arXiv:2112.09358v2 [math-ph] 27 Apr 2023

DPSU-21-2

Discrete Orthogonality Relations for the Multi-Indexed Orthogonal Polynomials in Discrete Quantum Mechanics with Pure Imaginary Shifts

Satoru Odake

Faculty of Science, Shinshu University, Matsumoto 390-8621, Japan

Abstract The discrete orthogonality relations for the multi-indexed orthogonal polynomials in discrete quantum mechanics with pure imaginary shifts are investigated. We show that the discrete orthogonality relations hold for the case-(1) multi-indexed orthogonal polynomials of continuous Hahn, Wilson and Askey-Wilson types, and conjecture their normalization constants.

1 Introduction

Ordinary orthogonal polynomials in one variable, P_n(η) (n ∈ Z_{≥0}), are characterized by the three term recurrence relations [1],

ηP_n(η) = A_nP_{n+1}(η) + B_nP_n(η) + C_nP_{n−1}(η) (n ∈ Z_{≥0}), (1.1)

where P_n(η) is a polynomial of degree n in η and P_{−1}(η) = 0. The hypergeometric orthogonal polynomials of the Askey scheme satisfy the second order differential or difference equations [2]. New types of orthogonal polynomials P_{D,n}(η) (n ∈ Z_{≥0}), exceptional or multi-indexed orthogonal polynomials [3]–[14], satisfy the second order differential or difference equations, but do not satisfy the three term recurrence relations because of the missing degrees. We distinguish the following two cases; the set of missing degrees I = Z_{≥0}\{deg P_{D,n}(η)|n ∈ Z_{≥0}} is case-(1): I = {0, 1, . . . , ℓ − 1}, or case-(2): I ≠ {0, 1, . . . , ℓ − 1}, where ℓ is a positive integer. The situation of case-(1) is called stable in [5]. Our study of orthogonal polynomials is based on the quantum mechanical formulation: ordinary quantum mechanics (oQM), discrete quantum mechanics with pure imaginary shifts (idQM) [15]–[18] and discrete quantum mechanics with real shifts (rdQM) [19]–[21]. The Schrödinger equation of oQM is a differential equation and that of dQM is a difference equation. We deform exactly solvable quantum mechanical systems by multi-step Darboux transformations and obtain multi-indexed polynomials as eigenfunctions of the deformed systems. They are polynomials in the sinusoidal coordinate η(x) [22, 23], P_{D,n}(η(x)), where x is the coordinate of the quantum system. The case-(1) multi-indexed polynomials are obtained by taking the virtual state wavefunctions as seed solutions of the Darboux transformations. When the eigenfunctions are taken as seed solutions [24, 25], the resulting multi-indexed polynomials are case-(2), and we call them Krein-Adler type multi-indexed polynomials.

Any ordinary orthogonal polynomials P_n(η) satisfy the discrete orthogonal relations. Let us fix a positive integer N and denote the zeros of P_N (η) as η_j (j = 1, 2, . . . , N ). Then the following discrete orthogonal relations hold [1]: N∑ j=1 sgn(C_N )

P^′_N (η_j ) P_{N −1}(η_j ) · P_n(η_j) P^′_N (η_j )

P_m(η_j) P^′_N (η_j ) = |C_N | h_n h_N δ_{nm} (0 ≤ n, m < N ), (1.2)

where f^′(x) =^{df(x)}_{dx} , and sgn(C_N ) is inserted for the positivity of the weight factor. Since the multi-indexed orthogonal polynomials P_{D,n}(η) are deformations of the ordinary orthogonal polynomials P_n(η), it is expected that the multi-indexed polynomials also satisfy the discrete orthogonal relations. We naively expected the following: ~N∑ j=1 P^′_{D,N} (η_j ) P_{D,N −1}(η_j ) · P_{D,n}(η_j ) P^′_{D,N} (η_j ) P_{D,m}(η_j ) P^′_{D,N} (η_j )

?= 0 (n ≠ m, 0 ≤ n, m < N ), (1.3)

where ~N = deg P_{D,N} (η). At first, we approached this problem by numerical calculation for the case-(1) multi-indexed polynomials of Laguerre, Jacobi, Wilson and Askey-Wilson types. It suggested that the discrete orthogonal relations hold for the multi-indexed polynomials, but (1.3) does not hold, namely the weight is not given by P^′_{D,N} (η_j)/P_{D,N −1}(η_j). In a private communication (2017), Sasaki informed the author that the weights for the multi-indexed Laguerre (L) and Jacobi (J) (and Hermite (H)) polynomials are given by 1/c_2(η_j ), based on the perturbations around the zeros of orthogonal polynomials [26]. Here c_2(η) is given by (2.132) of [18]

c_2(η) = 1 4 : H η : L 1 − η^2 : J

. (1.4)

In fact, P_n(η) = H_n(η), L^{(g− 12 )}n (η), P^{(g− 12 ,h− 12 )}n (η) for H, L, J cases satisfy

H : P^′_n(η) − 2nP_{n−1}(η) = 0, L : ηP^′_n(η) + (n + g −^1_2 )P_{n−1}(η) = nP_n(η), J : (2n + g + h − 1)(1 − η^2)P^′_n(η) − 2(n + g −^1_2 )(n + h −^1_2 )P_{n−1}(η) = −n ( h − g + (2n + g + h − 1)η ) P_n(η), and these imply

P^′_N (η_j) P_{N −1}(η_j) = 1 4 × 8N : H 1 η_j × (−1)(N + g −^1_2 ) : L 1 1 − η^2_j × 2(N + g −^1_2 )(N + h −^1_2 ) 2N + g + h − 1 : J .

We verified this weight 1/c_2(η_j) gives the discrete orthogonality relations for the case-(1) multi-indexed Laguerre and Jacobi polynomials by numerical calculation. For the case-(1) multi-indexed Wilson and Askey-Wilson polynomials, however, we could not find analytical expression of the weight at that time.

Recently Ho and Sasaki showed that the discrete orthogonality relations with the weight 1/c_2(η_j ) hold for the multi-indexed orthogonal polynomials in oQM: the case-(1) multiindexed Laguerre and Jacobi polynomials, and the Krein-Adler type multi-indexed polynomials based on the Hermite, Laguerre and Jacobi polynomials [27]. Motivated by the perturbations around the zeros of orthogonal polynomials [26], they consider a matrix ~M and its symmetric version M. Orthogonality of the eigenvectors of this symmetric matrix M implies the discrete orthogonality relations for the multi-indexed polynomials.

In this paper, we consider the discrete orthogonality relations for the multi-indexed orthogonal polynomials in idQM. The strategy is the same as Ho-Sasaki. By considering a matrix ~M and its symmetric version M, we show that the discrete orthogonality relations hold for the case-(1) multi-indexed polynomials of continuous Hahn, Wilson and Askey- Wilson types.

This paper is organized as follows. In section 2 we present a general theory of the discrete orthogonality relations for orthogonal polynomials satisfying differential or difference equations. In section 3 the discrete orthogonality relations for the case-(1) multi-indexed orthogonal polynomials of continuous Hahn, Wilson and Askey-Wilson types are presented. Section 4 is for a summary and comments. In Appendix A Proposition 3.1 is proved.

2 Discrete Orthogonality Relations

In this section we present a general theory of the discrete orthogonality relations for orthogonal polynomials satisfying differential or difference equations. The basic idea is given in [27].

Let us consider P̌_n(x) = P_n(η(x)) (n ∈ Z_{≥0}), where x is a coordinate of some quantum system (physical range: x_1 ≤ x ≤ x_2), η(x) is the sinusoidal coordinate [22, 23], and P_n(η) is a polynomial in η. We assume that P_n(y)’s are orthogonal polynomials, ∫_{x2} x_1

dx ψ(x)^2P̌_n(x)P̌_m(x) = h_nδ_{nm} (n, m ∈ Z_{≥0}), (2.1)

and satisfy a differential or difference equation,

~HP̌_n(x) = E_nP̌_n(x) (n ∈ Z_{≥0}). (2.2)

Here ψ(x)^2 is a weight function, h_n’s are normalization constants (h_n > 0), a differential or difference operator ~H is a transformed Hamiltonian (‘true’ Hamiltonian is H = ψ(x) ∘ ~H ∘ ψ(x)^{−1}), and E_n’s are its energy eigenvalues. We assume deg P_n < deg P_m and E_n < E_m for n < m. The degree of P_n is deg P_n = n for ordinary orthogonal polynomials, but deg P_n ≥ n for multi-indexed orthogonal polynomials.

Let us fix a non-negative integer N and set ~N = deg P_N . We denote the zeros of P_N (η) as η^{[N ]}_j (j = 1, 2, . . . , ~N ), which may be complex, and assume that they are simple. The sinusoidal coordinates considered in this paper are η(x) = x, x^2 and cos x (or cos 2x). The sinusoidal coordinate η(x) and the coordinate x have a one-to-one correspondence for the physical value of x, but this may not be the case for unphysical value of x. We fix x^{[N ]}_j uniquely, which gives η^{[N ]}_j = η(x^{[N ]}_j ), by requiring x_1 ≤ Re x^{[N ]}_j ≤ x_2.

Let us assume the existence of P̌_a(x) = P_a(η(x)) (a = 1, 2, . . . , ~N ) that satisfy the following conditions:

(i) : P_a(η) : a polynomial in η, (ii) : deg P_a < ~N , (iii) : ~HP̌_a(x) | |_{x=x[N ]j} = E P_a P_a(η^{[N ]}_j ), (iv) : E^P_a ≠ E^P_b (a ≠ b).

(2.3)

The condition deg P_a < deg P_b for a < b is not imposed. Note that P_n(η) (n = 0, 1, . . . , N −1) satisfy the conditions (2.3) with E^P_a = E_n. Since P_a is a polynomial of deg P_a < ~N , it is expressed as

P_a(η) = ~N∑ j=1

~N∏ l=1 l≠j (η − η^{[N ]}_l ) ~N∏ l=1 l≠j (η^{[N ]}_j − η^{[N ]}_l )

P_a(η^{[N ]}_j ), (2.4)

because the both sides agree at ~N points η = η^{[N ]}_j . Note that this can be rewritten as

P_a(η) = ~N∑ j=1 c^P_N ~N∏ l=1 (η − η^{[N ]}_l )

(η − η^{[N ]}_j )c^P_N ~N∏ l=1 l≠j (η^{[N ]}_j − η^{[N ]}_l )

P_a(η^{[N ]}_j ) = ~N∑ j=1 P_N (η) η − η^{[N ]}_j P_a(η^{[N ]}_j )

P^′_N (η^{[N ]}_j )

, (2.5)

where P_N (η) = c^P_N η^{~N} + (lower degree terms) and P^′_N (η) =^d_{dη} P_N (η). By replacing j with k

in (2.4), the action of ~H on P̌_a(x) is ~HP̌_a(x) = ~N∑ k=1 ~H ~N∏ l=1 l≠k ( η(x) − η^{[N ]}_l ) × P_a(η^{[N ]}_k ) ~N∏ l=1 l≠k (η^{[N ]}_k − η^{[N ]}_l )

. (2.6)

Let us evaluate this equation at x = x^{[N ]}_j . By the condition (iii) in (2.3), we obtain

E^P_a P_a(η^{[N ]}_j ) = ~N∑ k=1 ~M_{jk} ~N∏ l=1 l≠j (η^{[N ]}_j − η^{[N ]}_l ) ×

P_a(η^{[N ]}_k ) ~N∏ l=1 l≠k (η^{[N ]}_k − η^{[N ]}_l )

, (2.7)

where ~M_{jk} is defined by

~M_{jk}^{def}= ~H^{~N}∏ l=1 l≠k ( η(x) − η^{[N ]}_l ) | | |_{x=x[N ]j} ~N∏ l=1 l≠j (η^{[N ]}_j − η^{[N ]}_l ) (j, k = 1, 2, . . . , ~N ). (2.8)

By dividing (2.7) by ~N∏ l=1 l≠j (η^{[N ]}_j − η^{[N ]}_l ), it becomes

~Mṽ^{(a)} = E^P_a ṽ^{(a)}, (2.9) where a ~N × ~N matrix ~M and ~N -dimensional column vectors ṽ^{(a)} are defined by

~M = ( ~M_{jk}), ṽ^{(a)} = (ṽ^{(a)}_j ), ṽ^{(a)}_j^{def}= P^a(η

[N ] j ) ~N∏ l=1 l≠j (η^{[N ]}_j − η^{[N ]}_l ) = c^P_N P_a(η^{[N ]}_j ) P^′_N (η^{[N ]}_j )

. (2.10)

By a similarity transformation in terms of a non-singular diagonal matrix G = diag(g_1, . . . , g~_N ), we define a matrix M and vectors v^{(a)} as

M^{def}= G^{−1} ~MG, v^{(a) def}= G^{−1}ṽ^{(a)} ( ⇒ M_{jk} = g_k g_j ~M_{jk}, v^{(a)}_j = 1 g_j ṽ^{(a)}_j , Mv^{(a)} = E^P_a v^{(a)} ) .(2.11)

We assume the existence of G such that M is symmetric,

M_{jk} = M_{kj}. (2.12)

Then we have the following theorem.

Theorem 2.1 For P̌_n(x) satisfying (2.2), P_a(η) satisfying (2.3) and G giving (2.12), we have the discrete orthogonality relations: ~N∑ j=1 1 g^2_j

P_a(η^{[N ]}_j ) P^′_N (η^{[N ]}_j )

P_b(η^{[N ]}_j ) P^′_N (η^{[N ]}_j )

= k^{[N ]}_a δ_{ab} (a, b = 1, 2, . . . , ~N ), (2.13)

where k^{[N ]}a ’s are normalization constants.

Proof: Let us consider a vector space C^{~N} ∋ v = (v_j ) and a bilinear form ⟨ , ⟩ : C^{~N} ×C^{~N} → C ,

⟨v, w⟩^{def}= ~N∑ j=1 v_jw_j (v, w ∈ C^{~N} ).

Since M is symmetric, we have ⟨Mv, w⟩ = ⟨v, Mw⟩. For v^{(a)} and v^{(b)}, we have

⟨v^{(a)}, v^{(b)}⟩ = ~N∑ j=1 1 g^2_j ṽ^{(a)}_j ṽ^{(b)}_j = (c^P_N )^2 ~N∑ j=1 1 g^2_j

P_a(η^{[N ]}_j ) P^′_N (η^{[N ]}_j )

P_b(η^{[N ]}_j ) P^′_N (η^{[N ]}_j ) , and E^P_a ⟨v^{(a)}, v^{(b)}⟩ = ⟨Mv^{(a)}, v^{(b)}⟩ = ⟨v^{(a)}, Mv^{(b)}⟩ = E^P_b ⟨v^{(a)}, v^{(b)}⟩, which implies ⟨v^{(a)}, v^{(b)}⟩ = 0 for a ≠ b. By setting k^{[N ]}a as k^{[N ]}a = (c^P_N )^{−2}⟨v^{(a)}, v^{(a)}⟩, we obtain (2.13).

Remark 2.1 The weight 1/g^2_j in (2.13) may not be positive and may be complex, and the normalization constant k^{[N ]}a may not be positive.

Remark 2.2 The proof uses (2.2) but not (2.1) explicitly, and the theorem states nothing about the properties of k^{[N ]}a . The theorem states nothing for ~N = 0, 1 cases either. Let us consider P_a = P_n case. By using (2.1) and (2.5), we have ∫_{x2} x_1

dx ψ(x)^2P̌_n(x)P̌_m(x) = h_nδ_{nm}

= ~N∑ j=1 ~N∑ k=1 P_n(η^{[N ]}_j ) P^′_N (η^{[N ]}_j )

P_m(η^{[N ]}_k ) P^′_N (η^{[N ]}_k ) ∫_{x2} x_1 dx ψ(x)^2 P̌_N (x) η(x) − η^{[N ]}_j P̌_N (x) η(x) − η^{[N ]}_k . (2.14)

Since we know Theorem 2.1, we naively expect the following equation, ∫_{x2} x_1 dx ψ(x)^2 P̌_N (x) η(x) − η^{[N ]}_j P̌_N (x) η(x) − η^{[N ]}_k ?= 0 (j ≠ k). (2.15)

However, numerical calculation shows that this equation holds for ordinary orthogonal polynomials, but does not for the multi-indexed orthogonal polynomials.

Remark 2.3 The Ho-Sasaki’s matrices in [27], ~M^{HS} and M^{HS}, correspond to ~M − E_N 1 and −M + E_N 1, respectively. Their matrices are motivated by the perturbation around the zeros of orthogonal polynomials [26] and the scalar matrix E_N 1 is subtracted. Remark 2.4 During the peer review process, we learned about the paper [31] from the referee’s comments. The matrix Z = (Z_{jk})_{j,k=1,2,...,n} Z_{jk} = δ_{jk}^n ∑ l=1 l≠j (x_j −x_l)^{−1} +(1−δ_{jk})(x_j −x_k)^{−1}

(x_j : arbitrary), and related topics are investigated [31]. The results of [31] are interesting and important. The logic of Theorem 2.1 is the same as that of [27], and both follow the flow of [31], with a partial extension with respect to the missing degrees. In the application to orthogonal polynomials given in § 2 of [31], the three term recurrence relations and the properties obtained from them are used. As mentioned in § 1, the multi-indexed orthogonal polynomials considered in [27] and this paper do not satisfy the three term recurrence relations. So the results given in § 2 of [31] can not be applied, and the differential equations (for [27]) and difference equations (for this paper) play an important role. This matrix Z can be considered as a differential operator^d_{dx} in some situation (Remark : x in [31] corresponds to η in this paper). By applying this to some polynomial systems satisfying differential equations, various interesting results are presented [31]. The multi-indexed orthogonal polynomials in idQM satisfy the difference equations but not the differential equations. So the results of

[31] can not be applied to them. It is an interesting problem to generalize the result of [31] and study certain matrix which may be interpreted as a difference operator for x in some situation.

We present examples of Theorem 2.1 in the following sections.

3 Multi-Indexed Orthogonal Polynomials

In this section, after recapitulating the case-(1) multi-indexed orthogonal polynomials in discrete quantum mechanics with pure imaginary shifts, we show their discrete orthogonality relations and conjecture the normalization constants.

The notations P_n and ~H in § 2 correspond to P_{D,n} and ~H_D in this section, respectively.

3.1 Discrete quantum mechanics with pure imaginary shifts

Let us recapitulate the discrete quantum mechanics with pure imaginary shifts (idQM) [15, 18]. The dynamical variables of idQM are the real coordinate x (x_1 ≤ x ≤ x_2) and the conjugate momentum p = −i^d_{dx} , which are governed by the following factorized positive semi-definite Hamiltonian:

H^{def}= √ V (x) e^{γp} √ V^∗(x) + √ V^∗(x) e^{−γp} √ V (x) − V (x) − V^∗(x) = A^†A, (3.1) A^{def}= i ( e^{γ2 p} √ V^∗(x) − e^{− γ2 p} √ V (x) ) , A^{† def}= −i (√ V (x) e^{γ2 p} − √ V^∗(x) e^{− γ2 p} ) . (3.2)

Here the potential function V (x) is an analytic function of x and γ is a real constant. The ∗- operation on an analytic function f(x) = ∑ n a_nx^n (a_n ∈ C ) is defined by f^∗(x) = ∑ n a^∗_nx^n, in which a^∗_n is the complex conjugation of a_n. Note that √ is a square root as a complex function. The Schrödinger equation

Hϕ_n(x) = E_nϕ_n(x) (n ∈ Z_{≥0}), (3.3)

is an analytic difference equation with pure imaginary shifts. The inner product of two functions f(x) and g(x) is given by (f, g)^{def}= ∫_{x2} x_1 dx f ∗(x)g(x). The hermiticity of H, (f, Hg) = (Hf, g), depends on singularities of some functions in the rectangular domain D_γ [15, 23, 9], D_γ^{def}= { x ∈ C | | x_1 ≤ Re x ≤ x_2, |Im x| ≤^1_2 |γ|}. (3.4)

The eigenfunctions ϕ_n(x) can be chosen ‘real’, ϕ^∗_n(x) = ϕ_n(x), and the orthogonality relations read (ϕ_n, ϕ_m) = h_nδ_{nm} (n, m ∈ Z_{≥0}), 0 < h_n < ∞. (3.5) We consider the idQM systems whose eigenfunctions ϕ_n(x) (3.3) have the following form: ϕ_n(x) = ϕ_0(x)P̌_n(x), P̌_n(x)^{def}= P_n ( η(x) ) (n ∈ Z_{≥0}), (3.6) where η(x) is a sinusoidal coordinate [22, 23] and P_n(η) is an orthogonal polynomial of degree n in η and satisfies P̌^∗_n (x) = P̌_n(x). The energy eigenvalues satisfy 0 = E_0 < E_1 < E_2 < · · · . As a polynomial P_n(η), we consider the continuous Hahn (cH), Wilson (W) and Askey- Wilson (AW) polynomials etc., which are members of the Askey-scheme of hypergeometric orthogonal polynomials [2]. We call the idQM system by the name of the orthogonal polynomial: continuous Hahn system, Wilson system, Askey-Wilson system etc. The similarity transformation in terms of the ground state wavefunction gives the difference operator ~H, which acts on the polynomial eigenfunctions and is square root free, ~H^{def}= ϕ_0(x)^{−1} ∘ H ∘ ϕ_0(x) = V (x)(e^{γp} − 1) + V^∗(x)(e^{−γp} − 1), (3.7) ~HP̌_n(x) = E_nP̌_n(x) (n ∈ Z_{≥0}). (3.8)

Concrete idQM systems have a set of parameters λ = (λ_1, λ_2, . . .) and various quantities depend on them. If necessary, their dependence is expressed like, f = f(λ), f(x) = f(x; λ). For cH, W and AW systems, the parameters are λ = (λ_1, λ_2, λ_3, λ_4) (λ_i ∈ C , Re λ_i > 0) and satisfy cH : λ_3 = λ^∗_1, λ_4 = λ^∗_2, (3.9) W, AW : {λ^∗_1, λ^∗_2, λ^∗_3, λ^∗_4} = {λ_1, λ_2, λ_3, λ_4} (as a set), (3.10) We remark that λ for cH is taken as λ = (λ_1, λ_2) in [14] because of (3.9). The AW system contains the parameter q (0 < q < 1).

The data for V (x), E_n, ϕ_0(x), P_n(η), η(x), h_n, γ are given in § 2.2 of [14] and (2.25)–(2.26) of [28]. The parameters are λ = (a_1, a_2, a_3, a_4) for cH and W (b_1 = a_1 + a_2 + a_3 + a_4), and q^λ = (a_1, a_2, a_3, a_4) for AW (b_4 = a_1a_2a_3a_4).

3.2 Darboux transformations

The exactly solvable idQM systems in § 3.1 can be deformed by the multi-step Darboux transformations. We consider the Darboux transformations with virtual state wavefunctions as seed solutions. The M-step Darboux transformations are as follows. Take M virtual state wave functions, ϕ̃_{d1} (x), ϕ̃_{d2} (x), . . . , ϕ̃_{dM} (x) (d_j : mutually distinct), which are solutions of the Schrödinger equation, Hϕ̃_v(x) = Ẽ_vϕ̃_v(x), Ẽ_v < 0. (3.11) Note that ϕ̃^∗_v(x) = ϕ̃_v(x). In the s-step (1 ≤ s ≤ M), we have [9] (s = 0 : H = Â^†_{d1}Â_{d1} + Ẽ_{d1} ) H_{d1...ds}^{def}= Â_{d1...ds}Â^†_{d1...ds} + Ẽ_{ds} = Â^†_{d1...dsds+1}Â_{d1...dsds+1} + Ẽ_{ds+1} , (3.12) Â_{d1...ds}^{def}= i(e^γ2^p √ V̂ ∗_{d1...ds} (x) − e^{− γ}2^p √ V̂_{d1...ds} (x) ), Â^†_{d1...ds}^{def}= −i( √ V̂_{d1...ds} (x) e^γ2^p − √ V̂ ∗_{d1...ds} (x) e^{− γ}2^p), (3.13) V̂_{d1...ds} (x)^{def}= √ V (x − i^{s−1}_2 γ)V^∗(x − i^{s+1}_2 γ) × W_γ [ϕ̃_{d1} , . . . , ϕ̃_{ds−1} ](x + i^γ_2 ) W_γ [ϕ̃_{d1} , . . . , ϕ̃_{ds−1} ](x − i^γ_2 ) W_γ [ϕ̃_{d1} , . . . , ϕ̃_{ds} ](x − iγ) W_γ [ϕ̃_{d1} , . . . , ϕ̃_{ds} ](x)

, (3.14) ϕ_{d1...ds n}(x)^{def}= Â_{d1...ds} ϕ_{d1...ds−1 n}(x) = ϕ^∗_{d1...ds n}(x) (n ∈ Z_{≥0}) = A(x)W_γ [ϕ̃_{d1} , . . . , ϕ̃_{ds} , ϕ_n](x), (3.15)

A(x) = √∏_{s−1} j=0 V (x + i(^s_2 − j)γ)V^∗(x − i(^s_2 − j)γ) W_γ [ϕ̃_{d1} , . . . , ϕ̃_{ds} ](x − i^γ_2 )W_γ [ϕ̃_{d1} , . . . , ϕ̃_{ds} ](x + i^γ_2 ) 1 2 , (3.16) ϕ̃_{d1...ds v}(x)^{def}= Â_{d1...ds}ϕ̃_{d1...ds−1 v}(x) = ϕ̃^∗_{d1...ds v}(x) (v ∈ {d_1, . . . , d_M }\{d_1, . . . , d_s}) = A(x)W_γ [ϕ̃_{d1} , . . . , ϕ̃_{ds} , ϕ̃_v](x), (3.17) H_{d1...ds} ϕ_{d1...ds n}(x) = E_nϕ_{d1...ds n}(x) (n ∈ Z_{≥0}), (3.18) H_{d1...ds}ϕ̃_{d1...ds v}(x) = Ẽ_vϕ̃_{d1...ds v}(x) (v ∈ {d_1, . . . , d_M }\{d_1, . . . , d_s}), (3.19) (ϕ_{d1...ds n}, ϕ_{d1...ds m}) = s∏ j=1 (E_n − Ẽ_{dj} ) · h_nδ_{nm} (n, m ∈ Z_{≥0}), (3.20)

where W_γ [f_1, . . . , f_n] is the Casorati determinant of a set of n functions {f_j (x)},

W_γ [f_1, . . . , f_n](x)^{def}= i^{12 n(n−1)} det ( f_k ( x^{(n)}_j )) 1≤j,k≤n , x^{(n)}_j^{def}= x + i(^{n+1}_2 − j)γ, (3.21)

(for n = 0, we set W_γ [·](x) = 1). The operators Â_{d1...ds} and Â^†_{d1...ds} have no zero modes, which is the characterization of virtual state wavefunctions (For cH case, we relax this condition because these operators may be singular in the intermediate steps.). Therefore the deformed systems are isospectral to the original system. The deformed Hamiltonian H_{d1...ds} can be rewritten in the standard form: H_{d1 ...ds} = A^†_{d1...ds} A_{d1...ds} , (3.22) A_{d1...ds}^{def}= i ( e^{γ2 p} √ V^∗_{d1...ds} (x) − e^{− γ2 p} √ V_{d1...ds} (x) ) , A^†_{d1...ds}^{def}= −i (√ V_{d1...ds} (x) e^{γ2 p} − √ V^∗_{d1...ds} (x) e^{− γ2 p} ) , (3.23) V_{d1...ds} (x)^{def}= √ V (x − i^s_2 γ)V^∗(x − i^{s+2}_2 γ) × W_γ [ϕ̃_{d1} , . . . , ϕ̃_{ds} ](x + i^γ_2 ) W_γ [ϕ̃_{d1} , . . . , ϕ̃_{ds} ](x − i^γ_2 )

W_γ [ϕ̃_{d1} , . . . , ϕ̃_{ds} , ϕ_0](x − iγ) W_γ [ϕ̃_{d1} , . . . , ϕ̃_{ds} , ϕ_0](x)

. (3.24)

These formulas (3.12)–(3.24) (except for (3.20)) are derived algebraically ((3.20) is derived only formally unless H_{d1...ds′} (s^′ ≤ s) are hermitian). The hermiticity of H_{d1...ds} etc. should be considered in each case.

3.3 Multi-indexed orthogonal polynomials

We recapitulate the case-(1) multi-indexed orthogonal polynomials of cH, W and AW types.

There are two types of the virtual state wavefunctions, type I ϕ̃^I_v(x) and type II ϕ̃^{II}_v (x) for cH, W and AW idQM systems. The deformed systems are labeled by the index set D,

D = {d_1, . . . , d_M } (d_j ∈ Z_{≥0}), D = D^I ∪ D^{II}, M = M_I + M_{II},

D^{I def}= {d ∈ D | d : type I} = {d^I_1, . . . , d^I_{MI} } (d^I_j : mutually distinct), (3.25) D^{II def}= {d ∈ D | d : type II} = {d^{II}_1 , . . . , d^{II}_{MII} } (d^{II}_j : mutually distinct),

which are the degrees and types of the virtual state wavefunctions used in M-step Darboux transformations. The Hamiltonian is deformed as H → H_{d1} → H_{d1d2} → · · · → H_{d1...ds} → · · · → H_{d1...dM} = H_D by M-step Darboux transformations. Various quantities of the deformed systems are denoted as H_D, ϕ_{D n}, A_D, etc. Exactly speaking, D is an ordered set. When the ordered set D is D = {d^I_1, . . . , d^I_{MI} , d^{II}_1 , . . . , d^{II}_{MII} } with 0 ≤ d^I_1 < · · · < d^I_{MI} and 0 ≤ d^{II}_1 < · · · < d^{II}_{sII} , we call it the standard order. Under the permutation of d_j’s, the deformed Hamiltonian H_D is invariant, but the denominator polynomial Ξ̌_D(x) and the multi-indexed polynomials P̌_{D,n}(x) may change their signs. Unless otherwise mentioned, we do not care much about the order of D.

The denominator polynomial Ξ_D and the multi-indexed polynomials P_{D,n} are constructed as polynomial parts of the Casoratians W_γ [ϕ̃_{d1} , . . . , ϕ̃_{dM} ](x) and W_γ [ϕ̃_{d1} , . . . , ϕ̃_{dM} , ϕ_n](x), respectively,

W_γ [ϕ̃_{d1} , . . . , ϕ̃_{dM} ](x) = g_D(x)Ξ̌_D(x), Ξ̌_D(x)^{def}= Ξ_D ( η(x) ) , (3.26) W_γ [ϕ̃_{d1} , . . . , ϕ̃_{dM} , ϕ_n](x) = g^P_D(x)P̌_{D,n}(x), P̌_{D,n}(x)^{def}= P_{D,n} ( η(x) ) , (3.27)

whose concrete definitions are given by (3.18)–(3.19) of [14] and (3.37)–(3.38) of [9], and g_D(x) and g^P_D(x) can be read from (3.25)–(3.26) of [14] and (3.50)–(3.51) of [29] with W_γ [ϕ̃_{d1} , . . . , ϕ̃_{dM} ](x) = ∏_M j=1 ϕ_0(x^{(M)}_j )·W_γ [ν^{−1}ξ̌_{d1} , . . . , ν^{−1}ξ̌_{dM} ](x) and W_γ [ϕ̃_{d1} , . . . , ϕ̃_{dM} , ϕ_n](x) = ∏_{M+1} j=1 ϕ_0(x^{(M+1)}_j )·W_γ [ν^{−1}ξ̌_{d1} , . . . , ν^{−1}ξ̌_{dM} , P̌_n](x) (ν(x) and ξ̌_v(x) are given in [14, 29]). We remark that g_D(x) and g^P_D(x) depend on M_I and M_{II}, but not on the specific values of d_j and n. Note that Ξ̌^∗_D(x) = Ξ̌_D(x) and P̌^∗_{D,n}(x) = P̌_{D,n}(x). The denominator polynomial Ξ_D(η) and the multi-indexed polynomials P_{D,n}(η) are polynomials in η and their degrees are ℓ_D and ℓ_D + n, respectively (we assume c^Ξ_D ≠ 0 and c^P_{D,n} ≠ 0, see (A.1)–(A.2) of [14] and (A.40)–(A.41) of [30]). Here ℓ_D is

ℓ_D^{def}= M∑ j=1 d_j −^1_2 M(M − 1) + 2M_IM_{II}. (3.28)

We remark that P_{D,0} and Ξ_D are proportional, P̌_{D,0}(x; λ) ∝ Ξ̌_D(x; λ+δ), (A.3) of [14], (3.44) of [9], which is a consequence of the shape invariance.

The eigenfunctions of the deformed system (3.15) are expressed in terms of the ground state wavefunction ϕ_0(x) with shifted parameters, the denominator polynomials Ξ̌_D(x) and the multi-indexed polynomial P̌_{D,n}(x) as

ϕ_{D n}(x) = c^ϕ_Dψ_D(x)P̌_{D,n}(x) (n ∈ Z_{≥0}), (3.29) ψ_D(x; λ)^{def}= ϕ_0(x; λ_D) √ Ξ̌_D(x − i^γ_2 ; λ)Ξ̌_D(x + i^γ_2 ; λ)

, (3.30)

where c^ϕ_D and λ_D (which is denoted as λ^{[MI,MII]} in previous papers) are

c^ϕ_D = α^I(λ)^{12 MI} α^{II}(λ)^{12 MII} κ^{14 M(M−1)+MIMII} , (3.31) λ_D^{def}= λ + M_Iδ̃^I + M_{II}δ̃^{II}. (3.32)

Here explicit forms of α(λ) and δ̃ are given by (3.1), (3.3) of [14] and (3.25), (3.27) of [9], and κ is 1 (for cH and W) and q^{−1} (for AW).

The deformed Hamiltonian H_D in the standard form (3.22) is specified by the potential function V_D (3.24) and it is expressed in terms of the potential function V (x) with shifted parameters and the denominator polynomial Ξ̌_D(x) (with shifted parameters),

V_D(x; λ) = V (x; λ_D)

Ξ̌_D(x + i^γ_2 ; λ) Ξ̌_D(x − i^γ_2 ; λ)

Ξ̌_D(x − iγ; λ + δ) Ξ̌_D(x; λ + δ) . (3.33)

In order for the deformed Hamiltonian H_D to be hermitian, the parameters λ are restricted. As a sufficient condition for the hermiticity, we have the following [9, 14]:

The denominator polynomial Ξ̌_D(x) has no zero in D_γ (3.4). (3.34)

For cH case, the degree of Ξ_D(η), ℓ_D, should be even. In the following, we assume that the range of parameters is chosen so that the deformed Hamiltonian H_D is hermitian.

The orthogonality of the eigenfunctions (3.20), namely, those of the multi-indexed polynomials P̌_{D,n}(x) are ∫_{x2} x_1 dx ψ_D(x)^2P̌_{D,n}(x)P̌_{D,m}(x) = h_{D,n}δ_{nm} (n, m ∈ Z_{≥0}), (3.35) h_{D,n} = (c^ϕ_D)^{−2}h_n

M_I∏

j=1 (E_n − Ẽ^I_dI_j ) ·

M_{II}∏

j=1 (E_n − Ẽ^{II}_dII_j ), (3.36)

where explicit forms of Ẽ_v are given by (3.7) of [14] and (3.29) of [9]. The multi-indexed orthogonal polynomial P_{D,n}(η) has n zeros in the physical region η_{min} < η < η_{max} (η_{min}^{def}= min(η(x_1), η(x_2)), η_{max}^{def}= max(η(x_1), η(x_2))), which interlace the n + 1 zeros of P_{D,n+1}(η) in the physical region, and ℓ_D zeros in the unphysical region η ∈ C \(η_{min} , η_{max}).

The similarity transformed Hamiltonian in terms of ψ_D(x) is square root free,

~H_D^{def}= ψ_D(x)^{−1} ∘ H_D ∘ ψ_D(x)

= V (x; λ_D)

Ξ̌_D(x + i^γ_2 ; λ) Ξ̌_D(x − i^γ_2 ; λ) ( e^{γp} − Ξ̌_D(x − iγ; λ + δ)

Ξ̌_D(x; λ + δ) )

+ V^∗(x; λ_D)

Ξ̌_D(x − i^γ_2 ; λ) Ξ̌_D(x + i^γ_2 ; λ) ( e^{−γp} − Ξ̌_D(x + iγ; λ + δ)

Ξ̌_D(x; λ + δ) ) , (3.37)

and the multi-indexed polynomials P̌_{D,n}(x) are its eigenpolynomials,

~H_DP̌_{D,n}(x) = E_nP̌_{D,n}(x) (n ∈ Z_{≥0}). (3.38)

3.4 Some identities

For the ordered index set D = {d_1, . . . , d_M }, let us consider the following ordered index sets, D^′ = {d_1, . . . , d_M , d^′}, D^{′′} = {d_1, . . . , d_M , d^{′′}}, D^{′′′} = {d_1, . . . , d_M , d^′, d^{′′}}, (3.39) where d^′, d^{′′} ∉ D and d^′ ≠ d^{′′}. From the properties of the multi-step Darboux transformations given in § 3.2, we have the following identities: ϕ_D′′_n(x) = Â_D′′ Â^†_{D′} E_n − Ẽ_d′ ϕ_D′_n(x), (3.40) ϕ_D′′′_n(x) = Â_D′′′Â_D′ ϕ_{D n}(x). (3.41) By extracting the polynomial parts from these identities, we obtain the following proposition.

Proposition 3.1 (1) When the types of d^′ and d^{′′} are the same, (3.40) gives

(E_n − Ẽ_d′ ) (ˇ Ξ_D′ (x − i^γ_2 ) Ξ̌_{D′′} (x − i^γ_2 ) +

Ξ̌_{D′} (x + i^γ_2 ) Ξ̌_{D′′} (x + i^γ_2 ) ) P̌_{D′′,n}(x) = ( ~H_{D′′} + E_n − Ẽ_{d′} − Ẽ_{d′′} )P̌_{D′,n}(x). (3.42)

(2) When the types of d^′ and d^{′′} are different, (3.41) gives

κ^{2M+ 32} √ α^Iα^{II} (ˇ Ξ_D(x − i^γ_2 ) Ξ̌_{D′′′} (x − i^γ_2 ) +

Ξ̌_D(x + i^γ_2 ) Ξ̌_{D′′′} (x + i^γ_2 ) ) P̌_{D′′′,n}(x) = ( ~H_{D′′′} + E_n − Ẽ_{d′} − Ẽ_{d′′} )P̌_{D,n}(x). (3.43)

Since the proof is rather technical, we present it in Appendix A.

Remark 3.1 The identities (3.42) and (3.43) are invariant under the permutation of d_j, d^′, d^{′′} in D, D^′, D^{′′}, D^{′′′}, namely, the order of ordered sets D, D^′, D^{′′} and D^{′′′} are irrelevant. Remark 3.2 For generic values of λ, P̌_{D,n}(x) and Ξ̌_D(x ± i^γ_2 ) do not have a common root.

3.5 Discrete orthogonality relations

Let us fix a non-negative integer N and set ~N = deg P_{D,N} = ℓ_D + N . We denote the zeros of P_{D,N} (η) as η^{[D,N ]}_j (j = 1, 2, . . . , ~N ), and assume that they are simple. We define x^{[D,N ]}_j by requiring η(x^{[D,N ]}_j ) = η^{[D,N ]}_j and x_1 ≤ Re x^{[D,N ]}_j ≤ x_2.

In the following, for simplicity in notation, we write η^{[D,N ]}_j and x^{[D,N ]}_j as η_j and x_j , respectively. (Although this notation x_j conflicts with the end points of the physical range of the coordinate (x_1 and x_2), we think this does not cause any confusion.) Then P̌_{D,N} (x) is expressed as P̌_{D,N} (x) = c^P_{D,N} ~N∏ j=1 ( η(x) − η_j ) . (3.44)

3.5.1 polynomials P_a

For the index set D (3.25) in the standard order, let us define the index sets D^′_{1,jk}, D^′_{2,jk} and D^′_{3,jk} as follows [27]:

(1) D^′_{1,jk} : E^{I def}= {0, 1, . . . , d^I_{MI} }\D^I, d^I_j ∈ D^I, E^I_j^{def}= {ϵ ∈ E^I | ϵ < d^I_j}, ϵ^I_k ∈ E^I_j , D^{′ I}_{jk}^{def}= ( D^I\{d^I_j} ) ∪ {ϵ^I_k}, D^′_{1,jk}^{def}= D^{′ I}_{jk} ∪ D^{II}, (3.45) (2) D^′_{2,jk} : E^{II def}= {0, 1, . . . , d^{II}_{MII} }\D^{II}, d^{II}_j ∈ D^{II}, E^{II}_j^{def}= {ϵ ∈ E^{II} | ϵ < d^{II}_j }, ϵ^{II}_k ∈ E^{II}_j , D^{′ II}_{jk}^{def}= ( D^{II}\{d^{II}_j } ) ∪ {ϵ^{II}_k }, D^′_{2,jk}^{def}= D^I ∪ D^{′ II}_{jk} , (3.46) (3) D^′_{3,jk} : d^I_j ∈ D^I, d^{II}_k ∈ D^{II}, D^′_{3,jk}^{def}= ( D^I\{d^I_j} ) ∪ ( D^{II}\{d^{II}_k } ) . (3.47)

As an ordered set, we choose one order of the elements for each D^′_{1,jk}, D^′_{2,jk} and D^′_{3,jk}, e.g. the standard order. Note that |E^I_j | = d^I_j − (j − 1) and |E^{II}_j | = d^{II}_j − (j − 1). The numbers of these sets are #{D^′_{1,jk}} = M_I∑

j=1 ( d^I_j − (j − 1) ) = M_I∑

j=1 d^I_j − 1 2 M_I(M_I − 1),

#{D^′_{2,jk}} = M_{II}∑

j=1 ( d^{II}_j − (j − 1) ) = M_{II}∑

j=1 d^{II}_j − 1 2 M_{II}(M_{II} − 1), (3.48)

#{D^′_{3,jk}} = M_IM_{II},

and the sum of these numbers is ℓ_D (3.28).

Let us define the polynomials P̌_a(x) = P_a(η(x)) (a = 1, . . . , ~N ) as follows [27]:

(0) : P̌_a(x) = P̌_{D,n}(x) (0 ≤ n < N ), (1) : P̌_a(x) = P̌_D′_{1,jk ,N} (x) (D^′_{1,jk} in (3.45)), (2) : P̌_a(x) = P̌_D′_{2,jk ,N} (x) (D^′_{2,jk} in (3.46)), (3.49) (3) : P̌_a(x) = P̌_D′_{3,jk ,N} (x) (D^′_{3,jk} in (3.47)).

The total number of these P̌_a(x) is actually N + ℓ_D = ~N .

Let us show that the conditions in (2.3) are satisfied. The condition (i) is trivial. The condition (ii) is satisfied, because we have (0) : deg P_a = ℓ_D + n, n < N , (1) : deg P_a = ℓ_D′_{1,jk} + N , ℓ_D′_{1,jk} = ℓ_D − d^I_j + ϵ^I_k < ℓ_D, (2) : deg P_a = ℓ_D′_{2,jk} + N , ℓ_D′_{2,jk} = ℓ_D − d^{II}_j + ϵ^{II}_k < ℓ_D, (3.50) (3) : deg P_a = ℓ_D′_{3,jk} + N , ℓ_D′_{3,jk} = ℓ_D − d^I_j − d^{II}_k − 1 < ℓ_D.

The condition (iii) is satisfied by the following proposition. Proposition 3.2 For P̌_a(x) (3.49), we have ~H_DP̌_a(x)|_{x=xj} = E^P_a P_a(η_j), (3.51) where E^P_a are given by (0) : E^P_a = E_n, (1) : E^P_a = Ẽ^I_dI_j + Ẽ^I_ϵI_k − E_N , (2) : E^P_a = Ẽ^{II}_dII_j + Ẽ^{II}_ϵII_k − E_N , (3.52) (3) : E^P_a = Ẽ^I_dI_j + Ẽ^{II}_dII_k − E_N .

Proof:

(0): Eq. (3.38) gives ~H_DP̌_a(x) = E_nP̌_a(x), and (3.51) is obtained by setting x = x_j . (1): Eq. (3.42) with the replacement (D^′, D^{′′}, n, d^′, d^{′′}) → (D^′_{1,jk}, D, N , ϵ^I_k, d^I_j) gives (· · · ) × P̌_{D,N} (x) = ( ~H_D + E_N − Ẽ^I_ϵI_k − Ẽ^I_dI_j )P̌_a(x), and (3.51) is obtained by setting x = x_j .

(2): Eq. (3.42) with the replacement (D^′, D^{′′}, n, d^′, d^{′′}) → (D^′_{2,jk}, D, N , ϵ^{II}_k , d^{II}_j ) gives (· · · ) × P̌_{D,N} (x) = ( ~H_D + E_N − Ẽ^{II}_ϵII_k − Ẽ^{II}_dII_j )P̌_a(x), and (3.51) is obtained by setting x = x_j .

(3): Eq. (3.43) with the replacement (D, D^{′′′}, n, d^′, d^{′′}) → (D^′_{3,jk}, D, N , d^I_j, d^{II}_k ) gives (· · · ) × P̌_{D,N} (x) = ( ~H_D + E_N − Ẽ^I_dI_j − Ẽ^{II}_dII_k )P̌_a(x), and (3.51) is obtained by setting x = x_j .

By using (3.52) and explicit forms of E_n and Ẽ_v, we can show that the condition (iv) is satisfied for generic values of λ. Thus the polynomials P̌_a(x) (3.49) (with generic values of λ) satisfy all the conditions in (2.3).

3.5.2 matrices ~M and M

Let us show the proposition for ~M.

Proposition 3.3 The matrix elements ~M_{jk} (2.8) for j ≠ k are expressed as ~M_{jk} = 1 ( η(x_j − iγ) − η_k )( η(x_j + iγ) − η_k ) − ~H_D ( η(x)P̌_{D,N} (x) )| x=x_j P^′_{D,N} (η_j )

(j ≠ k). (3.53)

Proof: The similarity transformed Hamiltonian ~H_D (3.37) has the following form, ~H_D = A(x)(e^{γp} − B(x)) + A^∗(x)(e^{−γp} − B^∗(x)). Recalling (3.44) and evaluating ~H_DP̌_{D,N} (x) = E_NP̌_{D,N} (x) at x = x_j , we have

A(x_j ) ~N∏ l=1 ( η(x_j − iγ) − η_l ) + A^∗(x_j ) ~N∏ l=1 ( η(x_j + iγ) − η_l ) = 0. (3.54)

For j ≠ k, we have ~H_D ~N∏ l=1 l≠k ( η(x) − η_l )| |_{x=xj}

= A(x_j ) ~N∏ l=1 l≠k ( η(x_j − iγ) − η_l ) + A^∗(x_j ) ~N∏ l=1 l≠k ( η(x_j + iγ) − η_l )

= A(x_j ) ~N∏ l=1 ( η(x_j − iγ) − η_l ) η(x_j − iγ) − η_k + A^∗(x_j ) ~N∏ l=1 ( η(x_j + iγ) − η_l ) η(x_j + iγ) − η_k (i) = A(x_j ) ~N∏ l=1 ( η(x_j − iγ) − η_l ) · ( η(x_j + iγ) − η(x_j − iγ) ) ( η(x_j − iγ) − η_k )( η(x_j + iγ) − η_k )

(i) = −A(x_j )η(x_j − iγ) ~N∏ l=1 ( η(x_j − iγ) − η_l ) − A^∗(x_j )η(x_j + iγ) ~N∏ l=1 ( η(x_j + iγ) − η_l ) ( η(x_j − iγ) − η_k )( η(x_j + iγ) − η_k )

= − ~H_D ( η(x) ~N∏ l=1 ( η(x) − η_l ))| |_{x=xj} ( η(x_j − iγ) − η_k )( η(x_j + iγ) − η_k ), where we have used (3.54) in (i). Then the matrix elements ~M_{jk} (2.8) for j ≠ k become

~M_{jk} = 1 ( η(x_j − iγ) − η_k )( η(x_j + iγ) − η_k ) − ~H_D ( η(x) ~N∏ l=1 ( η(x) − η_l ))| |_{x=xj} ~N∏ l=1 l≠j (η_j − η_l) .

By multiplying the numerator and denominator of the last factor by c^P_{D,N} , (3.53) is obtained.

Let us define F_j (j = 1, . . . , ~N ) as

F_j^{def}= − ~H_D(η(x)P̌_{D,N} (x))|_{x=xj} P^′_{D,N} (η_j )

. (3.55)

Then we have the following proposition.

Proposition 3.4 The number F_j (3.55) is expressed as F_j = F̌ (x_j ) = F (η_j). (3.56) Here F̌ (x) is given by

F̌ (x)^{def}= −1 P^′_{D,N} (η(x)) ( η(x − iγ)V (x; λ_D) Ξ̌_D(x + i^γ_2 ) Ξ̌_D(x − i^γ_2 ) P̌_{D,N} (x − iγ)

+ η(x + iγ)V^∗(x; λ_D)

Ξ̌_D(x − i^γ_2 ) Ξ̌_D(x + i^γ_2 ) P̌_{D,N} (x + iγ) ) . (3.57)

It is a rational function of η(x), and F (η) is given by F (η(x))^{def}= F̌ (x). Proof: By (3.37), F_j becomes

F_j = −1 P^′_{D,N} (η_j) ( V (x_j ; λ_D)

Ξ̌_D(x_j + i^γ_2 ) Ξ̌_D(x_j − i^γ_2 )η(x^j − iγ) P̌_{D,N} (x_j − iγ)

+ V^∗(x_j ; λ_D)

Ξ̌_D(x_j − i^γ_2 ) Ξ̌_D(x_j + i^γ_2 )η(x^j + iγ) P̌_{D,N} (x_j + iγ) ) , namely F_j = F̌ (x_j). Let us show that F̌ (x) is a rational function of η(x) = x, x^2 and cos x for cH, W and AW cases, respectively. From (3.57) and explicit form of V (x), F̌ (x) is a rational function of x (cH, W) or e^{ix} (AW). For cH case, it is trivial that F̌ (x) is a rational function of x. For W and AW cases, the potential function V (x) satisfies W, AW : V^∗(x) = V (−x). (3.58) By using this and η(−x) = η(x), we obtain F̌ (−x) = F̌ (x). This means that F̌ (x) is a rational function of x^2 (W) or e^{ix} + e^{−ix} = 2 cos x (AW). Remark 3.3 By (3.54), F_j can be written as

F_j = η(x_j + iγ) − η(x_j − iγ) P^′_{D,N} (η_j) V (x_j ; λ_D)

Ξ̌_D(x_j + i^γ_2 ) Ξ̌_D(x_j − i^γ_2 )

P̌_{D,N} (x_j − iγ). (3.59)

The sinusoidal coordinates have the following property.

Lemma 3.1 The sinusoidal coordinates η(x) = x, x^2 and cos x satisfy the following identity for any complex numbers a, b and c: ( η(a − c) − η(b) )( η(a + c) − η(b) ) = ( η(b − c) − η(a) )( η(b + c) − η(a) ) . (3.60)

Proof: Direct calculation shows this lemma.

By the similarity transformation (2.11), we obtain the symmetric matrix M.

Proposition 3.5 By taking g_j = √ F_j in (2.11), the matrix M is symmetric, (2.12).

Proof: Since the matrix elements ~M_{jk} (j ≠ k) are expressed as ~M_{jk} = F^j ( η(x_j − iγ) − η_k )( η(x_j + iγ) − η_k ) (j ≠ k), (3.61)

the matrix elements M_{jk} (j ≠ k) become M_{jk} = √ F_j √ F_k ( η(x_j − iγ) − η_k )( η(x_j + iγ) − η_k ) (j ≠ k). (3.62)

By Lemma 3.1, M_{jk} are symmetric in j and k.

Remark 3.4 We have not written down the diagonal elements M_{jj}(= ~M_{jj}) explicitly, because their concrete forms are not needed to show (2.12). For the sake of completeness, we write down the concrete form of ~M_{jj} = M_{jj}, ~M_{jj} = F^j ( η(x_j − iγ) − η_j )( η(x_j + iγ) − η_j ) − V (x_j ; λ_D)

Ξ̌_D(x_j + i^γ_2 ; λ) Ξ̌_D(x_j − i^γ_2 ; λ)

Ξ̌_D(x_j − iγ; λ + δ) Ξ̌_D(x_j ; λ + δ)

− V^∗(x_j ; λ_D)

Ξ̌_D(x_j − i^γ_2 ; λ) Ξ̌_D(x_j + i^γ_2 ; λ)

Ξ̌_D(x_j + iγ; λ + δ) Ξ̌_D(x_j ; λ + δ) , (3.63)

which is derived from the definition (2.8) by using (3.54), like as (3.53) and (3.57).

3.5.3 discrete orthogonality relations

Let us present a main result of this paper.

Theorem 3.1 For the case-(1) multi-indexed orthogonal polynomials of cH, W and AW types P_{D,n}(η), P_a(η) (3.49) and F (η) (3.56), we have the discrete orthogonality relations: ~N∑ j=1 1 F (η_j)

P_a(η_j) P^′_{D,N} (η_j) P_b(η_j ) P^′_{D,N} (η_j ) = k^{[D,N ]}_a δ_{ab} (a, b = 1, 2, . . . , ~N ), (3.64) where k^{[D,N ]}a ’s are normalization constants.

Proof: Since the assumptions of Theorem 2.1 are satisfied (for generic values of λ), Theorem 2.1 gives this theorem.

Remark 3.5 In contrast to the weight 1/c_2(η) in oQM case, this weight 1/F (η) depends on the multi index D, see (3.57).

Remark 3.6 As in Remark 2.1, the weights 1/F (η_j) may not be positive and may be complex, and the normalization constants k^{[D,N ]}a may not be positive. As in Remark 2.2, the theorem states nothing about the properties of k^{[D,N ]}a , nor does it state anything for ~N = 0, 1 cases.

Remark 3.7 The property P^∗_{D,N} (η) = P_{D,N} (η) (which holds if (3.9)–(3.10) are satisfied) implies {η^∗_1, . . . , η^∗_{~N} } = {η_1, . . . , η~_N } (as a set). (3.65) Base on this fact, let us define j̄ as η¯_j^{def}= η^∗_j . If η^∗_j = η_j , we have j̄ = j. In [27], the vector space ~V = {ṽ = (ṽ_j) ∈ C^{~N} | ṽ^∗_j = ṽ¯_j } is considered. It is a ~N -dimensional vector space over R, and (ṽ, w̃) = ∑_{~N} j=1 ṽ_jw̃_j gives an (indefinite) inner product on ~V . By studying ( ~M^{HS}_{jk} )^∗, it is shown that ~V is invariant under the action of ~M^{HS} [27]. A similar analysis is possible for our ~M.

Remark 3.8 The discrete orthogonality relations (3.64) are shown for the multi-indexed orthogonal polynomials P_{D,n}. As mentioned in Remark 2.2, the difference equations (3.38) are used in the proof, but the orthogonality relations (3.35) are not explicitly used. In oder for P_{D,n} to be orthogonal polynomials, the parameters λ are restricted by the conditions such as (3.34). If the parameters λ do not satisfy the conditions, the polynomials P_{D,n} are no longer orthogonal polynomials, but may still satisfy the difference equations. Then, the discrete orthogonality relations still hold in that case. Let us discuss this point. For the parameters λ satisfying (3.9)–(3.10), they have 4 real degrees of freedom, and one more degree of freedom q (0 < q < 1) for AW case. Let us consider a_1, a_2, a_3, a_4, q ∈ C (a_i is λ_i or q^{λi} ) without any restriction (except for the condition c^Ξ_D, c^P_{D,N} ≠ 0). There are 8 real degrees of freedom for cH and W, and 10 for AW. The definitions of the polynomials P_{D,n}, (3.19) of [14] and (3.38) of [9], are meaningful for these complex values of parameters. Note that the property P^∗_{D,n} = P_{D,n} is lost and (3.65) does not hold. The difference equations (3.38) hold by replacing V^∗(x; λ_D) in (3.37) as follows: V^∗(x) → { (a_3 − ix)(a_4 − ix) : cH V (−x) : W, AW

. (3.66)

Then Proposition 3.1, the conditions (2.3) for P̌_a(x) (3.49), Proposition 3.3–3.5 are valid. Thus the discrete orthogonality relations (3.64) hold for any complex values of parameters (with the condition c^Ξ_D, c^P_{D,N} , F (η_j) ≠ 0). We can verify this for small M, d_j, N and n by numerical calculation. The normalization constants k^{[D,N ]}a may not be real. Remark 3.9 The case-(1) multi-indexed orthogonal polynomials are also constructed for the Meixner-Pollaczek (MP) polynomials [14]. In this case, there is only one type of virtual states. Various formulas are obtained from those of two type case (cH,W,AW) given above, by setting M_{II} = 0 and neglecting a superscript (or subscript) I. There is no D^′_{2,jk} and D^′_{3,jk}. So, the polynomials P̌_a(x) (3.49) are only (0) and (1). The condition (iv) in (2.3) may not be satisfied even for generic values of λ. However, the case-(1) multi-indexed MP polynomials P_{D,n}(η) can be obtained from the case-(1) multi-indexed cH polynomials by taking certain limit of parameters (with appropriate rescalings). By this limit, the discrete orthogonality relations (3.64) for the case-(1) multi-indexed cH polynomials are inherited by the case-(1) multi-indexed MP polynomials. As in Remark 3.8, they hold for any complex values of parameters.

We conjecture the normalization constants k^{[D,N ]}a as follows.

Conjecture 3.1 The normalization constants k^{[D,N ]}a are given by

(0) P_a = P_{D,n} : k^{[D,N ]}_a = h_{D,n} h_{D,N} × 1 2(b_1 + 2N − 1)

: cH, W q^{N +1} (1 − q^2)(1 − b_4q^{2N −1})

: AW

, (3.67)

(1) P_a = P_D′_{1,jk,N} :

cH : k^{[D,N ]}_a = h_D′_{1,jk,N} h_{D,N} (ϵ^I_k + 1)_dI_{j −ϵ}I_k 2 1 (a_1 + a_3 − d^I_j − 1, a_2 + a_4 + ϵ^I_k)_dI_{j −ϵ}I_k × 1 (a_1 − a_2 − d^I_j)_dI_{j −ϵ}I_k (a_3 − a_4 − d^I_j)_dI_{j −ϵ}I_k

(b^{′ cH} − d^I_k)_dI_{j −ϵ}I_k −b^{′ cH} + 1 + 2ϵ^I_k × M_I∏

i=1 i≠j d^I_i − ϵ^I_k d^I_i − d^I_j

−b^{′ cH} + d^I_i + ϵ^I_k + 1 −b^{′ cH} + d^I_i + d^I_j + 1 · M_{II}∏

i=1 d^{II}_i + ϵ^I_k + 1 d^{II}_i + d^I_j + 1 b^{′ cH} + d^{II}_i − ϵ^I_k b^{′ cH} + d^{II}_i − d^I_j ,

W : k^{[D,N ]}_a = h_D′_{1,jk,N} h_{D,N} 1 2(ϵ^I_k + 1)_dI_{j −ϵ}I_k 1 (a_1 + a_2 − d^I_j − 1, a_3 + a_4 + ϵ^I_k)_dI_{j −ϵ}I_k × 2∏ l=1 4∏ m=3 1 (a_l − a_m − d^I_j )_dI_{j −ϵ}I_k · (b^′_1 − d^I_k)_dI_{j −ϵ}I_k −b^′_1 + 1 + 2ϵ^I_k

(3.68)

× M_I∏

i=1 i≠j d^I_i − ϵ^I_k d^I_i − d^I_j

−b^′_1 + d^I_i + ϵ^I_k + 1 −b^′_1 + d^I_i + d^I_j + 1 · M_{II}∏

i=1 d^{II}_i + ϵ^I_k + 1 d^{II}_i + d^I_j + 1 b^′_1 + d^{II}_i − ϵ^I_k b^′_1 + d^{II}_i − d^I_j ,

AW : k^{[D,N ]}_a = h_D′_{1,jk ,N} h_{D,N} (a_1a_2)^{2(dIj −ϵIk)−1}(a_3a_4)^{−(dIj −ϵIk)} (1 − q^2)(q^{ϵI}k^{+1}; q)_dI_{j −ϵ}I_k q^{2−2dIj (dIj +1)+ϵIk(2ϵIk+3)} (a_1a_2q^{−dIj −1}, a_3a_4q^{ϵI}k ; q)_dI_{j −ϵ}I_k × 2∏ l=1 4∏ m=3 1 (a_la^{−1}_m q^{−dIj} ; q)_dI_{j −ϵ}I_k · (b^′_4q^{−dIk} ; q)_dI_{j −ϵ}I_k 1 − b^{′ −1}_4 q^{1+2ϵI}k × M_I∏

i=1 i≠j 1 − q^{dIi−ϵIk} 1 − q^{dIi−dIj} 1 − b^{′ −1}_4 q^{dIi+ϵIk+1} 1 − b^{′ −1}_4 q^{dIi+dIj +1} · M_{II}∏

i=1 1 − q^{dIIi +ϵIk+1} 1 − q^{dIIi +dIj +1} 1 − b^′_4q^{dIIi −ϵIk} 1 − b^′_4q^{dIIi −dIj} , (2) P_a = P_D′_{2,jk,N} :

cH : k^{[D,N ]}_a = h_D′_{2,jk,N} h_{D,N} (ϵ^{II}_k + 1)_dII_{j −ϵ}II_k 2 1 (a_2 + a_4 − d^{II}_j − 1, a_1 + a_3 + ϵ^{II}_k )_dII_{j −ϵ}II_k × 1 (a_2 − a_1 − d^{II}_j )_dII_{j −ϵ}II_k (a_4 − a_3 − d^{II}_j )_dII_{j −ϵ}II_k

(−b^{′ cH} − d^{II}_k )_dII_{j −ϵ}II_k b^{′ cH} + 1 + 2ϵ^{II}_k × M_{II}∏

i=1 i≠j d^{II}_i − ϵ^{II}_k d^{II}_i − d^{II}_j b^{′ cH} + d^{II}_i + ϵ^{II}_k + 1 b^{′ cH} + d^{II}_i + d^{II}_j + 1 · M_I∏

i=1 d^I_i + ϵ^{II}_k + 1 d^I_i + d^{II}_j + 1

−b^{′ cH} + d^I_i − ϵ^{II}_k −b^{′ cH} + d^I_i − d^{II}_j ,

W : k^{[D,N ]}_a = h_D′_{2,jk,N} h_{D,N} 1 2(ϵ^{II}_k + 1)_dII_{j −ϵ}II_k 1 (a_3 + a_4 − d^{II}_j − 1, a_1 + a_2 + ϵ^{II}_k )_dII_{j −ϵ}II_k × 4∏ l=3 2∏ m=1 1 (a_l − a_m − d^{II}_j )_dII_{j −ϵ}II_k · (−b^′_1 − d^{II}_k )_dII_{j −ϵ}II_k b^′_1 + 1 + 2ϵ^{II}_k

(3.69)

× M_{II}∏

i=1 i≠j d^{II}_i − ϵ^{II}_k d^{II}_i − d^{II}_j b^′_1 + d^{II}_i + ϵ^{II}_k + 1 b^′_1 + d^{II}_i + d^{II}_j + 1 · M_I∏

i=1 d^I_i + ϵ^{II}_k + 1 d^I_i + d^{II}_j + 1

−b^′_1 + d^I_i − ϵ^{II}_k −b^′_1 + d^I_i − d^{II}_j ,

AW : k^{[D,N ]}_a = h_D′_{2,jk ,N} h_{D,N} (a_3a_4)^{2(dIIj −ϵIIk )−1}(a_1a_2)^{−(dIIj −ϵIIk )} (1 − q^2)(q^{ϵII}k^{+1}; q)_dII_{j −ϵ}II_k q^{2−2dIIj (dIIj +1)+ϵIIk (2ϵIIk +3)} (a_3a_4q^{−dIIj −1}, a_1a_2q^{ϵII}k ; q)_dII_{j −ϵ}II_k × 4∏ l=3 2∏ m=1 1 (a_la^{−1}_m q^{−dIIj} ; q)_dII_{j −ϵ}II_k · (b^{′ −1}_4 q^{−dIIk} ; q)_dII_{j −ϵ}II_k 1 − b^′_4q^{1+2ϵII}k × M_{II}∏

i=1 i≠j 1 − q^{dIIi −ϵIIk} 1 − q^{dIIi −dIIj} 1 − b^′_4q^{dIIi +ϵIIk +1} 1 − b^′_4q^{dIIi +dIIj +1} · M_I∏

i=1 1 − q^{dIi+ϵIIk +1} 1 − q^{dIi+dIIj +1} 1 − b^{′ −1}_4 q^{dIi−ϵIIk} 1 − b^{′ −1}_4 q^{dIi−dIIj} , (3) P_a = P_D′_{3,jk,N} :

cH : k^{[D,N ]}_a = h_D′_{3,jk,N} h_{D,N} (−1)^{dIj +dIIk +1}d^I_j! d^{II}_k !

2(d^I_j + d^{II}_k + 1) 1 (a_1 + a_3 − d^I_j − 1, a_2 + a_4 − d^{II}_k − 1)_dI_{j +d}II_{k +1}

× (−b^{′ cH} − d^{II}_k )_dI_j (b^{′ cH} − d^I_j)_dII_k (a_1 − a_2 − d^I_j, a_3 − a_4 − d^I_j )_dI_{j +d}II_{k +1} × M_I∏

i=1 i≠j 1 (d^I_i − d^I_j)(d^I_i + d^{II}_k + 1)(−b^{′ cH} + d^I_i + d^I_j + 1)(−b^{′ cH} + d^I_i − d^{II}_k )

× M_{II}∏

i=1 i≠k 1 (d^{II}_i − d^{II}_k )(d^{II}_i + d^I_j + 1)(b^{′ cH} + d^{II}_i + d^{II}_k + 1)(b^{′ cH} + d^{II}_i − d^I_j) ,

W : k^{[D,N ]}_a = h_D′_{3,jk,N} h_{D,N} (−1)^{dIj +dIIk +1} 2(d^I_j + d^{II}_k + 1)d^I_j! d^{II}_k ! 1 (a_1 + a_2 − d^I_j − 1, a_3 + a_4 − d^{II}_k − 1)_dI_{j +d}II_{k +1} × (−b^′_1 − d^{II}_k )_dI_j (b^′_1 − d^I_j )_dII_k ∏_2 l=1 ∏_4

m=3(a_l − a_m − d^I_j)_dI_{j +d}II_{k +1} × M_I∏

i=1 i≠j 1 (d^I_i − d^I_j)(d^I_i + d^{II}_k + 1)(−b^′_1 + d^I_i + d^I_j + 1)(−b^′_1 + d^I_i − d^{II}_k )

(3.70)

× M_{II}∏

i=1 i≠k 1 (d^{II}_i − d^{II}_k )(d^{II}_i + d^I_j + 1)(b^′_1 + d^{II}_i + d^{II}_k + 1)(b^′_1 + d^{II}_i − d^I_j) ,

AW : k^{[D,N ]}_a = h_D′_{3,jk ,N} h_{D,N} (−1)^{dIj +dIIk +1}(a_1a_2)^{3dIj +2}(a_3a_4)^{dIIk −2dIj} (1 − q^2)(1 − q^{dIj +dIIk +1})(q; q)_dI_j (q; q)_dII_k × q^{− 12 (5dI 2j −2dIj dIIk +dII 2k +3dIj −dIIk +8)} (a_1a_2q^{−dIj −1}, a_3a_4q^{−dII}k^{−1}; q)_dI_{j +d}II_{k +1}

(b^{′ −1}_4 q^{−dIIk} ; q)_dI_j (b^′_4q^{−dIj} ; q)_dII_k ∏_2 l=1 ∏_4 m=3(a_la^{−1}_m q^{−dIj} ; q)_dI_{j +d}II_{k +1} × M_I∏

i=1 i≠j b^{′ −1}_4 q^{2(dIi −i−MII)−1} (1 − q^{dIi−dIj} )(1 − q^{dIi+dII}k^{+1})(1 − b^{′ −1}_4 q^{dIi+dIj +1})(1 − b^{′ −1}_4 q^{dIi−dII}k ) × M_{II}∏

i=1 i≠k b^′_4q^{2(dIIi −i−MI)−1} (1 − q^{dIIi −dII}k )(1 − q^{dIIi +dIj +1})(1 − b^′_4q^{dIIi +dII}k^{+1})(1 − b^′_4q^{dIIi −dIj} ) ,

where b^{′ cH}_1 = a_1 + a_3 − a_2 − a_4, b^′_1 = a_1 + a_2 − a_3 − a_4 and b^′_4 = a_1a_2a^{−1}_3 a^{−1}_4 .

By numerical calculation, we can verify this conjecture for small M, d_j, N and n.

4 Summary and Comments

Ordinary orthogonal polynomials satisfy the discrete orthogonal relations (1.2). For the multi-indexed orthogonal polynomials in oQM, which satisfy the second order differential equations, the discrete orthogonal relations also hold [27]. We have generalized this result to the multi-indexed orthogonal polynomials in idQM, which satisfy the second order difference equations. The discrete orthogonal relations hold for the case-(1) multi-indexed orthogonal polynomials of continuous Hahn, Wilson and Askey-Wilson types, Theorem 3.1, and their normalization constants are conjectured, Conjecture 3.1. We remark that, as in [27], the discrete orthogonal relations can also be shown for the Krein-Adler type multi-indexed orthogonal polynomials in idQM. Since its derivation is similar to § 3 and [27], we omit it. Its detailed calculations can be found in arXiv:2112.09358v1, where the conjectures for the normalization constants of the discrete orthogonal relations studied in [27] are also given. We hope that the conjectures for the normalization constants will be proved.

In addition to oQM and idQM, we have another quantum mechanical system, rdQM. Orthogonal polynomials appearing in rdQM are the q-Racah polynomial, its various limits, and their multi-indexed versions. The discrete orthogonal relations are expected to hold for the multi-indexed orthogonal polynomials in rdQM as well. It is an interesting problem to study these discrete orthogonal relations concretely.

Acknowledgements

I thank Ryu Sasaki for discussions in the early stage of this work. This work is supported by JSPS KAKENHI Grant Number JP19K03667.

A Proof of Proposition 3.1

In this appendix we prove Proposition 3.1. We use the following abbreviated notations:

w(x) = W_γ [ϕ̃_{d1} , . . . , ϕ̃_{dM} ](x), u(x) = W_γ [ϕ̃_{d1} , . . . , ϕ̃_{dM} , ϕ_n](x), w_1(x) = W_γ [ϕ̃_{d1} , . . . , ϕ̃_{dM} , ϕ̃_d′ ](x), u_1(x) = W_γ [ϕ̃_{d1} , . . . , ϕ̃_{dM} , ϕ̃_d′ , ϕ_n](x), w_2(x) = W_γ [ϕ̃_{d1} , . . . , ϕ̃_{dM} , ϕ̃_d′′ ](x), u_2(x) = W_γ [ϕ̃_{d1} , . . . , ϕ̃_{dM} , ϕ̃_d′′ , ϕ_n](x), (A.1) w_3(x) = W_γ [ϕ̃_{d1} , . . . , ϕ̃_{dM} , ϕ̃_d′ , ϕ̃_d′′ ](x), u_3(x) = W_γ [ϕ̃_{d1} , . . . , ϕ̃_{dM} , ϕ̃_d′ , ϕ̃_d′′ , ϕ_n](x).

For example, we have V̂_{D′′} (x) = √ V (x − i^M_2 γ)V^∗(x − i^{M+2}_2 γ) w(x + i^γ_2 ) w(x − i^γ_2 ) w_2(x − iγ) w_2(x) , ϕ_D′′_n(x) = (^M∏ j=0 V ( x + i(^{M+1}_2 − j)γ ) V^∗ ( x − i(^{M+1}_2 − j)γ

))^1_4 u_2(x) √ w_2(x − i^γ_2 )w_2(x + i^γ_2 ) = c^ϕ_D′′ ψ_D′′ (x)P̌_D′′_{,n}(x) = c^ϕ_D′′ ψ_D′′ (x)g^P_D′′ (x)^{−1}u_2(x). A.1 Proof of Proposition 3.1 (1) From H_D′′ = Â_D′′Â^†_D′′ + Ẽ_d′′ and ~H^′_{D′′}^{def}= g^P_{D′′} (x) ∘ ~H_{D′′} ∘ g^P_{D′′} (x)^{−1} = g^P_{D′′} (x)ψ_{D′′} (x)^{−1} ∘ H_{D′′} ∘ ψ_{D′′} (x)g^P_{D′′} (x)^{−1} = (^M∏ j=0 V ( x + i(^{M+1}_2 − j)γ ) V^∗ ( x − i(^{M+1}_2 − j)γ

))−^1_4 √

w_2(x − i^γ_2 )w_2(x + i^γ_2 )

∘ H_D′′ ∘ (^M∏ j=0 V ( x + i(^{M+1}_2 − j)γ ) V^∗ ( x − i(^{M+1}_2 − j)γ

))^1_4 1 √ w_2(x − i^γ_2 )w_2(x + i^γ_2 ) = √ V (x − i^{M+1}_2 γ)V^∗(x − i^{M+3}_2 γ) w_2(x + i^γ_2 ) w_2(x − i^γ_2 ) e^{γp} + √ V (x + i^{M+3}_2 γ)V^∗(x + i^{M+1}_2 γ) w_2(x − i^γ_2 ) w_2(x + i^γ_2 ) e^{−γp} − √ V (x − i^{M−1}_2 γ)V^∗(x − i^{M+1}_2 γ) w(x + iγ) w(x) w_2(x − i^γ_2 ) w_2(x + i^γ_2 ) − √ V (x + i^{M+1}_2 γ)V^∗(x + i^{M−1}_2 γ) w(x − iγ) w(x) w_2(x + i^γ_2 ) w_2(x − i^γ_2 )

+ Ẽ_d′′ , (A.2)

we have ~H^′_{D′′} u_1(x) = √ V (x − i^{M+1}_2 γ)V^∗(x − i^{M+3}_2 γ) w_2(x + i^γ_2 ) w_2(x − i^γ_2 ) u_1(x − iγ) + √ V (x + i^{M+3}_2 γ)V^∗(x + i^{M+1}_2 γ) w_2(x − i^γ_2 ) w_2(x + i^γ_2 ) u_1(x + iγ) − √ V (x − i^{M−1}_2 γ)V^∗(x − i^{M+1}_2 γ) w(x + iγ) w(x) w_2(x − i^γ_2 ) w_2(x + i^γ_2 ) u_1(x) (A.3) − √ V (x + i^{M+1}_2 γ)V^∗(x + i^{M−1}_2 γ) w(x − iγ) w(x) w_2(x + i^γ_2 ) w_2(x − i^γ_2 ) u_1(x) + Ẽ_d′′ u_1(x).

From H_D′ = Â_D′Â^†_D′ + Ẽ_d′ and H_D′ ϕ_D′_n(x) = E_nϕ_D′_n(x), we have

E_nu_1(x) = √ V (x − i^{M+1}_2 γ)V^∗(x − i^{M+3}_2 γ) w_1(x + i^γ_2 ) w_1(x − i^γ_2 ) u_1(x − iγ) + √ V (x + i^{M+3}_2 γ)V^∗(x + i^{M+1}_2 γ) w_1(x − i^γ_2 ) w_1(x + i^γ_2 ) u_1(x + iγ)

− √ V (x − i^{M−1}_2 γ)V^∗(x − i^{M+1}_2 γ) w(x + iγ) w(x) w_1(x − i^γ_2 ) w_1(x + i^γ_2 ) u_1(x) − √ V (x + i^{M+1}_2 γ)V^∗(x + i^{M−1}_2 γ) w(x − iγ) w(x) w_1(x + i^γ_2 ) w_1(x − i^γ_2 ) u_1(x) + Ẽ_d′ u_1(x). (A.4)

By rewriting these (A.4) and (A.3) as ( α_1a_1 α^∗_1a^∗_1 α_1a_2 α^∗_1a^∗_2 ) ( u_1(x − iγ) u_1(x + iγ) ) = ( b_1u_1(x) b_2u_1(x) ) , (A.5)

where

α_1 = √ V (x − i^{M+1}_2 γ)V^∗(x − i^{M+3}_2 γ), α_2 = √ V (x − i^{M−1}_2 γ)V^∗(x − i^{M+1}_2 γ),

a_1 = w_1(x + i^γ_2 ) w_1(x − i^γ_2 ) = 1 a^∗_1

, a_2 = w_2(x + i^γ_2 ) w_2(x − i^γ_2 ) = 1 a^∗_2 , c = w(x + iγ) w(x) , b_1 = E_n − Ẽ_d′ + α_2ca^∗_1 + α^∗_2c^∗a_1, b_2 = ~H^′_D′′ − Ẽ_d′′ + α_2ca^∗_2 + α^∗_2c^∗a_2,

we obtain ( α_1u_1(x − iγ) α^∗_1u_1(x + iγ) ) = 1 a_1a^∗_2 − a^∗_1a_2 ( a^∗_2 −a^∗_1 −a_2 a_1 ) ( b_1u_1(x) b_2u_1(x) ) . (A.6)

By writing down the identity (3.40) and multiplying by

(E_n − Ẽ_d′ ) (^M∏ j=0 V ( x + i(^{M+1}_2 − j)γ ) V^∗ ( x − i(^{M+1}_2 − j)γ

))−^1_4 √

w_2(x − i^γ_2 )w_2(x + i^γ_2 ),

we obtain

(E_n − Ẽ_d′ )u_2(x) = α_1 w_2(x + i^γ_2 ) w_1(x − i^γ_2 ) u_1(x − iγ) + α^∗_1 w_2(x − i^γ_2 ) w_1(x + i^γ_2 ) u_1(x + iγ) − α_2 w_2(x − i^γ_2 ) w_1(x + i^γ_2 ) cu_1(x) − α^∗_2 w_2(x + i^γ_2 ) w_1(x − i^γ_2 ) c^∗u_1(x). (A.7)

By substituting u_1(x ∓ iγ) in (A.6) into (A.7), we obtain

(a_1a^∗_2 −a^∗_1a_2)(E_n −Ẽ_d′ )u_2(x) =

(w_2(x − i γ_2 ) w_1(x − i^γ_2 ) − w_2(x + i^γ_2 ) w_1(x + i^γ_2 ) )( ~H^′_{D′′} u_1(x)+(E_n −Ẽ_{d′} −Ẽ_{d′′} )u_1(x)). (A.8) Since u_1(x) = g^P_D′ (x)P̌_D′_{,n}(x), we have

~H^′_{D′′} u_1(x) + (E_n − Ẽ_{d′} − Ẽ_{d′′} )u_1(x) = g^P_D′′ (x) ( g^P_D′′ (x)^{−1} ∘ ~H^′_D′′ ∘ g^P_D′′ (x) + E_n − Ẽ_d′ − Ẽ_d′′ ) g^P_{D′} (x) g^P_D′′ (x) P̌_{D′,n}(x)

= g^P_D′′ (x)( ~H_D′′ + E_n − Ẽ_d′ − Ẽ_d′′ ) g^P_D′ (x) g^P_D′′ (x) P̌_{D′,n}(x). Therefore (A.8) gives

(w_1(x − i γ_2 ) w_2(x − i^γ_2 ) + w_1(x + i^γ_2 ) w_2(x + i^γ_2 ) ) (E_n − Ẽ_d′ )P̌_D′′_{,n}(x) = ( ~H_D′′ + E_n − Ẽ_d′ − Ẽ_d′′ ) g^P_D′ (x) g^P_D′′ (x) P̌_{D′,n}(x), namely,

(E_n − Ẽ_d′ )

( g_{D′} (x − i γ_2 ) g_D′′ (x − i^γ_2 )

Ξ̌_{D′} (x − i^γ_2 ) Ξ̌_{D′′} (x − i^γ_2 ) + g_D′ (x + i^γ_2 ) g_D′′ (x + i^γ_2 )

Ξ̌_{D′} (x + i^γ_2 ) Ξ̌_{D′′} (x + i^γ_2 ) ) P̌_{D′′,n}(x)

= ( ~H_D′′ + E_n − Ẽ_d′ − Ẽ_d′′ ) g^P_D′ (x) g^P_D′′ (x) P̌_{D′,n}(x). (A.9) When the types of d^′ and d^{′′} are the same, we have g_D′ (x) = g_D′′ (x) and g^P_D′ (x) = g^P_D′′ (x). Thus (A.9) gives (3.42).

A.2 Proof of Proposition 3.1 (2)

Like as (A.2), ~H^′_D′′′^{def}= g^P_D′′′ (x) ∘ ~H_D′′′ ∘ g^P_D′′′ (x)^{−1} is expressed as ~H^′_{D′′′} = √ V (x − i^{M+2}_2 γ)V^∗(x − i^{M+4}_2 γ) w_3(x + i^γ_2 ) w_3(x − i^γ_2 ) e^{γp} + √ V (x + i^{M+4}_2 γ)V^∗(x + i^{M+2}_2 γ) w_3(x − i^γ_2 ) w_3(x + i^γ_2 ) e^{−γp} − √ V (x − i^M_2 γ)V^∗(x − i^{M+2}_2 γ) w_1(x + iγ) w_1(x) w_3(x − i^γ_2 ) w_3(x + i^γ_2 ) − √ V (x + i^{M+2}_2 γ)V^∗(x + i^M_2 γ) w_1(x − iγ) w_1(x) w_3(x + i^γ_2 ) w_3(x − i^γ_2 ) + Ẽ_d′′ . Then we have g^P_D(x) ∘ ~H_D′′′ ∘ g^P_D(x)^{−1} = g^P_D(x) g^P_D′′′ (x) ∘ ~H^′_D′′′ ∘ g^P_D′′′ (x) g^P_D(x) = √ V (x − i^{M+2}_2 γ)V^∗(x − i^{M+4}_2 γ) w_3(x + i^γ_2 ) w_3(x − i^γ_2 ) g^P_D(x) g^P_D(x − iγ) g^P_D′′′ (x − iγ) g^P_D′′′ (x) e^{γp} + √ V (x + i^{M+4}_2 γ)V^∗(x + i^{M+2}_2 γ) w_3(x − i^γ_2 ) w_3(x + i^γ_2 ) g^P_D(x) g^P_D(x + iγ) g^P_D′′′ (x + iγ) g^P_D′′′ (x) e^{−γp} − √ V (x − i^M_2 γ)V^∗(x − i^{M+2}_2 γ) w_1(x + iγ)

w_1(x) w_3(x − i^γ_2 ) w_3(x + i^γ_2 ) − √ V (x + i^{M+2}_2 γ)V^∗(x + i^M_2 γ) w_1(x − iγ) w_1(x) w_3(x + i^γ_2 ) w_3(x − i^γ_2 ) + Ẽ_d′′ , and obtain ( g^P_D(x) ∘ ~H_D′′′ ∘ g^P_D(x)^{−1} ) u(x) = √ V (x − i^{M+2}_2 γ)V^∗(x − i^{M+4}_2 γ) w_3(x + i^γ_2 ) w_3(x − i^γ_2 ) g^P_D(x) g^P_D(x − iγ) g^P_D′′′ (x − iγ) g^P_D′′′ (x) u(x − iγ) + √ V (x + i^{M+4}_2 γ)V^∗(x + i^{M+2}_2 γ) w_3(x − i^γ_2 ) w_3(x + i^γ_2 ) g^P_D(x) g^P_D(x + iγ) g^P_D′′′ (x + iγ) g^P_D′′′ (x) u(x + iγ) − √ V (x − i^M_2 γ)V^∗(x − i^{M+2}_2 γ) w_1(x + iγ) w_1(x) w_3(x − i^γ_2 ) w_3(x + i^γ_2 ) u(x) − √ V (x + i^{M+2}_2 γ)V^∗(x + i^M_2 γ) w_1(x − iγ) w_1(x) w_3(x + i^γ_2 ) w_3(x − i^γ_2 ) u(x) + Ẽ_d′′ u(x). (A.10)

From H_D = Â^†_D′Â_D′ + Ẽ_d′ and H_Dϕ_{D n}(x) = E_nϕ_{D n}(x), we have E_nu(x) = √ V (x − i^M_2 γ)V^∗(x − i^{M+2}_2 γ) w(x + i^γ_2 ) w(x − i^γ_2 ) u(x − iγ) + √ V (x + i^{M+2}_2 γ)V^∗(x + i^M_2 γ) w(x − i^γ_2 ) w(x + i^γ_2 ) u(x + iγ) − √ V (x − i^M_2 γ)V^∗(x − i^{M+2}_2 γ) w(x + i^γ_2 ) w(x − i^γ_2 ) w_1(x − iγ) w_1(x) u(x) − √ V (x + i^{M+2}_2 γ)V^∗(x + i^M_2 γ) w(x − i^γ_2 ) w(x + i^γ_2 ) w_1(x + iγ) w_1(x) u(x) + Ẽ_d′ u(x). (A.11)

By rewriting these (A.11) and (A.10) as ( α_1a_1 α^∗_1a^∗_1 α_2a_2β^∗ α^∗_2a^∗_2β ) ( u(x − iγ) u(x + iγ) ) = ( b_1u(x) b_2u(x) ) , (A.12)

where

α_1 = √ V (x − i^M_2 γ)V^∗(x − i^{M+2}_2 γ), α_2 = √ V (x − i^{M+2}_2 γ)V^∗(x − i^{M+4}_2 γ),

a_1 = w(x + i^γ_2 ) w(x − i^γ_2 ) = 1 a^∗_1

, a_2 = w_3(x + i^γ_2 ) w_3(x − i^γ_2 ) = 1 a^∗_2 , c = w_1(x + iγ) w_1(x) , β_1 = g^P_D(x + iγ) g^P_D(x) , β_2 = g^P_D′′′ (x + iγ) g^P_D′′′ (x) , β = β_2 β_1 , b_1 = E_n − Ẽ_d′ + α_1a_1c^∗ + α^∗_1a^∗_1c, b_2 = g^P_D(x) ∘ ~H_D′′′ ∘ g^P_D(x)^{−1} − Ẽ_d′′ + α_1a^∗_2c + α^∗_1a_2c^∗,

we obtain ( u(x − iγ) u(x + iγ) ) = 1 α_1α^∗_2a_1a^∗_2β − α^∗_1α_2a^∗_1a_2β^∗ ( α^∗_2a^∗_2β −α^∗_1a^∗_1 −α_2a_2β^∗ α_1a_1 ) ( b_1u(x) b_2u(x) ) . (A.13)

By using the explicit forms of g^P_D(x) and g^P_D′′′ (x) (d^′, d^{′′} : different types), a lengthy but straightforward calculation shows the following:

α_1 − α^∗_2β = 0. (A.14)

By writing down the identity (3.41) and multiplying by (^{M+1}∏ j=0 V ( x + i(^{M+2}_2 − j)γ ) V^∗ ( x − i(^{M+2}_2 − j)γ

))−^1_4 √

w_3(x − i^γ_2 )w_3(x + i^γ_2 ),

we obtain

u_3(x) = − w_3(x + i^γ_2 ) w(x − i^γ_2 ) u(x − iγ) − w_3(x − i^γ_2 ) w(x + i^γ_2 ) u(x + iγ) + w_3(x − i^γ_2 ) w(x + i^γ_2 ) cu(x) + w_3(x + i^γ_2 ) w(x − i^γ_2 ) c^∗u(x). (A.15)

By substituting u(x ∓ iγ) in (A.13) into (A.15) and using u(x) = g^P_D(x)P̌_{D,n}(x), a short calculation gives

(α_1α^∗_2a_1a^∗_2β − α^∗_1α_2a^∗_1a_2β^∗)u_3(x) = g^P_D(x) ( α^∗_1 w_3(x + i^γ_2 ) w(x + i^γ_2 ) − α_1 w_3(x − i^γ_2 ) w(x − i^γ_2 ) )( ~H_{D′′′} + E_n − Ẽ_{d′} − Ẽ_{d′′} )P̌_{D,n}(x), where (A.14) is used. Dividing this equation by α_1α^∗_1 and using (A.14) and u_3(x) = g^P_D′′′ (x)P̌_D′′′_{,n}(x), we obtain (α_1 α^∗_1 a_1a^∗_2 − α^∗_1 α_1 a^∗_1a_2 ) P̌_{D′′′,n}(x) = g^P_D(x) g^P_D′′′ (x) ( 1 α_1 w_3(x + i^γ_2 ) w(x + i^γ_2 ) − 1 α^∗_1 w_3(x − i^γ_2 ) w(x − i^γ_2 ) )( ~H_{D′′′} + E_n − Ẽ_{d′} − Ẽ_{d′′} )P̌_{D,n}(x). (A.16) By using the explicit forms of g^P_D(x), g^P_D′′′ (x), g_D(x) and g_D′′′ (x), a lengthy but straightforward calculation shows that (A.16) is expressed as (3.43).

References

[1] G. E. Andrews, R. Askey and R. Roy, Special Functions, vol. 71 of Encyclopedia of mathematics and its applications, Cambridge Univ. Press, Cambridge, (1999).

[2] R. Koekoek, P. A. Lesky and R. F. Swarttouw, Hypergeometric orthogonal polynomials and their q-analogues, Springer-Verlag Berlin-Heidelberg (2010).

[3] D. Gómez-Ullate, N. Kamran and R. Milson, “An extended class of orthogonal polynomials defined by a Sturm-Liouville problem,” J. Math. Anal. Appl. 359 (2009) 352-367,

arXiv:0807.3939[math-ph].

[4] S. Odake and R. Sasaki, “Infinitely many shape invariant potentials and new orthogonal polynomials,” Phys. Lett. B679 (2009) 414-417, arXiv:0906.0142[math-ph].

[5] D. Gómez-Ullate, N. Kamran and R. Milson, “On orthogonal polynomials spanning a non-standard flag,” Contemp. Math. 563 (2011) 51-72, arXiv:1101.5584[math-ph].

[6] D. Gómez-Ullate, N. Kamran and R. Milson, “Two-step Darboux transformations and exceptional Laguerre polynomials,” J. Math. Anal. Appl. 387 (2012) 410-418, arXiv:

1103.5724[math-ph].

[7] S. Odake and R. Sasaki, “Exactly solvable quantum mechanics and infinite families of multi-indexed orthogonal polynomials,” Phys. Lett. B702 (2011) 164-170, arXiv:1105.

0508[math-ph]. Remark: δ̃^I and δ̃^{II} in this paper are changed to −δ̃^I and −δ̃^{II} in the

later references.

[8] S. Odake and R. Sasaki, “Multi-indexed (q-)Racah polynomials,” J. Phys. A 45 (2012) 385201 (21pp), arXiv:1203.5868[math-ph].

[9] S. Odake and R. Sasaki, “Multi-indexed Wilson and Askey-Wilson polynomials,” J.

Phys. A46 (2013) 045204 (22pp), arXiv:1207.5584[math-ph].

[10] D. Gómez-Ullate, Y. Grandati and R. Milson, “Rational extensions of the quantum harmonic oscillator and exceptional Hermite polynomials,” J. Phys. A47 (2014) 015203 (27pp), arXiv:1306.5143[math-ph].

[11] A. J. Durán, “Exceptional Meixner and Laguerre orthogonal polynomials,” J. Approx.

Theory 184 (2014) 176-208, arXiv:1310.4658[math.CA].

[12] A. J. Durán, “Exceptional Hahn and Jacobi orthogonal polynomials,” J. Approx. Theory 214 (2017) 9-48, arXiv:1510.02579[math.CA].

[13] S. Odake and R. Sasaki, “Multi-indexed Meixner and Little q-Jacobi (Laguerre) Polynomials,” J. Phys. A50 (2017) 165204 (23pp), arXiv:1610.09854[math.CA].

[14] S. Odake, “Exactly Solvable Discrete Quantum Mechanical Systems and Multi-indexed Orthogonal Polynomials of the Continuous Hahn and Meixner-Pollaczek Types,” Prog. Theor. Exp. Phy. 2019 (2019) 123A01 (20pp), arXiv:1907.12218[math-ph].

[15] S. Odake and R. Sasaki, “Exactly solvable ‘discrete’ quantum mechanics; shape invariance, Heisenberg solutions, annihilation-creation operators and coherent states,” Prog. Theor. Phys. 119 (2008) 663-700. arXiv:0802.1075[quant-ph].

[16] S. Odake and R. Sasaki, “Crum’s theorem for ‘discrete’ quantum mechanics,” Prog.

Theor. Phys. 122 (2009) 1067-1079, arXiv:0902.2593[math-ph].

[17] L. García-Gutiérrez, S. Odake and R. Sasaki, “Modification of Crum’s theorem for ‘discrete’ quantum mechanics,” Prog. Theor. Phys. 124 (2010) 1-26, arXiv:1004.0289

[math-ph].

[18] S. Odake and R. Sasaki, “Discrete quantum mechanics,” (Topical Review) J. Phys. A44 (2011) 353001 (47pp), arXiv:1104.0473[math-ph]. Typo in (2.132), c_1(η, λ) for H : −^1_2 ⇒ −^η_2 .

[19] S. Odake and R. Sasaki, “Orthogonal Polynomials from Hermitian Matrices,” J. Math.

Phys. 49 (2008) 053503 (43pp), arXiv:0712.4106[math.CA].

[20] S. Odake and R. Sasaki, “Dual Christoffel transformations,” Prog. Theor. Phys. 126 (2011) 1-34, arXiv:1101.5468[math-ph].

[21] S. Odake and R. Sasaki, “Orthogonal Polynomials from Hermitian Matrices II,” J. Math.

Phys. 59 (2018) 013504 (42pp), arXiv:1604.00714[math.CA].

[22] S. Odake and R. Sasaki, “Unified theory of annihilation-creation operators for solvable (‘discrete’) quantum mechanics,” J. Math. Phys. 47 (2006) 102102 (33pp), arXiv:

quant-ph/0605215.

[23] S. Odake and R. Sasaki, “Unified theory of exactly and quasi-exactly solvable ‘discrete’ quantum mechanics: I. Formalism,” J. Math. Phys 51 (2010) 083502 (24pp), arXiv:

0903.2604[math-ph].

[24] M. G. Krein, “On continuous analogue of a formula of Christoffel from the theory of orthogonal polynomials,” (Russian) Doklady Acad. Nauk. CCCP, 113 (1957) 970-973.

[25] V. É. Adler, “A modification of Crum’s method,” Theor. Math. Phys. 101 (1994) 1381- 1386.

[26] R. Sasaki “Perturbations around the zeros of classical orthogonal polynomials,” J. Math.

Phys. 56 (2015) 042106, arXiv:arXiv:1411.3045[math.CA].

[27] C.-L. Ho and R. Sasaki, “Discrete orthogonality relations for multi-indexed Laguerre and Jacobi polynomials,” J. Math. Phys. 62 (2021) 013509 (18pp), arXiv:1907.08950

[math.CA].

[28] S. Odake, “Recurrence Relations of the Multi-Indexed Orthogonal Polynomials,” J.

Math. Phys. 54 (2013) 083506 (18pp), arXiv:1303.5820[math-ph].

[29] S. Odake, “New Determinant Expressions of the Multi-indexed Orthogonal Polynomials in Discrete Quantum Mechanics,” Prog. Theor. Exp. Phy. 2017(5) (2017) 053A01 (36pp), arXiv:1702.03078[math-ph].

[30] S. Odake, “Equivalences of the Multi-Indexed Orthogonal Polynomials,” J. Math. Phys.

55 (2014) 013502 (17pp), arXiv:1309.2346[math-ph].

[31] F. Calogero, “Matrices, differential operators, and polynomials,” J. Math. Phys. 22 (1981) 919-934.