :t=1
peen) (=05 (9, ) = (=1 peey (0 (B 9)), €= { [ t—1I
Po(=m; (9, ) = (=1)"Pu(n; (h. 9)).
For the multi-index set D = {(dy,t1),. .., (dy, tar)} of the virtual state wavefunctions, let us
define the ‘mirror reflected’ multi-index set D’ & {(dy,t1),...,(dr, tar)}. Corresponding to
My & #{d;|(d;, 1) € DY, My < #{d;|(d;,11) € D}, we have M| & #{d;|(d;,1) € D'} = My,
My, &f #{d;|(d;,1I) € D'} = M;. By parity transformation n — —n, the multi-indexed

Jacobi polynomial Pp,n(n; (9, h)) is mapped to Pp, (n; (h, g)) with the ‘mirror reflected’

multi-index set D':

PD,n(_n; (gv h))

10



1-n
2

1-7n
2

)M11+h+ ( )(M1+g+ MHW[
)
X WD)ty 715 - -+ ()™ iy 505 (1) Pal (05 (B, 9))
)
[

—~

dl,tl)a ey ,u(dM,tM)a Pn] (_777 (ga h))

~—~

2
(My+h+3 (¥)(M1+g+ )MII(_1)§M(M+1)

)
(1 n MII+h+ (Tn)(MI-i-g-i- )MH(_l)%M(M—i-l)( 1)d1+~~~+dM+n

2

=

X /"L(dl,tl s 7/’l’(d]\/[,t]\/[ ]( (h'7 g))

= (—1) O Py (i (B, g).

Similarly, the denominator polynomial Zp(; (g, h)) is mapped to Zp (1; (h, g)) with a sign

factor:
Ep (=15 (g, b)) = (—1)2MM=DFZ ez, (1 (hy g).

For the special case of ‘mirror symmetric’ multi-index set D' = D (as a set), i.e. {d;|(d;,]) €
D} = {d;|(d;,II) € D} (as a set), we have Pp ,(n) = £Pp,(n). In fact, this formula turns

out to be

P’D’,n(n) = ( 1)( y Pp n(n)

For this special case the parity transformation gives
Pp (=15 (9,h)) = (=1)"Ppu(n; (h,9)),  En(—n;(g,h)) = Ep(n; (h, 9))-

3 Summary and Comments

The multi-indexed Laguerre and Jacobi polynomials are defined by the Wronskian expres-
sions originating from multiple Darboux transformations. Two simplified determinant ex-
pressions of them, (I0)—(IT) and 20)—(I]), which do not contain derivatives, are derived
based on the properties of the Wronskian and identities of the Laguerre and Jacobi poly-
nomials. For (20)—(21]), the Schrodinger equation is used. For ([I6])—(IT), various identities
of the Laguerre and Jacobi polynomials are used, which are essentially forward shift rela-
tions. Although the calculation in §2.4] is performed for polynomials, it can be done for
wavefunctions just like [20], in which simplified determinant expressions are presented for
the multi-indexed polynomials obtained by multiple Darboux transformations with pseudo
virtual states wavefunctions as seed solutions. The parity transformation property of the

multi-indexed Jacobi polynomials is also derived.

11



Multi-indexed orthogonal polynomials have been constructed for the classical orthogonal
polynomials in the Askey scheme [I} 12], i.e., the Wilson, Askey-Wilson, Meixner, little ¢-
Jacobi and (¢-) Racah polynomials, etc [I8, 19 21]. These polynomials belong to ‘discrete’
quantum mechanics [16], in which the Schrodinger equations are second order difference equa-
tions. The Casoratian expressions of these multi-indexed polynomials can also be simplified
by using various identities as demonstrated here. These simplifications will be published

elsewhere [13].
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