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Abstract

In our previous papers, the Wronskian identities for the Hermite, Laguerre and
Jacobi polynomials and the Casoratian identities for the Askey-Wilson polynomial and
its reduced form polynomials were presented. These identities are naturally derived
through quantum mechanical formulation of the classical orthogonal polynomials; or-
dinary quantum mechanics for the former and discrete quantum mechanics with pure
imaginary shifts for the latter. In this paper we present the corresponding identities for
the discrete quantum mechanics with real shifts. Infinitely many Casoratian identities
for the g-Racah polynomial and its reduced form polynomials are obtained.

1 Introduction

New types of orthogonal polynomials, the exceptional and multi-indexed orthogonal poly-
nomials {Pp,(n)[n € Zso}, have made remarkable progress in the theory of orthogonal
polynomials and exactly solvable quantum mechanical models [I]-[27]. Our approach to or-
thogonal polynomials is based on the quantum mechanical formulations: ordinary quantum
mechanics (0QM), discrete quantum mechanics with pure imaginary shifts (idQM) [21]-[24]
and discrete quantum mechanics with real shifts (rdQM) [25]-]27]. For oQM, Schrédinger
equations are second order differential equations. In discrete quantum mechanics, they are re-
placed by second order difference equations with a continuous variable for idQM or a discrete
variable for rdQM. The Askey scheme of the (basic) hypergeometric orthogonal polynomials
[28] is well matched to these quantum mechanical formulations: the Jacobi polynomial etc. in

oQM, the Askey-Wilson polynomial etc. in idQM and the g-Racah polynomial etc. in rd@QM.
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From the exactly solvable quantum mechanical systems described by the classical orthogonal
polynomials in the Askey scheme, we can obtain new exactly solvable quantum mechanical
systems and various exceptional orthogonal polynomials with multi-indices by the multi-step
Darboux transformations with appropriate seed solutions. One characteristic feature of these
new types polynomials is the missing degrees. We distinguish the following two cases; the
set of missing degrees Z = Z>o\{deg P,|n € Zso} is case (1): Z ={0,1,...,¢ — 1}, or case
(2): T #{0,1,...,¢ — 1}, where ¢ is a positive integer. The situation of case (1) is called
stable in [6]. When the virtual state wavefunctions are used as seed solutions, the deformed
systems are exactly iso-spectral to the original system and the case (1) multi-indexed orthog-
onal polynomials are obtained [§, 10, 12]. When the eigenstate and/or pseudo virtual state
wavefunctions are used as seed solutions, the deformed systems are almost iso-spectral to
the original system but some states corresponding to the seed solutions are deleted or added,
respectively, and the case (2) multi-indexed orthogonal polynomials are obtained [19] 20].
For oQM and idQM, the deformed systems obtained by M-step Darboux transformations
in terms of pseudo virtual state wavefunctions (with degrees specified by D) are equivalent to
those obtained by multi-step Darboux transformations in terms of eigenstate wavefunctions
(with degrees specified by D) with shifted parameters [19, 20]. The deformed system is
characterized by the denominator polynomial Zp(n; A) and the above equivalence is based

on the proportionality of the denominator polynomials for each deformed system,

Ep(m; A) o< Ep(n; A), (1.1)
see [19, 20] for details. Here we explain necessary notation only. Two sets D and D are
defined for positive integers M and N (A is a set of parameters and 9§ is its shift.):

D ={dy,dy,...,dy} (dj €Zs : mutually distinct),

N >max(D), &, EN—-d;, AEX-WNV+1)s, NEN+1-M (12

D01, .. NWN{d, do, ..., du} & {er,en, .. ex0).
(Exactly speaking, D and D should be treated as ordered sets. By changing the order of d;’s,
=p(n; A) changes its overall sign. For the proportional relation (IL1I), however, such an overall
sign change does not matter.) The proportional relation (1) gives the Wronskian identity

for oQM and the Casoratian identity for idQM. We write down the Casoratian identities for
the Askey-Wilson polynomial:

@M(I)_l W’Y[gdwédm s 7£_d]w](:1:; >‘) X 30/\7(‘75)_1 W“/[Pelv Pezv R Pe/\’f](x; >‘) (13)

2



(See Appendix [AT] for definitions of & (2; ), P,(x; ) and @y (x).) Here the Casorati
determinant (Casoratian) of a set of n functions { f;(z)} for idQM is defined by

W1, for e fol () % o) det<fk(x+i(”7+1 —j)fy)) , (1.4)

1<j,k<n
(for n = 0, we set W,[/|(x) = 1) and 7 = logq for the Askey-Wilson case. Based on the
discrete symmetry of the system, the pseudo virtual state polynomial Sv(a:; A) is obtained
from the eigenpolynomial P,(z; X) by twisting parameters. The Casoratian identities (L3])
represent the relation between Casoratians of the orthogonal polynomials with twisted and
shifted parameters, and display the duality between the state adding and deleting Darboux
transformations. The shape invariant properties of the original systems play an important
role.

In this paper we consider the Casoratian identities for discrete orthogonal polynomials
appearing in rdQM. A natural way to obtain them is the following; (a) Define the pseudo
virtual state vectors by using discrete symmetries of the system, (b) Deform the system by
multi-step Darboux transformations in terms of the pseudo virtual state vectors, (¢) Compare
it with the deformed system obtained by multi-step Darboux transformations in terms of the
eigenvectors with shifted parameters. We present one-step Darboux transformation in terms
of the pseudo virtual state vector by taking g-Racah case as an example in Appendix[Bl
However, calculation for multi-step cases is rather complicated. So, instead of the natural
method mentioned above, we use a ‘shortcut’ method in this paper. We derive the Casoratian
identities for the g-Racah polynomial (3.3€]) from those for the Askey-Wilson polynomial (3]
by using the relation between the g-Racah and Askey-Wilson polynomials. The discrete
orthogonal polynomials in the Askey scheme are obtained from the ¢-Racah polynomial in
appropriate limits. The Casoratian identities for those reduced form polynomials can be
obtained from those for the g-Racah polynomial in the same limits.

The Casoratian identities imply equivalences between the deformed systems obtained by
multi-step Darboux transformations in terms of pseudo virtual state vectors and those in
terms of eigenvectors with shifted parameters. For each (exactly solvable) rdQM system,
we can construct the (exactly solvable) birth and death process [29], which is a stationary
Markov chain. The Casoratian identities provide equivalence among such birth and death
processes.

Similar Casoratian identities were studied by Curbera and Durdn [30]. Their method is

different from ours and the identities are presented for the Charlier, Meixner, Krawtchouk



and Hahn polynomials only, which have the sinusoidal coordinate n(x) = z. In our method
various polynomials having five types of sinusoidal coordinates [25] n(z) = z, z(x + d),1 —
¢, —1,(¢7" — 1)(1 — dg*) are covered.

This paper is organized as follows. In section [2] we recapitulate the discrete quantum
mechanics with real shifts. Section [3 is the main part of this paper. After presenting the
data for the original (¢-)Racah systems in §B.I] we discuss their discrete symmetries and
present the pseudo virtual state polynomials by using the twist operations in §B.2l The
Casoratian identities for the (¢-)Racah polynomials are derived starting from those for the
Askey-Wilson polynomial in §[3.3l In section dlthe Casoratian identities for the reduced form
polynomials are presented. Section [Hlis for a summary and comments. In Appendix [Al some
necessary data of orthogonal polynomials are presented. In Appendix[Bl the pseudo virtual
state vectors and one-step Darboux transformation are discussed by taking the ¢-Racah

system as an example.

2 Discrete Quantum Mechanics with Real Shifts

In this section we recapitulate the discrete quantum mechanics with real shifts (rdQM)
developed in [25] 27].

The Hamiltonian of rdQM H = (H,,) is a tri-diagonal real symmetric (Jacobi) matrix
and its rows and columns are indexed by integers x and y, which take values in {0,1,..., N}

(finite) or Z>( (semi-infinite),

Hoy < —/B@)D(x +1) 6,1y — VB(@ — D)D(@) 6y 1y + (B(x) + D(2)) 80y (2.1)

The potential functions B(z) and D(z) are real and positive but vanish at the boundary,
D(0) = 0 for both cases and B(N) = 0 for a finite case. In this paper we consider the case
that these B(x) and D(x) are rational functions of x or ¢* (0 < ¢ < 1). For simplicity in

notation, we write the matrix H as follows:

H =—/B(z)D(z + 1)e? — \/B(x — 1)D(z) e~? + B(z) + D(z)
= —\/B(:.E) 68\/D(ZL') — \/D(x) e 9/ B(z) + B(z) + D(x), (2.2)

where matrices eia are

def _
e = ((€)ay)s (€ )ay F Gowry, () =e77, (2.3)
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and we suppress the unit matrix 1 = (0,,) : (B(z) + D(z))1 in ([Z2). The notation
f(x)Ag(z), where f(x) and g(x) are functions of z and A is a matrix A = (A,,), stands
for a matrix whose (z,y)-element is f(x)A,,9(y). Note that the matrices e and e? are

i8€¢6

not inverse to each other: e #£ 1 for a finite system and e=%¢? # 1 for a semi-infinite

system. This Hamiltonian can be expressed in a factorized form:

H=AA AL /B)-e/D), A =\/B(x)—/Dx)e?®. (2.4)

The Schrodinger equation is the eigenvalue problem for the hermitian matrix H,

%QSH(ZL') :gnqbn(l') (n:0,1,2,...), O:go <€1 <(92 <L vy (25)

(n=0,1,..., N for a finite case). The ground state eigenvector ¢g(z), which is characterized

by A¢o(z) = 0, is chosen as

H WJ > 0. (2.6)

n—1
We use the convention: [] % = 1, which means the normalization ¢¢(0) = 1. Remark that
k=n
the boundary condition D(0) = 0 and B(N) = 0 for a finite case is important for the zero
mode equation Heo(x) = 0, cf. (B.M). For the original systems (not deformed one) considered

in this paper, the eigenvectors have the following factorized form

bu(2) = do(@) Pula),  Pulz) = Pu(n()). (2.7)

Here P,(n) is a polynomial of degree n in 7, and the sinusoidal coordinate 7(x) is one of the

following [25]: n(z) = z,x(z +d),1 — ¢*, ¢ — 1, (¢ — 1)(1 — dq*), (¢ = £1), which

satisfy the boundary condition 1n(0) = 0. We adopt the universal normalization condition
[25], 27] as

P,(0) =1 (& B,(0) =1). (2.8)

This P,(x) is the eigenvector of the similarity transformed Hamiltonian H,
H = go(x) ™" 0 H o go(x) = Bx)(1 = e”) + D) (1 —e™?), (2.9)
HP,(2) = E,P, (). (2.10)

Explicitly, (2.10) is the difference equation for P,,

B(x)(Po(z) — Pu(z 4+ 1)) + D(@)(By(2) — Polz — 1)) = E,Pu(x). (2.11)

bt



Since P, is a polynomial, P,(z) is defined for any 2 € R and the difference equation (21T
is also valid for x € R. The eigenvectors are mutually orthogonal (d,, > 0):

Tmax Tmax 1

(6, ) def Z ()P (0 Z ooz P,(z) = d—25nm, (2.12)

z=0

where . = N for a finite case, oo for a semi-infinite case. (Although this notation d,
conflicts with the notation of the label of the pseudo virtual vector d; in (L.2]), we think this
does not cause any confusion because the former appears as d% Snm-)

If we find functions B’(x) and D'(z) satisfying

B(z)D(x +1)=a’B'(z)D'(x +1), «a#0, (2.13)
B(z) + D(z) = a(B'(z) + D'(z)) + o/, (2.14)

where o and o/ are real constants, we obtain the following relation:
H=aoH +d, (2.15)

, ) o
where H' = (H, ,)o<zy<ema 15 given by

‘Oz|\/B/ o0 _ ‘ |\/B/ ) —6_|_B’( )—|—D'(x), (2.16)

For concrete examples, various quantities depend on a set of parameters A = (A, Ag, . . .)
and q. The parameter ¢ is 0 < ¢ < 1 and ¢* stands for g2 = (g™, ¢*2,...). The
A-dependence is expressed like, H = H(A), A = A(N), & = E(N), B(x) = B(z; A),
bn(z) = Pn(z;N), Po(x) = Py(2:X) = P, (n(z; A); A), etc. If needed, the g-dependence is also
expressed like, £, = &,(X;q), B(z) = B(z; Aiq), Pa(z) = Pu(z; Xiq) = Pa(n(z; X; ) Aiq),
ete.

The original systems in this paper are shape invariant [25] and they satisfy the relation,
ANANT = sk AN+ 8)TAN+8) +E(N), k>0, (2.17)

which is a sufficient condition for exact solvability. The auxiliary functions ¢ (z; A) [25] and
on(; A) [26] are defined by
e n(z+ ;) —n(z; )
n(1; ) ’
def nx+k—1N) —nlx+j—1;)
T;A) = :

pla; N) ©

(2.18)




= ] el@+i-1Lx+k—j-138), (2.19)

1<j<k<M
and @o(x; A) = o1(z; A) = 1.

For the orthogonal polynomials with Jackson integral measures such as the big ¢-Jacobi
polynomial, the two component formulation is needed, see [27].

The symbols (a), and (a;q), are (g-)shifted factorials ((¢-)Pochhammer symbols) [2§].
They are defined for a non-negative integer n by (a), = H;:S(aij) and (a;q), = H;:S(l —
aq’), which are extended to a real n by
I'(a +n) (a:q), = (@ 9)oo

(a)n = , : (2.20)
I'(a) (ag™; @)oo
Note that, for a # 0 and n € Z>,
(a:47")n = (—a)"q 2" V(a1 q)n. (2:21)
The hypergeometric series ,. F; and the basic hypergeometric series ¢, are
ai, -+ ,0ar def = (CLl,"',CL7«>nZn
F( ) LENT AL T S e 2.29
bla"'abs n—0 (bla"'abs)n n! ( )
ay, -+, 0 def - (a'la T aar;q)n (1+s—r)n (1+s—r)ln(n—1) 2"
0 0:2) & —)ETng e (2,03
by, -+, b — (b1,~-~,bs;q)n( ) (¢ @)n (2.23)
where (a1, -+, a,)n = [Ti_ (ar)n and (a1, - ari @)n < TThey (@5 9.

The Casorati determinant (Casoratian) of a set of n functions { f;(z)} for rdQM is defined
by
def .
Welfi, for- s ful (@) & det(filo + 7 — 1))
(for n =0, we set W¢[-](z) =1).

For well-defined quantum systems, the range of parameters A must be chosen such that

(2.24)

Y
1<jk<n

the Hamiltonian is real symmetric. On the other hand, our main purpose of this paper is to
obtain the Casoratian identities (3.36]). Both sides of (8.36]) are polynomials in  or Laurent
polynomials in ¢* and (B.36) hold for any parameter range (except for the zeros of the

denominators). So we do not bother about the range of parameters, except for Appendix[Bl

3 Casoratian Identities of the (¢-)Racah Polynomials

In this section we consider rdQM whose eigenvectors are described by the (g-)Racah poly-
nomials. After discussing some discrete symmetries and pseudo virtual state polynomials,

the Casoratian identities of the (¢-)Racah polynomials are presented.
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3.1 Original systems

Let us consider the Racah(R) and ¢g-Racah(¢R) systems [25]. Although there are four possible
parameter choices indexed by (e,¢') = (£1,%1) in general, we restrict ourselves to the
(6,€') = (1,1) case for simplicity of presentation. The set of parameters X = (A1, A2, Az, \g),

its shift & and x are

R: X =(a,b,c,d), 6
qR: ¢* = (a,b,c,d), 6=(1,1,1,1), k=q ", (3.2)

and we take

A3 = —N, namely c:{ q__% 3§R . (3.3)
We list the fundamental data:
([ (@+a)z+b)(z+)(z+d) R
20+ d)(2x+ 14 d) '
B(x;A) = Rord@erlyd , 3.4
EN= w000 —dr) o4
( (1 —dg>)(1 — dg>+") '
( (et+d—a)lzt+d-b)(z+d—c) R
L (2x —1+d)(2x + d) '
Dla;2) = U —a7ldg)(1 —b"ldg")(1 — ¢ 1dg™)(1 — ¢) R (35)
( (1 —=dg*~1)(1 — dg*) '
n(n+ d) 'R {x(:)s+d) 'R
En(N) = ~ , TN = _x . , 3.6
W {(Q‘"—l)(l—dqn) :gR (i A) (" =1)(1—dg") :qR (3.6)
2v+d+1
N — d+1 ' sdef [ a+b+c—d—1 R
QO([L’7 A) - q—w _ dqw-l-l . qR ) d= { abcd—lq—l qR ’ (37)
1—dq '
—n,n—l—cz, —x,x+d
- 4F3< b, c ‘ 1) ‘R
Pa(z; A) = Po(n(z; A); A) = e
¢<q ,dg”, g7, dg q'q) R
s a, b, c 7 ’
B Rn(n(m;}\);a—1,J—a,c—1,d—c) 'R (3.8)
B Rn(l+d—l—n(x;)\);aq_l,da_l,cq_l,dc_1|q) qR 7T
(a,b,c,d), 2r +d R
N d—atld—brld—ct1l,l), d io
¢0($7 ) B (aabacad;q)x ]-_dq2z QR, 7 ( )

(a=1dg,b=1dq,c'dq,q;q).d* 1—d



where R, (z(z+v+0+1);c, 8,7,0) and R,(¢7" +~6¢"™; v, 8,7, 8|q) are the Racah and ¢-
Racah polynomials in the conventional parametrization [28], respectively. Our parametriza-
tion respects the correspondence between the (¢g-)Racah and (Askey-)Wilson polynomials,
and symmetries in (a,b,c,d) are transparent. The expressions of the right hand sides of
En(N), n(z; A), o(z; ), Py(z; ) and ¢o(z; X)? in BF6)-B3) are also valid for real n or
real z, and we regard &,(A) etc. as functions of real n or real = by (B.0)-(B.9). Note that
do(z;X)? = 0 for x € Z\{0,1,..., N} due to the factor (c),/(1), or (¢;q)./(¢;q). The R
and gR systems are invariant under the exchange a < b.

The potential functions B(z; X) and D(z; A) have the following symmetries:

R,qR: B(N —x;X) = D(x; ), D(N —z;\') = B(x; \),
A/ == ()\1 +)\3— >\4,>\2+>\3 —>\4,)\3,2>\3—)\4), (310)
qR: B(ziXiqg ) =d 'B(z;Niq), D(z;Xig™') =d 'D(x; X q). (3.11)

Corresponding to (3I0)), the identities (1.7.6) and (1.13.26) in [28] give the relations

(a,b)n
PoN — 23 X) = Po(asA) x § (L—atd1l=btd), (3.12)
"(a,b; q)n . oR
d(atdg, b 'dgiq)y
Corresponding to ([3:I1)), the ¢R polynomial is invariant under ¢ — ¢ %,
Pu(z;X¢7") = Bu(; X 9), (3.13)
which is shown by (Z.21)). In the conventional notation, this ([B.13]) is written as
Ro(q" +~~107 g a7, 87767 g TY) = Ra(q ™ +90¢" 5 a, 8,7, 6lq).
3.2 Discrete symmetries
Let us consider the twist operation t, which is an involution acting on z, A and g,
t(z, X, q) = (tz),t(A),t(g)), ¢ =id. (3.14)

For R system, the g-part should be ignored. We present twist operations (i)-(ii) and (i) (i),
which lead to the pseudo virtual state vectors explained in Appendix[Bl

First let us define twist (ii) as follows:

() : ta) Zo+r—1, AL (2= A — A+ A2 = Ao — As+ A, 2 — A3, 2 — 205 + Ay),
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t(q) = ¢ (3.15)

By using this twist operation, the functions B’(z) and D’(z) satisfying (ZI3)-(2I4) are

obtained:
(i) : B'(z;A) € Bz — N — 1;¢(N)), D'(;A) € D(z — N - 1;4()), (3.16)
1 ‘R , —(d—1) 'R
(0% A = ~ s (e A = ~ 317
. { dg~' :qR . { ~(1-¢)(1—dg™") :qR (3:17)
Explicitly B'(z) and D’'(x) are
(d+2z+2 ‘R
(i) : B'(z;A\) = D(x + 1;\) x ~?f}%%ﬁ ,
\ 1-— dq% . qR
d+ 2z —2
( ; S R
D'(z;A) = B(z — 1;A) x TET s . (3.18)
q2£—1 1 —dq - qR
\ 1—dg*
We introduce the pseudo virtual state polynomial & (z; A) (v € Zsg),
(i) : & A) E By(z — N = 1;4(N), (3.19)

which is the polynomial part of the pseudo virtual state vector, see Appendix[Bl It is a poly-

= & (n(z; A); X), because n(t(z); t(X)) = an(z; A) +b

(a,b : constants, a # 0). Explicitly it is

nomial of degree v in 7(x; X), & (z; X)

- 2—d 1 —z— b—d
v, V+ , r—c, T+a+ ‘1) ‘R

s 4&< l4+a—d, 14+4b—d,2—c

(i) &z A) = v J-lv+2 11—z 7—1,x ’ (3.20)
¢(q,d ¢ ¢ g abd™ g qq) R

e qad=", gbd=1, g*c! 7 '

By applying the symmetry (B.10) to this twist (ii), we define a twist (i):
(): t@) Y —z2-1, tNE (22,202 X3,2- M) =25— X, tq) Eq. (3.21)
By using this twist (i), the functions B’(x) and D'(z) satisfying (2.I3))—(2.14]) are obtained:

(i): B'(;0) = D(—z—1;¢(N), D'(x;0) = B(—z — L;¢(N)). (3.22)

10



Since the inversion of the coordinate x (r — —x — 1) means the exchange of the matrices
¢? <+ e79, the functions B(z) and D(z) are exchanged in this definition. Explicit forms of
B'(z;A) and D'(x; A) are the same as ([B.I3),

B'O(w:0) = B'O(a; ), D'O(asx) = D'O(x; ), (3.23)

and a(X) and o/ (M) are given by (BI7). The pseudo virtual state polynomial &, (z;\)

(v € Z>p) is defined by

(i) &l A) E By(—z —1;4(N), (3.24)

which should be proportional to the twist (ii) case. In fact, we have

- 2-d 1.1—2—d
vV, V+ , T+ 1, x ‘1> ‘R

4F3< 2—a,2—b2—c

g, d~—1qv+2’ q:v—i-l’ d—lql—x . .
4¢3( a1, b1, ! qu) :qR
and
(2—a,2—0),

(1+a—d,1+b—d),
d"(¢*a”, ¢*b "1 q)v
¢"(gad =1, qbd~1; q),
For ¢R case, we can change the parameter ¢. By applying the symmetry (3.I1]) to the

EN(x;A) = E0 (x5 ) x (3.26)

:qR

twists (i)-(ii), we define the twists (i)-(ii) for ¢R as follows:

(i) : (i) with the replacement t(q) < ¢, (3.27)
(i) : (i) with the replacement t(q) & ¢~ 7, (3.28)

which give
@) : B'(aiXq) = D(—z —1L;tN);q7Y), D'(x;x59) = B(—x — Lt(N);q7Y), (3.29)
(i) : B'(w;hiq) € Blw — N = 1;tA);¢7"), D'(w;Aiq) € D(x — N —1;4(N);q7"), (3.30)
D), () : aA) =g, o/A)=—(1—g)(1—dg™). (3.31)

Explicitly B'(z) and D’'(x) are
@), () : aN)B'(@A) = aDNB' D@ X)), aWD' (X)) = aDN)D'D(z; X)), (3.32)
The pseudo virtual state polynomials &, (2;\) (v € Zso) are defined by

@) &) = Po(—x - LtN)iq™Y), (3.33)
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(i) &lmihig) = Po(z — N = L;tN);q7Y), (3.34)

and (3I3) implies
EV(z:Xiq) = ED(x; Xiq),  ED(x3 A q) = (23 A; ). (3.35)

The twist operations (i)-(ii) and (i)-(ii) have essentially the same effects for R and ¢R
systems, because the relations (3.23), (8.32), (326) and (835]) imply that the pseudo virtual
vectors (B.8) obtained by these twists are same (proportional). So they lead to the same
Casoratian identities (3.36). However, they may have different effects for the reduced systems
in §Ml which are obtained as appropriate limits of R and gR systems, because the symmetries
(BI0)—(@BII) may no longer hold for the reduced systems.

Since R and ¢R systems are invariant under the exchange a <« b, twists (i)—(ii) and

(i)~(ii) can be modified by exchanging t(\;) < t(\s).

3.3 Casoratian identities

We will present the Casoratian identities for R and gR polynomials. By using discrete
symmetries obtained in §[B3.2] the pseudo virtual state vectors are defined, see Appendix[Bl
Then the original systems can be deformed by multi-step Darboux transformations in terms
of pseudo virtual state vectors. The original systems can be also deformed by multi-step
Darboux transformations in terms of eigenstate vectors [23]. For appropriate choice of the
index sets and shift of parameters, these two deformed systems are found to be equivalent. We
present such calculation for one-step Darboux transformation in terms of the pseudo virtual
state vector for g-Racah case in Appendix[Bl However, multi-step Darboux transformations
in terms of pseudo virtual state vectors are rather complicated due to the following two
facts: (a) the pseudo virtual state vectors do not satisfy the Schrodinger equation at both
boundaries, (b) the size of the Hamiltonian increases at each step (namely the (N+1)x(N+1)
matrix becomes the (N + M + 1) x (N + M + 1) matrix after M-step). So we present and
prove the Casoratian identities for R and ¢R polynomials in a ‘shortcut’ way.

We take M, N, N, d;, d;, e; and A as (L2). Then the Casoratian identities for R and

gqR polynomials are

SOM(ZE — M; A)_l Wc[gdpgdm s ang](ZE - M; )‘)

OCQON(LU;SO_IWC[PeuPeQa"'7Pe/\7](x;5‘)‘ (336)

12



Note that the variable x in the first line is shifted by — M, which corresponds to the range of x
in the deformed Hamiltonian (Ha,. ay, 2.4)—m<zy<n, see Appendix[Bl Since Po(x;N), & (23 X)
and ¢y (z; A) are defined for real x, these identities hold for real z. For gR case, we prove
B30) by translating the Casoratian identities (L3]) for the Askey-Wilson polynomial. The
identities for R case is easily obtained from gR case by taking ¢ — 1 limit. The necessary
data of the Askey-Wilson polynomial are given in Appendix [A ]l

The g-Racah polynomial and the Askey-Wilson polynomial are the ‘same’ polynomials

[28]. The replacement rule of this correspondence is

iAW = (2 4 %)\ZR>’ AAW _ yaR _ l)\quqR
namely ¢@" = ¢ dz, (ay,as,as,ay) = (ad” 2,bd" 2, cd 2 d%) (3.37)
Under this replacement rule, we have
PV ("W AMWY) = d 73 (a, b, ¢; q)n PE (27 AT, (3.38)
and
V(@AW MAWY = BB AIR) (AW, AAWY — DR, \aRY
ENV AT = £,
W (@) = L2 (™R @™ AR + 1+ d), (3.39)
P (@A) = i(dg) T (1 = dg)p™ (@ — 5 AT,

The shifts 6%V and 8% are consistent. The twist *WV(A*W) ([A2) gives the twist (i)
RO(X®R) @2T). In the following we omit the superscript gR. The twisted potential func-
tion of AW system V’ ([A.3)), the pseudo virtual state energy EAW (A.4), the pseudo virtual
state polynomial €2V (AF) and the auxiliary function ¢4y (A6) become

V(@ WA = =D (=2 — 1;t9(N)) = =B O(2;0),

V(2™ A AMW)) = —B(—2 — 1;t0(X)) = =D D (a3 X),

EMNOA) = &0 = £ V),

SN @MY AM) = (gd ) (a0 P ) P (= = 110 (V) oc €0 (x5 A),

AW) x o (x — ML, A).

SOM (x 2
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The shifted parameters 2™ and X are also consistent. For functions fj(a:AW;)\AW) =

g;(z; X), the Casoratian for idQM W, (L)) and that for rdQM W¢ (2:24) are related by

W'y[fla f2> CII) fn](xAWa AAW) = i%N(n_l)WC[gb g2, ... agn](x - nT_lv A) (344)

By using (8.38)), (3.42)-([3.43) and (3.44]), the Casoratian identities for AW polynomial (L.3))

1s rewritten as

on(r — L2 X)) Wela, oy - - (@ )
ocgp,\-/(:)sjt@,)\) Wc[Pel,Pez,...,peN](x+@;5\). (3.45)
By the replacement z — x — @ this gives the Casoratian identities for gR polynomial

8.30).
Although the proportionality constants of (3.36]) are not so important, we present them

for the ¢R case. By explicit calculation (we assume d; < dy < - -+ < dyps), we have

oar(z: N) W€D, €D ED ()

M M
= [T(ad ) ca, (D)) -~ =56 D4 T (1 g% (1 — dg')™
J=1 1<i<j<M i=1
X <a monic polynomial of degree ¢p in n(z; A + (M — 1)6)), (3.46)
QOM(ZL' A)_l Wc[pdl, pd2> ey de](ZL’; )\)
M y M
— Hcdj (A)-q” iz (G—1d; H (1— qdj di (1— dq
Jj=1 1<i<j<M i=1
X <a monic polynomial of degree ¢p in n(z; X+ (M — 1)5)), (3.47)

where (p = Z]Ail d; — sM(M — 1) and ¢,(X) is the coefficient of the highest degree term
(dg™; q)n

(a’ b? C; q)n

- <dy and e; < ey < --- < ey) are given by

of Pu(n; A), cn(A) = . Then the proportionality constants (we assume d; < dy <

o — M;A) T WolE) 68, &) 1(x — M)
= Ax (@ )T Wl Py, Py, P (a5 ), (3.48)
_ H;.Vllicd (t (A )) H1<z<]<M(1 — q% di) 71_[2.]\11(1 — dqi)M—i
H']/'\il Cej(j‘) H1§i<j§/\/(1 —q7%) ﬁl(l — dgN-M+i)N =i
x d- S0t ds SN (41t ey~ MOM=1)(2M 1)~ (W -DA (V+1) (3.49)

14



Here we have used Zﬁl ej = Z;Ai1 dj+ 3NN +1)=NM, lp = lp and n(z; A+ (N —1)8) =
g Mn(z — M; X+ (M —1)8) + (¢ —1)(1 —dg™).

4 Casoratian Identities for the Reduced Case Polyno-
mials

It is well known that the other members of the Askey scheme polynomials of a discrete
variable can be obtained by reductions from the (¢-)Racah polynomials [2§]. Not only the
polynomials themselves but also the Hamiltonians are reduced in appropriate limits (Overall
rescalings may be needed). Some of the twist operations t (i)-(ii), (i)~(ii) of R and ¢R
systems are inherited to the reduced systems. The twist operation t is (8.14]) and the g-part

should be ignored for non g-polynomials. The twists (i)—(ii) and (i)—(ii) act on z and g as

(): t@) < —2—1,  to=q (4.1)
(i) : o) Ea—N-1, tlq Ly, (4.2)
0: @)= —z—1,  tg =g, (4.3)
(i): t2) Fa—N—-1, t(q) =g, (4.4)

and t(A\) will be given for each polynomial. For non g-polynomials, the twists (i)-(ii) are
irrelevant. For infinite systems, the twists (i) and (i) should be applied. By using the twist
operation, the potential functions B’(z;A) and D’(z; A) are defined by [3.22), (316) and
(329)-(330), and the pseudo virtual state polynomials &, (z; A) are defined by ([3:24)), (319)
and (333)-(334), which are polynomials of degree v in n(x; \), & (2; ) e, (n(z; A); A)
(or n(z; X; q), vz A; q) o & (77(17; A Q)i q)) The pseudo virtual state energies () are
defined in (B.I0)-(B.IIl) and they satisfy (B.12)). Then the Casoratian identities for these

reduced case polynomials have the same form as (3.30)),

()OM(LU - M; >‘>_1 Wc[gdlvgdzv s ,ng](LL’ - M; >‘)
o (2 N) TP We[P.,, Poy, ..., P (5 X)), (4.5)

Y EN

with the notation (L2).
The fundamental data for the reduced case polynomials are listed in Appendix [A.2HA .3l
In the following we present twist operations and explicit forms of the pseudo virtual state

polynomials. For the (¢-)Hahn, dual (¢-)Hahn, (¢-)Krawtchouk and dual ¢-Krawtchouk

15



cases, we have two twist operations. Two pseudo virtual state polynomial év(x; A) obtained

by these twists are proportional and two pairs of potential functions (B'(x; A), D'(z; X)) are

also proportional. Therefore the pseudo virtual state vectors obtained by these twists are

proportional and the corresponding Casoratian identities are identical.

Some formulas in Appendix[B| are written under the condition a(A) > 0. For a(A) <
0, slight modifications are needed. For example, (B.3)): B'(z;A) — «(A)B'(z;A) and

D'(x;A) = a(A)D'(x;X), BI): do(w; ) = dolw;A) x (sgna(A)) 7, ete,
4.1 Finite cases
4.1.1 Hahn (Ha)
We have two twist operations:
(1) : tA) (2= N,2— Ao, —2— Ng) =26 — A,
(i) 0 tA) L (2= A9 2 — A1, —2— Xs).

The explicit forms of the pseudo virtual state polynomials are

(i) : 5v($§A)=3F2<_V7V+3_a_b7x+1 ’ ),

2—a, N+2
.. x —v,v+3—a—-b N+1—=z
- 6l -on( " ITER T )

which are proportional,

e s (2 —a)y B (g, )\)) B <B/(i)(x; A))
&V (@A) = &7 (23 A) % 4([)_‘,_ 1), <D’(“>(9§; A/ \DO(zN))

and (X)) = a@(X) = 1.
4.1.2 dual Hahn (dHa)
We have two twist operations:

(1) tA) L (2= A,2— N, —2— Ny),
() : tA) L (14 Ao+ Agy 1+ A+ Az, =2 — Ag).

The explicit forms of the pseudo virtual state polynomials are

—v,2—z—a—b,x+1’1)

(i) : év(x;A)I3F2( 29— a. N+2

16

(4.10)

(4.13)



. - N, N+1-
(v,x+a+b+ , N+ :)3’1)’ (4.14)

(i) : &2 A) =8h b+ N+1, N+2
which are proportional,
y 2 ) B (@A) (BN
(ii) ) = (i) ‘A ( v - ! = . ’ 4.15
§7(@; ) = &7 A) X (b+ N +1),’ (D’(“)(x; A)) (D’(l>(:c; A))’ (4.15)
and aW(A) = aD(X) = —1.

4.1.3 Krawtchouk (K)

We have two twist operations:

(1) : t(A> d:ef ()\17 -2 — >\2)7 (416)
(i) : tA) L (1= A, =2 = \). (4.17)
The explicit forms of the pseudo virtual state polynomials are
. v —v,z+1| _
(i) : &) = 2F1< N49 ‘ 1), (4.18)
- ) . —V, N ‘I’ 1 — T 1
(il) : & (7 A) —2F1< N 42 ‘ (1-p) ) (4.19)
which are proportional,
o » B/(ii) (x }\) B’ (i) (SL’ )\)
0z N) = €D (z; A L—p H o = o 4.20
X =N <00 (D) = (o) @20
and aW(A) = aD(X) = —1.
4.1.4 ¢-Hahn (¢Ha)
We have two twist operations:
At (2= A, 2= X, =2 = X3) =26 — A, (4.21)
(i) : tA) L (2= A9y 2 — A1, —2— As). (4.22)
The explicit forms of the pseudo virtual state polynomials are
-V —17—1 v+3 z+1
N . & Y. . q ,a b q y 4 . N—x
(1) * £V<x7 A7 q) - 3¢2( q2a_1’ qN+2 q I bq >7 (423)
—v —17—1 v+3 N+1—x
N E q ¥, a b ¢, ¢q ,
(11) . gV("E) A) - 3¢2< qu—l’ qN+2 q ) q)? (424)

which are proportional,

i o~ 2 —1; Y . B (i) DY = B DY
5511) (x; )\) = 5‘(/1) (x; }\) X %’ al )()\) (D’(ii)gi; }\;) = ol )()\) <D’ (T)Ei’; Ai) , (425)

and a®(X) = ¢, ai(X) = abg~2.
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4.1.5 dual ¢-Hahn (dg¢Ha)

We have two twist operations:

() : t) (2= A,2— X, —2— Ng), (4.26)
(i) ) = (1+ Ao+ Ag, 1+ A+ Ag, =2 — Xg). (4.27)
The explicit forms of the pseudo virtual state polynomials are

x+1

N gV, a P g v+N+1
(i) &z Aig) = 3¢2( 2at, qN+2 q;bq ) (4.28)
e b q_ ’ a'qu+N> qN+1 v v
R N M P | (4:29)
which are proportional,
. . 271 B0 (z; \) B'O(z; )
(30 2) = €0 (g N} x L0 v AN (P 4.30
gv (SL’, ) é-v (LU7 )X (qu+17q)V7 D/(ii)(l’; A) D/()(ZIZ’, )\) ) ( )
and a®(A) = a®(X) = ¢.
4.1.6 quantum ¢-Krawtchouk (q¢K)
We have one twist operation:
()t L (=A, =2 = \). (4.31)
The explicit form of the pseudo virtual state polynomials is
~ g, ¢"t! N+l-z
(1) &laAig) = 2¢1( qN+2 ) q;pq ) (4.32)
4.1.7 ¢-Krawtchouk (¢K)
We have two twist operations with different t(q)’s:
@ N ER=M,—2-X), Hg) =g, (433)
(i) : AL 2-A,-2-X), tq)=q¢ (4.34)
The explicit forms of the pseudo virtual state polynomials are
-1, v+2 z+1
= B ¢V, —p 47, g ——
(i) &l A 9) =3¢1< 2 q;—pq" 1), (4.35)

18



-1 v+42

(i) : &(23A) = 3¢2< qu(-]rz (,)q

N+1—x

which are proportional,

_ 1 (id) ( oo _ 1) (e
ED (a5 X) = €D (5 A)x (—p) Vg2, amxk)<£;§?u%Af>:=a“VA)<B 3@?A>

D' (x; )
and aO(X) = ¢, a)(A) = —pg~1.
4.1.8 dual ¢-Krawtchouk (d¢K)
We have two twist operations:

) : t) Y (A, —2—\),
(i) : ) L (A, =2 = ).

The explicit forms of the pseudo virtual state polynomials are

. -1 N+1-x

(i) : & (73 5q) = 3¢1< ¢ ZN+2 L ‘ Q;cqv),

q;C‘qu),

-V z+1 N+1—x
cq -, q

@) &mxg) = (! L

which are proportional,

. . B/ (2, X) B'O(z; X)
(i) (.. _ FA) (e —v ) _ )

0w =85 (pan) = (o)
and a®(A) = a(A) = q.

4.1.9 affine ¢-Krawtchouk (agK)

We have one twist operation:

> def

(1) . f()\) = (—)\1, -2 — )\2)
The explicit form of the pseudo virtual state polynomials is

(i) : &l Aq) = 2¢2< __1; N2 ’q plgHee- m)
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4.2 Semi-infinite cases

4.2.1 Meixner (M)

We have one twist operation:

(1) : tA) L (2= A, N).

The explicit form of the pseudo virtual state polynomials is

6): &N =m( T [1-e).

4.2.2 Charlier (C)

We have one twist operation:

—p

The explicit form of the pseudo virtual state polynomials is

() &lwsA) = Fo(

4.2.3 little ¢-Jacobi (1¢J)

We have one twist operation:

—v,z+1

).

A )Y (=, =),

The explicit forms of the pseudo virtual state polynomials are

(i) : &z A =

(_b>—vq%V(v+1) (a 4; Q) 2¢1< q, a_lb_lqv+1
(b~'q: q)y a™'q
_ q—v lb 1 V-‘rl’ qx—i-l .
= 302 b-1q. 0 q;q).

4.2.4 ¢-Meixner (¢M)

We have one twist operation:

B tA) L (A, =),

The explicit form of the pseudo virtual state polynomials is

(i) :

Elenag) = (1]

20

z+1

q; —b‘IC‘lq‘””>-

q; qu—l—l)

(4.45)

(4.46)

(4.47)

(4.48)

(4.49)

(4.50)

(4.51)

(4.52)



4.2.5 little ¢-Laguerre/Wall (lgL)

We have one twist operation:

The explicit forms of the pseudo virtual state polynomials are

(i): &g =

4.2.6 Al-Salam-Carlitz IT (ASCII)

We have one twist operation:

The explicit form of the pseudo virtual state polynomials is

(i) :

4.2.7 ¢-Bessel (¢B) (alternative ¢-Charlier)

We have one twist operation:

The explicit forms of the pseudo virtual state polynomials are

4.2.8 ¢-Charlier (¢C)

We have one twist operation:

The explicit form of the pseudo virtual state polynomials is

(i) :

21

g, ¢" ! 1y
2¢1< 0 ‘q;alq“)
—V lVV —Vv q_v — VT
(—a)™vq>"""(ag ;q)v1¢1<a_1q q;a gt +2>-
D ) E -\
. g, ¢t 1w
gv(x§)‘;Q):2¢l< 0 }q;a 'q )
i): tA)E2- ).
N, f A _ o v(z+1) q_va C]mH .1 vl
(1) &lmAg) =g ago © T g;—a"'q
—V’ _a—l v+2
= (_a)_qu(v+2)2¢o(q B 1 q;—aqm_l)
B q—v’ _a—lqv+2’ qx—i-l .
= 30 0.0 q;q)-
i) : tA) L -x
. —V x+1
& (; A;q)=2¢o(q A q;—a‘lq‘x‘l)

(4.53)

(4.54)

(4.55)

(4.56)

(4.57)

(4.58)

(4.59)

(4.60)



5 Summary and Comments

In addition to the Wronskian identities for the Hermite, Laguerre and Jacobi polynomials
in oQM [19] and the Casoratian identities for the Askey-Wilson polynomial and its reduced
form polynomials in idQM [20], infinitely many Casoratian identities for the g-Racah poly-
nomial and its reduced form polynomials in rdQM are obtained. The pseudo virtual state
polynomials are defined by using discrete symmetries of the original systems. The derivation
of the Casoratian identities in this paper is a ‘shortcut’ way. The pseudo virtual state vectors
and the one-step Darboux transformation in terms of it for g-Racah case are discussed in
Appendix[Bl We will report on the multi-step cases and semi-infinite cases elsewhere. The
Casoratian identities imply equivalences between the deformed systems obtained by multi-
step Darboux transformations in terms of pseudo virtual state vectors and those in terms of
eigenvectors with shifted parameters.

Curbera and Duran studied similar Casoratian identities for the Charlier, Meixner and
Hahn polynomials [30], which have the sinusoidal coordinate n(z) = x. Their method is based
on the Krall discrete measure. Let us consider the case N' = max(D) and min(D) > 1. Then
their map I implies I(D) = D and I(D) = D, and we have max(D) = N and min(D) > 1.
Our identities (5] correspond to their Theorem 1.1, 5.1 and 7.1 as follows: Charlier: F = D,
Meixner: Fy = D and Fy, = (), Hahn: Fy, = D and Fy, = F3 = () (Remark: I(()) = 0 and
max(()) = —1). The proportionality constants are also presented.

Among the reduced form polynomials, the big ¢g-Jacobi family and the discrete g-Hermite
IT are not mentioned in this paper. The orthogonality relations of the big g-Jacobi family are
expressed in terms of the Jackson integral and their rdQM need two component formalism
[27]. The rdQM for the discrete ¢g-Hermite II is an infinite system, x € Z. We have not com-
pleted the study of the pseudo virtual state vectors for these two systems. It is plausible that
similar Casoratian identities, which are polynomial identities, do exist. In fact R. Sasaki has
checked tentative Casoratian identities for the big g-Jacobi family (private communication).

In §B2 twist operations (i)-(ii) and (i)-(ii) are presented. There are more discrete

symmetries (iii)~(iv) for R and ¢R, and (iii)-(iv) for ¢R:

(i) : t@) & —2—1, AT T +M—Anl+d— 2= 22— N\), tq) Eq, (5.1)
(V) @) Lo+ d3—1, t) L (T4 A —Ag, 1T+ A— A3, 2 — A3, 2 — 205 + ),
te) = g, (5.2)
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(iii) : (iii) with the replacement (q) e (5.3)
(iv) : (iv) with the replacement t(q) g, (5.4)

all of which give the relation
EA) = Einni(N). (5.5)

It is an interesting problem to clarify whether these twists give new pseudo virtual state

vectors and Casoratian identities or not.
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A Data of Orthogonal Polynomials

In this appendix we present some necessary data of the orthogonal polynomials [28] 25].
The data of the Askey-Wilson polynomial are given in [A.1l The data of the polynomials
appearing in finite rdQM are given in[A.2] and those for semi-infinite rdQM are given in [A.3]

A.1 Askey-Wilson

The fundamental data of the Askey-Wilson polynomial are [28] 20]

q)\ = (a17a27a37a4) ({aiva;a;ajl} = {a17a27a37a4} as a Set)v V= 1qu7

— —n n— def
= (%a%a%a%)a k=q" EAN)=(" =11 —-bg""), b= arasazay,

[=Y)

n(x) =cosz, @(r)=2sinz,

(3 X) = Py (n(2); X) = pa(n(2); a1, as, as, aslq) (A1)
a1az, 103, A104

q;Q>a
H?=1(1 — a;e') V(25 A) = H?=1(1 —a;e™"")
(1 _ 62im)(1 _ qezm)’ ) - (1 _ 6—22'90)(1 _ qe—m)’

-n n—1 T —ix
q ", 04q", are’, are

= af"(a1a2, a1a3, Q104 ; Q)n 103 (

Viz;A) =

where p,(n; a1, as, as, as|q) is the Askey-Wilson polynomial. Note that the Askey-Wilson

system is invariant under the permutation of a;’s.
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The pseudo virtual state wavefunction is defined by using the twist operation, the discrete

symmetry of the Hamiltonian [20]. The twist operation t etc. are

H) (1= A, 1= X, 1= A5, 1 — \y) =26 — A, (A.2)
V(5 A) EV(254N), aA) =big 2, a’/(A) = —(1 - ¢)(1 — byg™?), (A.3)

HA) = aWHN) +a'(A), EN) Z aNEN) +a'(N) =Eva(A). (A4)

The pseudo virtual state polynomial & (z;A) = &, (n(z); A) is defined by

El@ A) € Pl (). (A.5)
The auxiliary function ¢y (z) (M € Zs) is defined by

Ivffk}

def A .
om(z ]H SL’—ZQ”)/ x+z§7))[ 2

I 77(9: +i(2H - j)) f77(95 +i(%5E —k)) x (—2)2MM=1) (A 6)

1<j<k<M p(i37)

and @o(x) = ¢1(x) = 1. Here [z] denotes the greatest integer not exceeding x.

A.2 Finite cases

Data of the polynomials appearing in finite rdQM are presented [28| 25]. Although there
are two possible parameter choices indexed by ¢ = 41 for the Hahn, dual Hahn, ¢-Hahn and

dual g-Hahn polynomials, we take e = 1 for simplicity of presentation.

A.2.1 Hahn (Ha)
A=(a,b,N), d=(1,1,—-1), k=1, &EA)=nn+a+b—1),
. -n,n+a+b—1, —x
Pu(:N) = Qu(n@)ia = Lb = LN) =3B( T T 0T 1),
B(x;A\) =(z+a)(N—2z), D(x;\)=xz(b+ N —x),

where @Q,,(n; a, 8, N) is the Hahn polynomial in the conventional parametrization [2§]. The
Hahn polynomial is obtained from the Racah polynomial by

A= (a,b+N+d,—N,d), d—oco: lim P¥x;A®) = P,(z; \). (A.8)

d—o00
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A.2.2 dual Hahn (dHa)

A=(a,b,N), 6d=(1,0,-1), =1, &,=n,
_2r+a+b
- a+b

—n,x+a—|—b—1,—z‘1>

a, —N ’
rle+b—1)(z+a+b+N—-1)
2z —2+a+b)(2x—1+a+b)’

nz;AN)=xz(z+a+b—1), @x;\)

Y

By(z;A) = Ry (n(z;A);a— 1,b— 1,N) :3F2< (A.9)

(x+a)(zr+a+b—1)(N —x)
2r—1+a+b)(2x+a+b)’

B(z; A) = D(z; ) =

where R, (n;7,0, N) is the dual Hahn polynomial in the conventional parametrization [28].

The dual Hahn polynomial is obtained from the Racah polynomial by

A= (a,V,-N,a+b—1), / =oo: lim PXx;A%) = B,(2;\). (A.10)

b —o00

A.2.3 Krawtchouk (K)

A: (p7N)7 5:(07_1>7 HZl’ gn:n7 n(x) :x7 go(x):17

y —n, —r | _

Po(z; ) = K, (n(z);p,N) = 2F1< ‘ p 1>, (A.11)
B(x;A) = p(N —x), D(z;A) = (1-p),

where K, (n;p, N) is the Krawtchouk polynomial. The Krawtchouk polynomial is obtained
from the Hahn polynomial by

A= (14pt, 14+ (1 =p)t,N), t—=o00: lim Pz A" = P, (z; ). (A.12)

t—o00

A.2.4 ¢-Hahn (¢Ha)

qA: (a>ban)a 0= (Lla_l)a K=4q 1> gN()‘) = (q_n_l)(l_abqn 1)a
n(@)=q¢" =1, @) =q",

. —n7 ab n—l’ —x

Pu(@iA) = Qu(L+n(@)iaq b Ng) =505 " ‘; N ) R W E )

B(z;A) = (1 —ag")(¢" " = 1), D(z;X) =aq ' (1—q¢")(¢" " —b),

where Q,(n;«, 8, N|q) is the g-Hahn polynomial in the conventional parametrization [28].

The ¢-Hahn polynomial is obtained from the g-Racah polynomial by

A" = (a,bgNd g d), d =0 Tim B X = Pu(a; ). (A.14)
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A.2.5 dual ¢-Hahn (dgHa)

qA: (a'aban)a 0= (1707_1)a "‘?:q_1> 5n:q_n—1,

. _ —x rz—1 . _q
M) = (0 = D —abg ), el ) = L0,

Py(z;A) = R, (1 + abg™" + n(z;X);aq” ', bg™" N|q) = 3¢2(q
("N =1)(1 = ag®)(1 — abg™™*)
(1 — abg®=1)(1 — abg?®) ’

won_1 (1= ") (1 —abg”™N 1) (1 — bg" ")
(1 — abg®>*=2)(1 — abg?®*—1) ’

where R,(n;7,0, N|q) is the dual ¢-Hahn polynomial in the conventional parametrization

r—1 —x

,abg®™, q
a, ¢ N

—n

q; q>, (A.15)

B(z;A) =

D(z;A) = aq

[28]. The dual ¢-Hahn polynomial is obtained from the ¢-Racah polynomial by

O = (@l abg), W0z i PR = Bd). (A16)

A.2.6 quantum ¢-Krawtchouk (q¢K)

qA: (pan)a 6: (17_1)7 R =4dq, ETL = 1_qn7 77(55) :q—$_17 SO(':U) :q_wv

Po(x; A) = K3 (14 n(x);p, N; q) = 201 (q q’_ﬁ q;pq"“), (A.17)

B(x;A) =p l¢"(¢" N = 1), D(x;X) = (1—¢")(1—p gV,

where K™ (n; p, N; q) is the quantum ¢-Krawtchouk polynomial. The quantum ¢-Krawtchouk
polynomial is obtained from the g-Hahn polynomial by

q"qHa = (a,pq,¢"), a—o0: lim PgHa(x; )\qHa) = Pn(CE; A). (A.18)

a— 00

A.2.7 ¢-Krawtchouk (¢K)

*=pd"), 6=2,-1), r=q" &) =(g"=1)(1+pg"),
nx)=q¢ =1, o)=q",

Po(z;X) = K, (1 +n(z);p, Ny q) = 3<b2(q ’qq_N’ O_pq

q;cz), (A.19)
B(x;A) =¢"V =1, D(z;X) = p(1 —¢"),

where K, (n;p, N;q) is the ¢-Krawtchouk polynomial. The g¢-Krawtchouk polynomial is

obtained from the ¢g-Hahn polynomial by

AqHa

= (a,—a"'pq,q"), a—0: liIr(l) PaHa (g X1 = P (1 X). (A.20)
a—r

26



A.2.8 dual ¢-Krawtchouk (d¢K)

qA: (quN>7 0= (07—1)7 ’%:q_lv En:q_"_l’

—x 1-N x
. o g —cqgNgq
@A) = (@ =D =eq™"), pln;N) = —F——x—
~ . . —_N . . . q_n7 q_
Pa(ei X) = Ko (1Lt e 4l Vs, Na) =6 (T 7 ). (A.21)

(N =11 —cq"")
(1 _ Cq2x—N)(1 _ Cq2x+1—N)’

(1—q")(1 = cq®)

Bz \) =
(73 A) (1= g =N)(1 — qux—N)’

D(,’,U7 A) — _Cq2m—2N—1

where K, (n; ¢, N|q) is the dual g-Krawtchouk polynomial in the conventional parametrization

[28]. The dual g-Krawtchouk polynomial is obtained from the dual ¢g-Hahn polynomial by

= (a,a e, ¢Y), a—0: lim Py XdHa) — B (2: X). (A.22)

a—0

Aqua
A.2.9 affine ¢-Krawtchouk (agK)

> =md"), 6=01,-1), r=q"', E=q¢"—1, na)=q¢ -1, ¢l@)=q",

,q7 %0
Bo(z;A) = K2% (1 + n(z);p, N; q) =3¢2( pqi] ‘q q) (A.23)

B(z;A) = (¢" N = 1)(1 = pg™*"),  D(z;A) = pg" (1 - ¢),
where K (n; p, N; q) is the affine g-Krawtchouk polynomial. The affine ¢-Krawtchouk poly-

nomial is obtained from the g-Hahn polynomial by

A" = (pg,b,q"), b—0: lim P& (z; AM) = P (z; N, (A.24)

b—0

A.3 Semi-infinite cases

Data of the polynomials appearing in semi-infinite rdQM are presented [28], 25].

A.3.1 Meixner (M)

A=(B,0), 6=(1,0), k=1, & =n, nlx)=z ¢ =1,

(2 A) = My (n(2); 8. ¢) = 2B . -, (A.25)
BN = ——(z+5), D X)=

:)U<

:,U,
1—c¢
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where M, (n; 3, c) is the Meixner polynomial. The Meixner polynomial is obtained from the
Hahn polynomial by

1— . .
— (8,14 TCN, N), N —oo: lim PH(z; AH%) = B, (2; \). (A.26)

N—oo

A.3.2 Charlier (C)

Pu(sA) = Ca(nf)ia) =B (" [ —a™), (A.27)
B(z;A) =a, D(z)=zx,

where C,(n;a) is the Charlier polynomial. The Charlier polynomial is obtained from the

Meixner polynomial by

a

M __
A _(5’a+ﬁ

), B—o00: ma PM(2; XM) = P, (23 M. (A.28)
—00
A.3.3 little g-Jacobi (lgJ)

qA = (a> b)a 0= (1a 1)> Kk = q_la €N(A) = (q_n - 1)(1 - abqn+l)>
nx)=1-4¢*, ¢(x)=q",
Pola:A) = (—a) g o0 9L g blg)

(bg;q)n
n+1
_ —n_—in(n+1) (aC.Ia Q) ( ", abg * ‘ . m+1)
= (—a)"q > ¢ q;q A.29
(a) (g q)n 2 aq (4.29)
q ", abg"™, " .
:3¢1< bg 4:a 1q )

B(z;A) =a(qg" —bq), D(xr)=q "1,

where p,(1; a, b|q) is the little g-Jacobi polynomial in the conventional parametrization [28].

The little g-Jacobi polynomial is obtained from the ¢-Hahn polynomial by
2™ =N =z, " = (ag,bg,q"V), N—oo:

lim PqHa(l,qHa AqHa) — ( )nqzn(n—i-l (bq7 Q)n pn(x’ )\) (A?)O)
N—roo (ag; q)n
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A.3.4 ¢-Meixner (¢M)

qA = (b,C), 0= (17_1>7 K =d, gn = 1_qn’ 77(36’) :q_x_ 17 90(55) :q—x7
Bo(; ) = My, (14 1(2); b, ¢; ) = 261 (q z;qq a; —c‘lq"“), (A.31)
B(z;A\) = cq®(1 — bg"™), D(x;X) = (1 — ¢")(1 + beq®),

where M, (n; b, ¢; q) is the g-Meixner polynomial. The g-Meixner polynomial is obtained from

the g-Hahn polynomial by

A= (g, —b gV ¢Y), N oo lim Pz AT = B (z; ). (A32)

N—oo

A.3.5 little ¢-Laguerre/Wall (lgL)

T

q =a, 6:17 H:q_7 gn:q_n_la n(x)zl_qw7 QO(QU):C]7

P N) = (@' g " pn (1= n(@)ialg) =200(" 1 [aiale), (A33)
B(z;A) =aq™™, D(x)=q¢ " -1,

where p,,(n; a|q) is the little g-Laguerre polynomial in the conventional parametrization [28].

The little g-Laguerre polynomial is obtained from the little g-Jacobi polynomial by

> = (a,0), b— 0: lim P9 (z; N = P, (2; \). (A.34)

b—0

A.3.6 Al-Salam-Carlitz 1T (ASCII)

qA = a, 6 = 07 R =q, gn =1- qTL’ 77(55) = q_x - 17 (p(SL’) = q—$7
- 1

Pu(w:N) = (=) g VO (L n(a)ia) =a00( T T aiale), (A3D)
B(z;A\) = ag®® ™, D(z;A) = (1—¢%)(1 — aq®),

where V(@ (n; q) is the Al-Salam-Carlitz II polynomial in the conventional parametrization

[28]. The Al-Salam-Carlitz IT polynomial is obtained from the g-Meixner polynomial by

A = (—ac ), c—0: LmP™M(@; AM) = P, (z; A). (A.36)

c—0
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A.3.7 ¢-Bessel (¢B) (alternative ¢-Charlier)

C=a 6=2, r=q"' EN=(@"-1D(1+ aq"), nx)=1-¢" o(x)=4q",

Pu(e:N) = () g g (L)) = oo (T [ —alqln) (A.37)

0
o —n’ —a n . —x
= g oo (T e =seo(T

B(z;A)=a, D(x)=q¢"-1,

q; —a‘lqm> :

where y,,(7; a; q) is the g-Bessel polynomial (the alternative g-Charlier polynomial K, (n; a; q))
in the conventional parametrization [28]. The g-Bessel polynomial is obtained from the little

g-Jacobi polynomial by

Alad r—1 _—1

= (a/,—ad '¢7"), d —0: lim PY(x; N = P, (z; ). (A.38)

a’—0

A.3.8 ¢-Charlier (¢C)
qA:au 6: _17 R =4, gn: 1_qTL’ n(x> :q—$_17 SO('I) :q_wa
q; —a‘lq"“), (A.39)

—-n —T

Pofa;N) = Cu(1 4 n(a)iaiq) =ain (11

where C,,(n; a; q) is the ¢g-Charlier polynomial. The ¢-Charlier polynomial is obtained from
the g-Meixner polynomial by

P = e b 0 BN A = P X) (A.40)
—>

B Pseudo Virtual State Vectors and Deformed Sys-
tems

In this appendix we explain pseudo virtual state vectors and deformed systems obtained by
one-step Darboux transformation in terms of pseudo virtual state vectors.

We illustrate them by taking ¢R twist (i) case as an example. We consider the following
parameter range:

c=q ", O<ac<d<l, qd<b<l, (B.1)
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for which the Hamiltonian is well-defined, namely real symmetric, and the constant ()
is positive. Potential functions B’(z;A) and D’(x; X) are given by ([B3.23)). We restrict the
parameter range,

ac <dgq, b<gq, d<4dg. (B.2)

Then B'(z;X) and D'(z; ) satisfy

B'(z;A) >0 (zx=0,1,...,N), B'(-1;\) =0,
D'(x;A\) >0 (x=0,1,...,N), D'(N+1;A)=0. (B.3)

By further restricting the parameter range, we attain the positivity of the pseudo virtual

state polynomial (3.25) in the extended domain,
E(z;A) >0 (2=-1,0,...,N+1). (B.4)

The range of v may be restricted. After (Z.6), let us define ¢o(x; A) by

def
o(z: ) H D’:c+1>\) >0, (B.5)

which is an ‘almost’ zero mode of H' (Z.14]),

H'(A)do(; A) = D'(0; X)do(0; A)dzo + B'(N; X)do(N; A) S (B.6)
Explicitly it is )
s\ L—dg™ 1
PEN =TT Fama) 0
We define the pseudo virtual state vector (;;V(x; A) as follows:
Oul2; A) < ol NE (3 N). (B8)
This pseudo virtual state vector satisfies
H(N) (3 X) = Ec(N)du(; A) + @(X) D'(0; X) o (05 M) (=15 A)dao
+ a(A)B'(N; N)do(N; M (N +1; )b, (B.9)

where the pseudo virtual state energy &,(A) is defined by (we present it for twists (i) and
(i)-(ii) also)

(1), (i) = EA) L a(NE(tA) +/(N), (B.10)



N & def —
(1), (i) = E(Xq) = aX & (HA);q71) + a'(Asq). (B.11)
Namely the pseudo virtual state vector almost satisfies the Schrodinger equation, except for
both boundaries x = 0 and x = N. This is in good contrast to the virtual state vector in
rdQM [12], which fails to satisfy the Schrodinger equation at only one of the boundaries.
We remark that the pseudo virtual state energies &, () for (i)-(ii) and (i)-(ii) give the same

value,

EAN) =E v (M), (B.12)

which is important for the equivalence between the state adding and deleting Darboux trans-
formations [19, 20].
Let us introduce potential functions By, (2; A) and Dy, (x; A) determined by one of the

pseudo virtual state polynomials &4, (z; A) :

B (2:0) % a(A) B (2 ,\)% D (22 A) 2 (A D/ (2 A)% (B.13)
which satisfy
By (#:A) >0 (=0,1,...,N), dl(—1-)\)=
Dy (z:X) >0 (£=0,1,...,N), Dg(N+1;A) =0, (B.14)
B(z; \)D(z + 1; A) = By, (2: X\) Dy (x+1 A),
B(z;A) + D(w;A) = Buy (2; A) + Doy (;X) + Ea,(N). (B.15)

The original Hamiltonian H () is rewritten by using them:

H(A) = =/ Bay (3 A) Dy (2 4+ 1, A) €@ — /By (2 — 15 A) Dy (3 A) €72
+ By, (3 X) + Dy, (2:X) + E4,(N) (B.16)

= (VButw:n) =/ Dus(as 2 e2) (y B (@i X) = 3/ Duy (@i 1))

_'_ﬁdl (O, )\)5900 + gdl ()\)

For this (N + 1) x (N 4 1) matrix H = (Ha.,y)o<zy<n, We define a deformed Hamiltonian
Ha, (X), which is an (N + 2) x (N + 2) matrix Hg, = (Hay 2.y)—1<2y<N,

Ha (A) & \/Bdl 2+ 1;0) Dy, (z 4+ 1;X) € — \/Bdl A Dy, (z:A) e
+Bd1(ZL’; )\) +Dd1(ZL’+ 1;A) —l—gdl(A) (B17)
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< <W‘e\/Dd1 >)(\/Bd1(w;>\)— ﬁdl(as;x)e—f’)wdl()\)).

Note that, in the RHS, only Bdl (x;A) and Ddl (x;A) for z = 0,1,..., N appear due to
By, (=1;A) = Dg (N +1;A) = 0, and &g, (2;A) for 2 = —1,0,..., N + 1 appears. The
deformed Hamiltonian H4, (A) has N + 2 eigenvectors; N + 1 eigenvectors ¢g, (x; A) (n =
0,1,...,N) are inherited from the eigenvectors ¢,(x; A) for the original Hamiltonian H (),

and a new eigenvector ®g,.4, (2; A) with the pseudo virtual energy &, (A) is added:

Hay (N)ay n(T:A) = Ea(A)@ay n(:A) (n=0,1,...,N), (B.18)
Hdl <>‘>(i)d1;d1 (I; >‘> = gdl (A)(i)dl;dl (SL’; )‘) (Blg)

Here ¢, n(z; A) and ®y,.q, (x; X) are given by

Sar (13 0) €/ By (23 X) G5 X) — \/ Dy (. + 1, X) fp(a + 1 N), (B.20)

éd1;d1(x; A) d:Of ¢0($+ 1;)‘_ 5) ) (B21)
V(@ N (2 + 1)

which are defined for x = —1,0,..., N. We remark that (B.20)) is rewritten as

—/a(N)B'(z; X) ¢o(z; )\)Wc[fdl, VB (1), v(zA) % Go(; }‘). (B.22)

¢d1 n(xa A) = = =
V(@ Vo, (z + 13 0) Po(z; A)
This deformed Hamiltonian Hg, (A) can be rewritten in the standard form:
Ha,(A) = —/Ba, (23 M) Dy, (z + 1;X) €2 — /By, (z — 1; \) Dy, (z; X) 72
+ Bay (5 ) + Dy (23 X) + €4, (N) (B.23)

_ <\/Bd1(x; N — /Do (@ N e )(«/Bdl(:):; ) — ?\/Dy, (x: A)) + &, (N)

Here potential functions By, (z; X) and Dy, (z;\) are

Buy(2:A) & a(A) D (2411 A)% Day (2 A) < (A B (a A)% (B.24)

which satisfy

Ba,(z;A) >0 (x=-1,0,...,N —1), B4 (N;X) =0,
Dy, (z;X) >0 (x=0,1,...,N), Dg(=1;A)=0. (B.25)



Repeating this deformation procedure M-times (the parameter range should be restricted
appropriately), we can obtain deformed Hamiltonians Hg, . a,,(X). They are (N + M +
1) x (N 4+ M + 1) matrices Ha, .ay, = (Hdy..dpy 2y)—M<zy<n and their eigenvalues are &,(A)
(n=0,1,...,N)and Ed (j=1,2,...,M). We will report on this subject in detail elsewhere.

Next let us consider the equivalence between the above one-step deformation in terms
of the pseudo virtual state vector with d; = ¢ and the /-step deformation in terms of the
eigenvectors with shifted parameters. For simplicity we take N' = max(D). The multi-step
Darboux transformations in terms of the eigenvectors were studied in [26]. Simple examples,
in which the eigenvectors ¢1, @9, . . ., ¢, are deleted, are given in its Appendix A. Egs. (A.16),
(A.24) and (A.26) in [20] for the g-Racah case:

po(; X)Wl Py, Py, Prl(5A) o Py(—2; =X = (€ = 1)8),
namely,
Ei(x = 1;A) o o(a; A — (£ +1)8) " 'We[Py, By, ..., B (m; A — (£ + 1)8). (B.26)

This is the special case of the Casoratian identities ([3.36) with M = 1, N = ¢, D = {(}
and D = {1,2,...,¢}. Let us denote the potential functions of the deformed system in
Appendix A of [26] as B, (2 A) = BB (2 A) and DS (@A) = Dy B (2 X,
The Hamiltonian of the deformed system in Appendix A of [26] is

H{12 ----- }() (H{12 ----- Z}l’y(A))0<x,y§N—Z’

H{12 ~~~~~ } - \/B{lz ..... Z}SCAD{1A2 ..... }(x+1§)‘)68 (B.27)
\/ng _____ }( 1A)D?1A2 _____ g@ ) e

(T A).

-----

&
B}
=
||
L
HHU:J
=
_|_
—_
>

— (£+1)é), (B.28)
Son@+LA—((+1)d).

.....

Therefore we have
Heoy(N) = EN)ay = 5 T HES i iop1 g (A= (L4 1)8), (B.29)
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namely

(Hf;x7y(A) — ge(/\)éx,y)

— 5 (HE oy A= (041)9)) - (B.30)

—1<z,y<N —1<z,y<N

This establishes the equivalence of the two systems.
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