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Abstract

The Hamiltonians of finite type discrete quantum mechanics with real shifts are
real symmetric matrices of order N + 1. We discuss the Darboux transformations with
higher degree (> N) polynomial solutions as seed solutions. They are state-adding
and the resulting Hamiltonians after M-steps are of order N + M + 1. Based on
twelve orthogonal polynomials ((g-)Racah, (dual, ¢-)Hahn, Krawtchouk and five types
of ¢-Krawtchouk), new finite type multi-indexed orthogonal polynomials are obtained,
which satisfy second order difference equations, and all the eigenvectors of the deformed
Hamiltonian are described by them. We also present explicit forms of the Krein-Adler
type multi-indexed orthogonal polynomials and their difference equations, which are
obtained from the state-deleting Darboux transformations with lower degree (< N)
polynomial solutions as seed solutions.

1 Introduction

Exactly solvable quantum mechanical systems of one degree of freedom (Schrédinger equa-
tion: Hon(x) = E,¢n(z)) can be deformed keeping solvability by the Darboux transforma-
tions. By such deformations, new types of orthogonal polynomials, exceptional or multi-
indexed polynomials, are obtained [I]-[15] for the Askey-scheme of hypergeometric orthog-
onal polynomials [16], [I7]. They satisfy second order differential or difference equations and
form a complete set of orthogonal basis in an appropriate Hilbert space in spite of missing
degrees, by which the restrictions of Bochner’s theorem [16] are avoided. We have stud-
ied orthogonal polynomials based on quantum mechanical formulations: ordinary quantum
mechanics (0QM) and two kinds of discrete quantum mechanics (dQM), dQM with pure
imaginary shifts (idQM) and dQM with real shifts (rdQM) [I8]. The Schrodinger equation
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for oQM is a differential equation and that for dQM is a difference equation. The coordinate
x for oQM and idQM is continuous and that for rdQM is discrete.

Depending on the choice of seed solution, the Darboux transformation can be divided
into three types: isospectral, state-deleting and state-adding. When the wavefunction of the
virtual state ¢, (), eigenstate ¢, (z) and pseudo virtual state ¢2¥(z) is used as a seed solu-
tion, the Darboux transformation is isospectral, state-deleting and state-adding, respectively.
The wavefunctions ¢,(z) and ¢PY(z) are obtained from ¢, (x) by twisting parameters. For
oQM and idQM, ¢, (x) and QEEV(x) are solutions of the Schrodinger equation and not square
integrable [6, 8, 15, 19, 20]. On the other hand, for rdQM, they satisfy the Schrédinger
equation except for the boundary [10, 14, 21]. The Darboux transformations with Q;V(SL’)
give the case-(1) multi-indexed polynomials and those with ¢, (x) or ¢»¥(x) give the case-(2)
multi-indexed polynomials. Here, the case-(1) is the case that the set of missing degrees of
the multi-indexed polynomials is {0,1,...,¢ — 1}, and the case-(2) is otherwise. Another
type of seed solution is discussed for the oQM systems with a finite number of eigenstates
dn(x) (n = 0,1,... Nmax) [22]. We call them overshoot eigenfunctions ¢ (z), which have
the same form as the eigenstates ¢,(x) but with n > np., and are not square integrable.
The overshoot eigenfunctions correspond to the virtual or pseudo virtual states.

The Hamiltonian of a finite type rdQM system is a real symmetric matrix of order
N + 1. The coordinate = takes a value in {0,1,..., N} and the number of the eigenstates
(eigenvectors) ¢,(x) (n = 0,1,...,N) is N + 1. By using the pseudo virtual state ¢P*(x)
obtained from ¢, (z) by twisting parameters, the state-adding Darboux transformation and
the Casoratian identities are studied in [2I]. Recently another type of seed solution that gives
the state-adding Darboux transformation was found by Miki, Tsujimoto and Vinet [23]. They
studied single-indexed exceptional Krawtchouk polynomials and one of them (their type (ii))
corresponds to the state-adding Darboux transformation. Motivated by their work, Sasaki
and the present author studied the M-step state-adding Darboux transformations, whose
seed solutions have the same form as the eigenstate ¢,,(x) but with n > N [24]. This situation
corresponds to the overshoot eigenfunctions gz;?f(x) in the o0QM systems with a finite number
of eigenstates. The overshoot eigenfunction has an infinite norm, but the seed solution
here has a “zero norm.” (The meaning of “zero norm” is the following. The Schrédinger
equation (with z = 0,1,..., N) is a matrix eigenvalue problem, and it can be interpreted

as a difference equation with a continuous z. The function ¢, (z) with n > N satisfies this



difference equation and vanishes at x = 0,1,...,N. So, ¢,(z) with n > N satisfies the
Schrédinger equation and it is a zero vector, namely zero norm.) After the M-step state-
adding Darboux transformations with the seed solutions ¢, (z) (n € D = {dy,da,...,dy},
d; > N), the order of the Hamiltonian becomes N + M + 1, and the coordinate z takes a
value in {—M,—M +1,...,N}. The deformed Hamiltonian has N + M + 1 eigenvectors. It
is easy to find N + 1 eigenvectors which correspond to the original eigenvectors. They are
expressed as Walda,, - - -, Gay,, On)(z) X (+-+) with n € {0,1,..., N}. However, it is difficult
to find extra M eigenvectors. In [24], the special case D = {N +1,N+2,..., N+ M} is
studied in detail.

In this paper we study the deformations of finite type rdQM systems by the M-step
state-adding Darboux transformations with the seed solutions ¢,(z) (n > N) and obtain
all eigenvectors. The original systems are described by twelve orthogonal polynomials: (g-
JRacah, (dual, ¢-)Hahn, Krawtchouk and five types of ¢g-Krawtchouk. In [23], which cor-
responds to M = 1 case, one extra eigenvector is derived by two methods: (1) solving the
difference equation, (2) shifting N to N + ¢ and taking ¢ — 0 limit. For general M case, the
first method is difficult and we adopt the second method. Extra M eigenvectors are obtained
from Welda,, .-y Gdyy, Onl(x) X (--+) in the “n — d; limit”, which is achieved by shifting
N to N + ¢ and taking € — 0 limit. The eigenvectors are described by new multi-indexed
orthogonal polynomials szvn(x).

This paper is organized as follows. In section 2l the finite type rdQM systems are recapit-
ulated and the multi-step Darboux transformations with seed solutions ¢, (z) are discussed.
In section [3] the results obtained in §[2] are applied to the case of seed solutions ¢, (x) with
n < N, which corresponds to the state-deleting Darboux transformations. The eigenvec-
tors are described by the Krein-Adler type multi-indexed orthogonal polynomials P%ﬁ(x)
(n€{0,1,..., N}\D). This case was studied in [25], but the explicit forms of their difference
equations, orthogonal relations etc. are new results. Section Ml is the main part of the paper.
The results obtained in §[2] are applied to the case of seed solutions ¢, (z) with n > N, which
corresponds to the state-adding Darboux transformations. The eigenvectors are described
by new multi-indexed orthogonal polynomials Qp,(z) (n € {0,1,..., N} UD). Section
is for a summary and comments. Data for the twelve orthogonal polynomials are presented
in Appendix[Al Data for various other quantities and several formulas are also presented. In

Appendix[B] we discuss the “n — d; limit.”



2 Darboux Transformations

In this section, after recapitulating the finite type rdQM systems [26], 18], we discuss the
multi-step Darboux transformations with seed solutions ¢,(x) [25], especially their algebraic

aspects.

2.1 Original systems

We consider the finite type rdQM systems as a starting point, whose eigenvectors are de-
scribed by the following twelve orthogonal polynomials [26, 18]: Hahn (H), Krawtchouk
(K), Racah (R), dual Hahn (dH), dual quantum g¢-Krawtchouk (dqgK), ¢-Hahn (¢H), ¢-
Krawtchouk (¢K), quantum ¢-Krawtchouk (q¢K), affine ¢-Krawtchouk (agK), g-Racah (¢R),
dual ¢g-Hahn (dgH) and dual ¢-Krawtchouk (dgK). The data of these polynomials are pre-
sented in Appendix[A_Tl

Let N be a positive integer. The Hamiltonian #H of a finite type rdQM is a real symmetric

(tridiagonal in this case) matrix of order N + 1,

H =Hay)oy=01...Ns Hew=B(x)+D(x), Hyy=0 (Jz—y|l>1),

Howi1 = —/Bx)D(x +1), Hpw1 = —+/B(x—1)D(z). (2.1)

Here the potential functions B(x) and D(z) are positive but vanish at the boundary,

B(z)>0 (x=0,1,....N—1), D(x)>0 (z=1,2,...,N),
B(N)=0, D(0)=0. (2.2)

We write a matrix (2.1)) as

H =—/B(z)D(z + 1)e? — \/B(x — 1)D(z) e~? + B(z) + D(z)

= —V/B(z)¢’\/D(x) — /D(x) e ?/B(x) + B(x) + D(z), (2.3)
where e is a matrix whose (z,y)-element is 0,41, (= (e?)7 = ¢79), and A(z) means a

diagonal matrix A(z) = diag(A(0), A(1),..., A(N)). Note that et?¢¥? £ 1 due to the effect

of boundaries,

e = diag(1,1,...,1,0), e %% =diag(0,1,1,...,1). (2.4)



We have B(z)e?e=? = B(z), D(x)e %% = D(xz), etc. The Schrodinger equation of rdQM is

a matrix eigenvalue problem,

Hon(z) = Entnl(z) (n=0,1,...,N), (2.5)

def

where Hoy,(z) =

form,

Z;V:O Huy®n(y). The Hamiltonian (2.3]) can be written in a factorized

H=AA ALY /Bl)-e/D(), AY /B —+/Dx)e?. (2.6)
The tridiagonality (2.1]) and factorization (2.6) imply 0 = & < & < --- < Ey. The ground
state eigenvector ¢g(z) is characterized by Agq(x) = 0,

V B(x) ¢o(x) = /D(x + 1) do(x + 1), (2.7)

and given by

(2.8)

which satisfies the normalization ¢o(0) = 1 by the convention H?:_i « % 1. For the twelve

systems under consideration, the eigenvectors have the following form,

def

on(x) = ¢o(2)Pu(),  Pule) = Pu(n(@)), (2.9)

where P,(n(x)) is a polynomial of degree n in the sinusoidal coordinate n(z) [27, 26]. We
take the normalization as

P,(0) = P,(0) = 1. (2.10)
The similarity transformed Hamiltonian H is defined by

H Y 3o(x) ™ o H o ¢o(z) = B(x)(1 — €) + D(x)(1 — ) (2.11)

(= Hawrr = =B(@), Howor = =D(a), Ha = B@) + D(x), Huy =0 (Jo —y| > 1)),
and its eigenvalue problem is solved by the polynomial P, (z),

HP,(z) =E,Py(x) (n=0,1,...,N). (2.12)

> ¢o(2)?Po) P () = Snms (n,m=0,1,...,N). (2.13)



We have five families of the sinusoidal coordinates n(x) [20],

(i): nx)==z :H,K
(i) : n(z) =z(z+d) ‘R, dH(d=a+b-1)
(iii) : n(x)=1—4g" : dqgK (2.14)
(iv): n(z)=q*—-1 : qH, ¢K, q¢K, agK
(v): n(@)=(¢7"—1)(1 —dg¢®) :qR, dgH(d = abg™"), dgK(d = —p).
We also have five families of the energy eigenvalues &, [26],
Q) & =n cdH, K
(i) : & =n(n+d) R, H(d=a+b—-1)
(i) : & =1—¢" : qqK (2.15)
(iv)': & =q"—1 :dgH, dgK, dqgK, agK

(V) E=(g"=1)(1—dgq") :qR, qH(d = abg™"), ¢K(d = —p).
Note that 1(0) = & = 0. The constants p and x are defined as follows,
1 (i), (i) 1 (), G
p L g (i) ok g ) . (2.16)
¢t (iv), (v) g () (v)
The rdQM systems have a set of parameters A = (\q, Ag,...) including the parameter N,
and various quantities depend on A. Their dependence is expressed like, f = f(A), f(x) =
f(z;A). The parameter ¢ is 0 < ¢ < 1 and ¢* stands for g2 = (g™ ¢*2,..)). We omit
writing ¢-dependence and sometimes omit writing A-dependence, when it does not cause

confusion.

2.2 Darboux transformations

2.2.1 difference equations

The matrix eigenvalue problem (2.12]) is written in components as,

B(x) (pn(x) - pn(x + 1)) + D(x) (Pn(at) — pn(x - 1)) =&, P (7). (2.17)

Eq.212) means that (2I7) holds for n = 0,1,...,N and = = 0,1,..., N. However, we
remark that this difference equation (2I7)) holds for x € R. Moreover (ZI7) holds for
n € Zso (exactly speaking, we need replace P,(z) with P™oMe(z), see §H). We also remark
that the positive integer parameter N can be extended to a real value in (2I7). Thus the
difference equation (ZIT) (with the replacement P, (x) — P™°"¢(z)) holds for x € R, n € Zxg
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and N € R. This is an important point for the Darboux transformations in this subsection

and constructions of new multi-indexed orthogonal polynomials in §d. The component form

—V/B@D@ + 1) éule+1) — v/Ble = DD() éule — 1) + (B(x) + D)) b (2) = E.6(a).

(2.18)
Since the explicit forms of ¢o(x)? in Appendix[AT] are expressed in terms of a®, (a), =
[(a+ 2)/T(a) and (a;q)s = (@;q)e/(@q%;q)o, We can consider ¢g(x)? for x € R (if
needed, we shift N to a non-integer value). Let us illustrate this situation using gR case as

an example. We rewrite ¢g(z)? in Appendix[AT.10] as follows:

(aa b> c, d ) q)x 1-— dq2m
(a=ldg,b=1dq,c1dq,q; q).d® 1—d
(a,b,¢,d;q)0e (a7t dg™ 07 g™, ¢ g™ ¢ @)oo 1 — dg?*

(aqx’qujcqx’dqx 7Q)oo (G_ldq,b_ldq,C_ldq,q;q)oodm 1—d

go(x)* =

This is defined for generic values of z € R and satisfies B(z)¢o(z)? = D(z + 1)¢o(x)?
(r € R). However, the factor (a;q)s vanishes because of a = ¢~. To avoid this, we shift
N slightly from an integer value. For ¢o(z)? at = € Z, after simplifying (a; q)oo/(aG% ; @)oo,
we shift N back to an integer value. For N € Z-q and = € Z, ¢o(z; X)? is non-vanishing
only for x = 0,1,..., N. If we ignore the positivity of the square root argument, the
difference equation (ZI8) (with the replacement ¢, (z) — @M (x) = ¢o(z)PmoMe(x)) also
holds for x € R, n € Z>p and N € R. Since these difference equations (2.17) and (2.I8) are
algebraic relations, they hold for any parameter range of A (unless they are ill-defined). The
orthogonality relations (2.I3) with positive weight restrict the parameter range of A (see the
parameter range for the positivity in Appendix[A.T]). If we do not require the positivity of the
weight factor, the relations (2.13]) themselves are valid for any parameter range of A (unless
they are ill-defined), because the relations (2Z.13) are finite sums and algebraic relations.

To write the difference equations (2.17) and (2.I8)) for € R compactly, let us introduce
the shift operators e acting on functions of z € R as X f(z) oo flxx£1) (z € R). They
are related as (¢9)! = e=9 and satisfy %7 = 1. By replacing e*? with e*? in (2.3) and

(2.11]), we define the following operators acting on functions of x € R,

Hr <\ /B(z)e?\/D(z) — /D(z) e 2\/B(z) + B(z) + D(x), (2.19)
HoP X g0 (1) o HP 0 ¢o(z) = B(z)(1 — ¢?) + D(z)(1 — e ). (2.20)



Then the difference equations (2.I8) and (2.1I7) for € R are expressed as
HPho() = Endn(w),  HPPa(z) = ELu(w) (0 € Zzo), (2.21)

where we ignore the positivity of the square root argument, and ¢, () and P, (z) should be

replaced with ¢™oMe(z) and P™o"¢(z) for n > N, respectively.

2.2.2 Darboux transformations

To describe the multi-step Darboux transformations, the Casorati determinant (Casoratian)
is needed. The Casoratian for n functions f;(z) is defined as

def

Welhi for- o (@) & det (fue +5 =) (2.22)
(for n =0, we set W¢[-](z) = 1) and the following properties are used,
n—1
Welgfiigfe, - 9ful(x) = Hg(:)s +k)-Welfi, fo, - ful(®), (2.23)
k=0
WC[WC[f17f27"'7fn7g]7WC[f17f27-"7fn7h']}(x)
:WC[flaf2>afn]($+1)WC[flaf2>afn>g?h](z) (77,20) (224)

See [28] for further properties of the Casoratian.

The Darboux transformations for rdQM with seed solutions ¢, (x) are studied in [25].
Since we are interested in their algebraic aspect here, we consider the Darboux transfor-
mations for H° rather than H. The algebraic calculations are exactly the same in both
cases. In this subsection, we ignore the positivity of the square root argument and adopt the
rule VA2 = A (instead of VA2 = |A| for A € R). Although ¢,(z) should be replaced with
pmemic(x) for n > N case, we write it as @, () in this subsection for simplicity of presentation.

We consider M-step Darboux transformations with the seed solutions ¢4, (), ¢a, (), ...,
Ga,, (v) satisfying (2Z21)). Let us denote a set of labels of seed solutions as D (exactly speaking

an ordered set)
D ={dy,dy,...,dy} (dj € Zso : mutually distinct). (2.25)

(Although this notation d; conflicts with the notation of the normalization constant d,, in
([213)), we think this does not cause any confusion because the latter appears as d,,,/d>.)

For later use, let us define £p, (5% and DU for i > —min D,

v M
e 1 e 1 M
oS d; - SM(M —1), 05" =N di - S M(M+1), (2.26)
j=1 Jj=1
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DL +idy+i... dy+i}. (2.27)
The Hamiltonian (2.19) is factorized as
HP = APTAP AP /B2) - ?/D(x), AP \/B(z)-/D@)e?, (2.28)

and the difference equation and its solution are

HOPQSH(ZL') = gn¢n($) (TL € ZEO)~ (229)
Let s = 0 be the quantity at this starting point, and define the quantity at the s-th step as
follows [25]:

WP, EAP AP + &, (2.30)

Zf « \/ Byy..a, () — €’ \/ Dy,.a,(z), APT, « \/Bd1 a, (@ \/Ddl...ds(x) e, (2.31)

Gy ..a, (T + 1)
Bdl...ds(l') def { \/Bdl...ds—l(x + 1)Dd1...d571($ +1) —¢d1...ds($) (s>1) ’ (2.32)
B(z —1) (s=0)
- - Pay..a,(xr — 1)
ﬁdl...ds () def { \/Bd1~..ds—1(x)DdL..ds—l(x) —cbdl...ds @) (s >1) ’ (2.33)
D(x) (s =0)
bardyn(®) S AL 4 bay a, (@), (2.34)

Note that ¢4, a,»(x) is defined for n € Z>, but we have ¢4, _4,»(z) =0forn € {dy,...,ds}.

Then we obtain

H;?...ds¢d1---ds”(x) =&, ¢d1...dsn(x>7 (2.35)

_(_1)\ T - WC[¢d1>"'a¢ds>¢n](I)
) = 0y T g, a0 )

WC[¢d1> .- '7¢d57¢n](x)

= (_1)s\ ]del___dk(x +s+1—k) Wolba - oul@) (2.36)

_ AZ?Tds > 1 2 37

Pdy..dy 1 n(T )_g gdscbdl dsn(z) (8 21), (2.37)
- 2 Pay..a, (€ +1)\2

Bdl...dS (QU) = Dd1...ds (SC + 1) (W) , (238)

Bu,...q.(x)Day..a.(x +1) = Ba,..q,_, (x +1)Da,.q,_, (z+1) (s> 1), (2.39)



Biv.t@) + D) + €4, = { B(a) + D(x)

op 1opt op
Hd1-- 'Adl d +1Ad1---ds+1 + gds+1’

ws_1(r)  ws(z+1)

Ba,..a(x) = /B(x +s—1)D(z + s) @t D) W) (s >1),
Do) = VBl — D@ M D 2 (),
ﬁ Bdl___dk(l') = J ﬁB(m +k—1)D(z+k) wsu(Jx(—xk)l)’

P et ws(x + 1)’

ﬁﬁdl"'dk(x+8+1_k)\lﬁB(aj—l-k:—l) (x+ k) ws(x)

Bdl...d5 S(z) + Ddl...ds (e +1)+ &,

1 Wel@ay, - - Ga,s dn)(2)

Gur.an(@) = (=) ([ Ble + k=)D + k)

P Vws(@)ws(z + 1)

etc. Here wy(x) is
ws(x) = Welda,s - - -, da] ().
For s = M, we write HJ® , = HY, AP , = AR, By, ay(2)
Dp(z), Ga,...dy,n(T) = ¢pa(z), then we have

7‘[(1))p = AODPAODPT + ngv 7‘[(3)¢Dn($) = En(bpn(l’)

By expressing this Hamiltonian in the standard form, we have

Hp = ARTAL + &, 1= min(Zso\D),

AF E/Bol) ~ VDo), AR /Bolw) ~ VDo)

Bo(r) = \/BD(SC +1)Dp(z +1) %,
'/ Bo(x boulr —1)
Dp(z) = \/ Bp(x)Dp(z) e

)

% WC[¢d17-- ¢de¢n]( )

don(@) = (~)" ([ Bz + k= 1)D( + k)
and

Bp(z) + Dp(z) + &, = Bp(z) + Dp(z + 1) + &4y,

Bp(z) = v/B(z + M)D(z + M + 1)

\/wM z)wy(r + 1)

Y

wM(x) WC[‘bdu cc (bde (bu] (x + 1)

10

wM(x + 1) WC[¢d17 .. -7¢de¢M](x>

)

(2.47)

= BD(x)a ﬁd1...dM (x) -

(2.48)

(2.54)

(2.55)



wM(ZB + 1) WC[¢d1> .- '>¢dM>¢M](x - 1)
wy(x)  Welday, .-, Gy, Gul()

We remark that the results so far have used (2.29), but not (2.9). The information (2.9)
will be used in §B and §A. In the following, we will denote ¢p,(z) in [Z53) as ¢35 ().

Dp(z) = \/B(z — 1)D(x) (2.56)

2.2.3 orthogonality relations

In §2.2.21 we consider a continuous variable x € R, and the results are valid for a discrete
variable © € Z. Let us consider the case z € Z. This means the embedding of the finite
system in §2.1] into the infinite system. The matrices e*? satisfy e*?eT® = 1. The inner
product of vectors f and g is defined by (f,g) = >, f(2)g(x). Then the formal calculation

gives

(Gdr..ds s Ptotm) = (Ady..dsGty.octus s Ady..ds Pty y m)
= (Azll...ds/ldl...ds¢d1...ds,1 s Dy de 1 m)
= ((Hay.dos = €4.)Pdsdsrm> Parods 1 m)
= (& — €4.)(Payderns ardorm) (52> 1), (2.57)

and this gives
S

(¢d1---ds n) ¢d1---dsm) = (¢n> ¢m) H(gn - gdj)' (2'58)

=1

If everything goes well after M-steps, we obtain

D G 6 %) = TRETE TT(E0 - &) (2.59)

As discussed in §Z2T] ¢g(x;A)? for N € Z-o and x € Z is non-vanishing only for x =
0,1,...,N. The function ¢%,(x;X) contains the function “¢o(x)” as a factor. For the
original system (M = 0 case), the “¢o(z) factor” is ¢o(x;A), and the sum in ([2359) is
reduced to Zivzo. In §Bl and §M] we will see the following situations. For the systems in §[3]
the “¢o(x) factor” is ¢g(z; A+ MJ), whose parameter N is N — M, and the sum in (2.59)) is
reduced to ZiVZ_OM. For the systems in §H] the “¢g(x) factor” is ¢o(z + M; X — M§), whose
parameter N is N + M, and the sum in (2.59]) is reduced to Ziv:_M.



3 Krein-Adler Type Multi-Indexed Orthogonal Poly-
nomials From State-Deleting Darboux Transforma-
tions

The Darboux transformations with seed solutions ¢,(z) (n < N) are studied in [25] and
we call the resulting multi-indexed polynomials Krein-Adler type (KA-type) multi-indexed
polynomials. Explicit forms of their difference equations, orthogonal relations etc. are not
given in [25], and we present them here.

The multi-index set we will consider is
D ={di,dy,...,dy} (0<d; <N : mutually distinct), (3.1)

and M should be M < N. By using the information (23], the eigenfunctions ¢% (z) are
expressed in terms of ¢y and multi-indexed polynomials [25].

The denominator polynomial Z5*(n) and the multi-indexed polynomial PEA(n) are de-

fined by (see Appendix[A.] for § and Appendix[A.4] for v (x))

ERA (; A) EEEA (s A+ (M = 1)8); )
L CEAN) T on (2 M) T W Py, By, (5 0), (3.2)

PEA (2 A) € PEA (n(; A+ M);A) (n=0,1,...,N)
déf gﬁl()\)_l(pM_H(tT; A)_1WC[Pd1, e PdM, Pn] (m; >\) (33)

We remark that Pﬁﬁ(x; A) =0 for n € D, and Pf;ﬁ(x) can be defined for n € Zsq by
replacing P, with P™™¢ for n > N, see § They are

E%A(m; A) : a polynomial of degree K%A + M =/{p inn(x; A+ (M — 1)6),
Pgﬁ(m; A) : a polynomial of degree ﬁgA +n in n(x; X+ MJ), (3.4)

where (5% and {p are given by ([2.26). The constants C3*(X) and C5(X) are determined

by the following normalization conditions,
SN0 A) = PEa(0;A) = 1. (3.5)

In contrast to the case-(1) multi-indexed polynomials in [I0], the denominator polynomial

and the multi-indexed polynomial are essentially the same,
PENas XA) = ZpM(m;A), D' ={dy,ds,...,dy,n}. (3.6)
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Thus we have
Coa(A) =CEM(A), D ={di,da,...,dy,n}. (3.7)

The constant CEA () is given by ((A.16) of [25])
€, (A) — E4,(N)

C}gA()\) = (—1)(151)/-@_(1;[) H BOAT - 1)(5)’ (3.8)
and (B7) gives the constant C55% (X),
CEAN) = CEA V) (= 1)M k(%) H Bfg.(i)+_(fdi (j‘)) 5 (3.9)

Let us calculate ¢35 (z) [2.53). From the property (2.23) and the definitions (B3.2)—(33),

we have

M
wM(I) = WC [¢d17 RS ¢dM H I +k— ) C]gA()‘)()OM(Iv A)A%A("Eﬂ )‘)’ (310)
M+41 =
Weld, - s Gay dnl(@) = [ dola+k = 1;0) - Cy (N @arsa (; A)Pha (a3 A). (3.11)
k=1

By using these and (2.7), (A.29) and (A.34]), we obtain

S N) = kK -3 (% 3 — &, (N KA (o

a0 (7 A) H ¢B 0 ,\+(9—1)5) X oA (2 N), (3.12)
KA (@3 A) = R (@A) PRA (3 ), (3.13)
KA, ) & olni A+ MO) (3.14)

V/ERA (@ N EEA (@ + 1)

Next let us calculate the potential functions (Z51))-([2.52). By using (A.29) and (A.34]), we
obtain

EEA (2 \)  PEA(x+ 1 A)
éKA(:L’ + 1;A) P%ﬁ(x; A)
Mz 4+ 1;A) PEA(z — 1 A)
=M@ A) Ppa(md)

Bp(z;A) = kM B(z; A + M§) (3.15)

Dp(z;A) = kM D(x; A 4 M6) =D

(3.16)
The deformed Hamiltonian (2.49]) is similarity transformed to
Hp P (N) = p (e 0) 7 o HEF(N) 0 9 (a5 A)
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Q%A(x; A) (P%ﬁ(x +1; ) B eé>

EKA(x + LA\ PEA(z; )

=XA(z + 1 >\)<P}§‘;( -1
=5 (a3 A) PEA (25 X)

M B(a; A+ M)

+ kMD(z; X + M)

e_é> +E(N).  (3.17)

From the result in §2.2.2] the multi-indexed polynomials Pgﬁ(x; A) satisfy the difference
equation,

Hp PN P A) = E(N) PR (3 A, (3.18)

for x € R. We remark that this difference equation holds for any A. In the expressions
BI4)-([BI6), they contain ¢, B and D with the parameter X + M§, which means that the
parameter N is N — M. Therefore the matrix HE*(A) is of order N — M + 1,

?’-ZKA(A) = (ﬁgiyy(A»Ly:O,l ..... N-M’
7-[

M) E HR O

A) s, (3.19)

Since B(x; A+M3) and D(x; A+ M) satisfy the boundary conditions B(N —M; A+M§) =0

at © = N — M and D(0; A+ M) = 0 at = = 0, the difference equation (B.I8) implies the

following. The matrix eigenvalue problem for Hp is solved by the multi-indexed polynomials

PE(x),

HEAN)PEA (25 0) = EJA)PEA (23 A) (n € {0,1,..., N})\D). (3.20)

The orthogonality relations for P%ﬁ(x) can be read from (Z359). From BI12)-(B.14),

S (x; A) contains ¢o(x; A + M4), which does not vanish at t =0,1,..., N — M for z € Z.
So the sum in (2.59)) is reduced to Z . We obtain the orthogonality relations,

— . 2
> ;KA%(‘“T;M‘” DA A) A (1 2)

=p 0 (z; )\):g (x+1;A) & '
= xaye (mme{01,....N\D), (3.21)

where the normalization constants iy, (X)? are obtained from (259) and BI2)-BI4) as

follows,

En(X) — E4,(N)
(0; A+ (j—1)0)

A2 (V)2 = d, (A2 (%) H Bt (3.22)

In order to call the relations (3.21]) truly orthogonahty relations, the positivity of the weight
factor is necessary. The positivity of ¢g(x; A + M§)? can be easily achieved by choosing
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parameters A so that B(x; A+MdJ) and D(x; A+M6) are positive (except for the boundaries).
The positivity of ZK*(2; A)EXA (2 + 1;A) (for = 0,1,..., N — M) can be achieved by
imposing the following Krein-Adler condition on D [25],

=1

We remark that this condition (3.23)) is rewritten as
€j —€j—1 = 1 (I'IlOd 2) (j = 2, 3, . .), (324)

where Z>o\D = {ej, e, ...} with e; < eo < ---. In this situation, the Hamiltonian of the

deformed system

H (X)) = (HDa4N) 4 yon nvoars
HEMA) £ OB (@A) 0 HENA) 0 U (1)
= —/Bp(z; ) Dp(z 4+ 1;A) €® — \/Bp(x — 1; \) Dp(2;X) e 72

is a real symmetric matrix, and the matrix eigenvalue problem for HEA is solved by ¢4 (z)

B.13),
HEAN) OB (2 A) = £,(N) KA (2 X) (n € {0,1,..., N}\D). (3.26)

However, we remark that the relations (3.21]) hold for any A and D, because the expressions
are algebraic and the sum in (B.2I)) is a finite sum.

We have shown the state-deleting property of the Darboux transformations by using the
embedding of the finite system into the infinite system. On the other hand, in [25], the
state-deleting property was shown without using such a trick. It was shown that each step
of the Darboux transformation reduces the size of the matrix (Hamiltonian) by one.

The original systems in §2.1] have shape invariance. As its consequence, the forward and

backward shift relations hold. Here we consider the forward shift relation,
FP(A) = B(0; XN)p(x) 11 — eé), FPXN) Py (2;X) = Ep(N) Py (23X + 8). (3.27)

By using this and properties of determinant and the notation (Z27), we can show the fol-
lowing for d; > 1,
Pg’é(aj; A) = Egﬁll (x; A+ 9). (3.28)
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A slightly different but similar relation exists for the case-(1) multi-indexed polynomials in
[10]. Let us consider the case d; > 1. Since this condition means p = 0, ([3:I7) is expressed

as

. ERA @A) 2R+ LA+)

HKAOP A — MB 7A+M(S _ —D (x7 'DV[ 1] ) 0
e st I S i Wy

E%A(x—l— 1;A) (Egﬁll(x —1;A+9) B e_é>
=RA (75 A) ngﬁu (x; A+ 9)

+ kM D(2; X+ M6) (3.29)

By replacing d with 0, an expression of ﬁ%A(A) is obtained. This resembles the similarity

transformed Hamiltonian for the case-(1) multi-indexed polynomials in [10].

4 New Multi-Indexed Orthogonal Polynomials From
State-Adding Darboux Transformations

In this section we consider the Darboux transformations with seed solutions ¢, (z) (n > N)
[24] and present new multi-indexed orthogonal polynomials Qpr ().

The multi-index set we will consider is

D ={dy,dy,...,dy} (d; > N : mutually distinct), (4.1)
dj :N+1+my, m; 62207 (42)

and we assume M < N. In this section we use the following notations,

D' =DV = fmy my, ... my ), (4.3)
N=X+(N+1)+59), (4.4)

where § is given in Appendix[AIl We remark that N is one element of A.
The twelve polynomials P,(z) in Appendix[A1] with the normalization (ZI0) are ill-
defined for n > N, because there is a factor 1/(—N)g or 1/(¢7" ; ¢); in the sum Y ;_, of the

(basic) hypergeometric series expansion. To avoid this, let us consider the monic polynomial,
Pome(a; A) = ea(A) " B N), (4.5)

where ¢, () is the coefficient of the highest degree term,
P(z;X) = cu(AN)n(z; A)"™ + (lower degree terms). (4.6)

16



The monic polynomial P™o"¢(z; X) is well-defined for n € Zsg. Explicit forms of ¢,(X) are

given in Appendix[A.J] and the universal expression of ¢,(\) is ((A.14) in [25])

cn(A) = )k ()

J

(4.7)

- — &N
- O A+ (j—1)0)

1
For the monic polynomial, the orthogonality relations (2.13]) become

N

S s A2 B X) P (5 A) =

z=0

6’!1 m

e )2 dmMO(N) = o (N)d,(N).  (4.8)

The polynomials Z5*(x; A) (3.2) and Pfgﬁ(x; A) (B3) with the normalization conditions
B.5) are defined for d;,n < N. By replacing de and P, with pé?onic and Pmevie  their
definitions are extended to d;,n € Z>o. The monic version of these polynomials are given

by

dm

E%Amonic(x; A) — C%(A)_IQOM(SL’, A) ch[f)momc7 ) Pmomc](x’ A), (49)
Pg’;mnm(x; A) = c% (A) Lo (2 A) "W [P;l‘omc, . P;Al;mc, Pmonic] (12 X), (4.10)

where the constants c¢f,(A) and ¢, (A) are given by (A.9) and (A.I2) respectively. These
monic polynomials and their non-monic versions are related as
=5 (25 )
Hjj‘/; Cd; (A)
PR ()
IT750 ca,(N) - ()
This PEA™e(z; X) satisfies the difference equation (BI8) by replacing Z5* and PE% with
ERAmonic g PKAmonic i [T7).
For n > N, by setting n = N 4+ 1 +m (m € Zs), the monic polynomial P,(z;\) has a

factorization property (Theorem 2.1 in [24], with Qp, (z; N, X) oc PRovi¢(z— N —1; —N —2, X)
(see (2.54) in [24]). This proportional constant is determined by ([A.27) with M = 1),

cp(N)Zp ™ (23 A) = Cp* () : (4.11)

(4.12)

b W) Pp "M (23 X) = 5 (A)

Premie(a; A) = Aas A)p M BReme (@ — N = 1L X), (4.13)

where A(x; A) is defined by

A A) < T (s N) = n(k; 1), (4.14)



and its properties are given in Appendix[A.3l From ([£9) and [£I3), we have
E%A monic(x; )\)
M M
= C%(/\)_lgpM(il'; )\)_1 HA(:L' +7—-1; )‘) . HP(NH)mk
; 1]

% V\/'C[F)monic7 ) Pmomc] (LU ~N—-1: A/)

mum
M

CnDI(A/) SOM 0 A (N+1)my, . =KA monic N/
= et [[AG =12 Hp EKpmonie(; _ N 1 X), (1.15)

where ([2.23) and (A.32) are used. So ZE5A™e%e (1 X) is divisible by H]Ail A(x+j—1; X), which
is a polynomial in n(z; X + (M — 1)9), see (AI6) (with M — M — 1). The relation (3.28))
implies that nggmoniC(x; A) is divisible by H]A/i1 A(x +j — 1; A+ ), which is a polynomial
in n(x; A+ M) (AID). Tt is expected that P%ﬁmonic(x; A) is also divisible by H]Ail Az +
j—1; X+ 9), and this is indeed the case.

Based on PE%™°"¢(z; ), we define new multi-indexed polynomials Q5%¢(xz; A) for n €

Zq. First, let us define QB¢ (x; X) for n € Zxo\D as follows (see (AIT)),

Jmonie (1 \) & (3 NHA T4 — LA+ §) 7L PAmonic(g \) (4.16)
7j=1
My M
= ¢ N PN [ A+ - 1A+ )
j=1
X o (15 ) T W[ Provic | piovie pmonic] (7. ), (4.17)

Forn > N and n € D (we set n = N + 14 m), by using (£13)) and (2.23]), we have

DB (2 A)

M+1 —
— NHp (N+Dmi  (N+1)m [io A+ —1LA) pya(z—N-1LX)
H;V[1A(I+j—1'>\+6) Or1(w; A)
> QOM—',-l(x i i 1’ A/) 1WC|:PWH1,110niC PnT;ImC Pmonlc] (l’ _ N — 1’ A/), (418)

which vanishes for x € {—M,—M +1,...,N} by (A20) and (A.32). Next, let us define
%ﬁ’mc( ;\) for n € D, based on the expression ([ALI7). For n = d; € D, the Casoratian
Wl - -] in (AI7) vanishes, but ¢, ,(A) (A.I2) also vanishes. So, by taking certain appropri-

ate “n — d; limit”, we may obtain a finite quantity. Following the prescription explained in
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Appendix[Bl, we define Q%Pﬁf" (x; A) with n = d; € D as follows,

M
(e N) € o N T [ A 4 - 1A+ 0)7 o
j=1
prrllonic(l.l; A) - Pdmb;mc(xl; A) Ri(x)
Pérllomc (I27 A) e Péi\l/(;mC(xz; A) R2 (LU)

X @M—i—l('x; A)_1 . : : )
Bpome(zpga; A) oo PRO(eagas A) Ry ()
where z; = v 4+ j — 1 and R;(x) are given by

Rj(x) = Rarjn(7; ) (4.20)

L pOFOm Y (s A PR (2 — N — 13 X) 4 PO (a3 A) + g™ A (a0 N PP (5 0),

and Yy ;(z; ), P(l)( ' A), }:7,512)(:17; A) and ¢, (A) are defined by (BI0), (BII), (BI12) and
(A.13)), respectively. We remark that the contribution to Qmomc( ) (£I9) coming from the
third term of R;(x) (A20) (the term containing P,,(%) (x) : contribution (c) in Appendix[B.3))

has the following form,
A(z + M; X — Mé) x (a polynomial in n(z; X + M§)),

which vanishes for € {—M,—M + 1,...,N}. So, when dealing with Qmom_c(:n) for z €
{—M,—M+1,..., N}, we can ignore the third term of R;(x). These Q%‘?ﬁm(:ﬁ; A) (n € Zsy)
are

V%‘?f,‘fc(x; A) : a monic polynomial of degree {p + n in n(x; A + M4),

2B (2 0) QB (n(as A+ M) ), (421)

where (1 is given by ([2.26). We define the non-monic version Qpr.,(z; A) as follows,

) d:cf v%?nic(x. )\)

momc( M A)

Let us calculate ¢ (z) [253) for n € Zso\D. By using (312), (@I1I)-@I12), (4I5),
(414), (A.38) and ([B.9), we obtain

Qpr (3 A (= Qoin(—M;A) = 1). (4.22)

80 (13 0) = (—1)M e, (A2 (2) pm N+ H BO; A+ (j — 1))
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DN Ap(O;A)2  om(N+ 10 o monic

_ « gQmonic . \) 4.23
) GoMA—018) 03 e (A
monic def monic ymonic

B @A) R (s QB (5 A), (4.24)

monic def ¢ I+M7A—M(§

\/E%/momc(x; A)Eglmomc(x + 1’ A)
Here Z2™°"(; ) is given by
Eg/moniC(x; A) d:Of p(N—l—l)ZD/ EIZI;A monic(x — N — 1; A/)

: a monic polynomial of degree ¢p/ in n(z; A+ (M — 1)6), (4.26)

which is shown by (3.4]) and
nz—N—-1LXN+(M-1)8) = p V' (n(z; A+ (M —=1)8) —n(N +1; A+ (M —1)8)). (4.27)
Since the parameter N for A+ d is N — 1, we have

é%,moniC(x; A-'-(S) — pNZD/E%f\monic( N )\+5+N(5+5)) NZD/—‘KAmomC( —N7 A/—g)

(4.28)
We define the non-monic version E%, (x; ) as follows,
EQ,mOHiC(ZE; A)
20 (rA) & 5D (= Z2.(-M;X) =1). (4.29)

:%/moniC(_M; A)
Next let us calculate the potential functions ([Z5I)—(Z52). Recall (3I5)-BI6), 1 = 0 now
and (3:28). From (fI5) with the replacements D — D=1 and A — X + &, we have

:g[Amonlc( -\ + 5)

:(const)xHA(x+j—1;A+5) S (= N; A+ 8+ N(6 + )

D!
j=1
M

= (const) x [JA(x +j — 1A+ 8) - SRR (z — N; X' = 6)

j=1

M
= (const) x H Az +j =124 8) - p N =8 (2 A 4 6). (4.30)
=1
By using (C11) (@12), (25), (@13, (30) and (A35), @15 (EI0) become

=Q monic__ ~(Q monic .
— = == 1
Bp(t; A) = B(x + M; A — M&) <o 2 () szOEf FLA+E)
2w+ LA) BT (s A+ )

(4.31)
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~~(@Q monic . ~(@Q monic

= =5 1 =% —1;
DD(ZZ}',A):D(ZI}'—FM,A—M&) ZQmorEf_l— 7A) ZQmorglzf ’A_I—(S)
E5 (A 2R (s A+ 9)

(4.32)

These potential functions resemble those of the case-(1) multi-indexed polynomials in [10].

The deformed Hamiltonian (2.49]) is similarity transformed to

77Qo def monic — o monic
HBP(A) S 9 (w: A) " o HF(A) 0 B (23 )

_ EQ/monic Y éQ/monic 1AL S .
:B(LU_FM;}‘_M(S);«QH?OMC () ngorfif—i_ A+9) —ea>
Ep M (LA N ERT (1 A+ 6)
~(@Q, monic . ~(Q monic
=\ = 17 A Sy — 17 4
+D($+M’)‘_M5) DVQmon(ii:B_l— )( DVQmorgi:f A_l—(s)—e 8).
Ep (43 A) Ep (@ A+ 6)

(4.33)

From the result in §2.2.2 the multi-indexed polynomials Q%?’f;ic(x; A) satisfy the difference
equation,
HEPN)QB(: A) = En(N) Qe (a3 X, (4.34)

for x € R and n € Z>(. The results (£.34) for n € D are obtained from those for n € Z>,\D
by taking the “n — d; limit.” FExactly speaking, the results (£34]) for n € D may not
be proven, because there is ambiguity in the “n — d; limit” and the prescription given in
Appendix[Bl is one way of taking that limit. However, we can verify (£34]) for n € Zs
by direct calculation (using Mathematica) for small N, M, d; and n. We remark that this
difference equation holds for any A. In the expressions (4.25]) and (4.31)—(4.32), they contain
¢, B and D with the coordinate z + M and the parameter A — M, which means that the
parameter N is N + M. Therefore the matrix H% (A) is of order N + M + 1,

Ha(N) = (Hr,,(N)

Z‘,y:—M,—M-‘rl 7777 N’
def

HE(N) ZEHIPN) |5, - (4.35)

Since B(x + M; X — M§) and D(x + M; X — MJ) satisfy the boundary conditions B(N +
M;X—M6)=0atz =N and D(0; A\—M3§) = 0 at x = —M, the difference equation (Z.34)
implies the following. The matrix eigenvalue problem for 7:2%, is solved by the multi-indexed
polynomials Q%‘ff‘:fc(:z),

Ha (NOBN (13 X) = ELN)QB R (23 A) (n € {0,1,...,N}UD). (4.36)

For n > N and n € D, this equation also holds as 0 = 0, see (£.I8]) and its comment.
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The orthogonality relations for QB™¢(z) can be read from (2359). From (@23)-(E25),
20 (w3 X) contains ¢o(x + M; X — M§), which does not vanish at x = —M, —M +1,..., N
for # € Z. So the sum in (Z5J) is reduced to 32 ,,. We obtain the orthogonality relations,

N

¢ (LU + M7 A— M3>2 monlc monlc
Z ;«Qmon?c . ~( monic . (':C A) (LU7 A)
o =D (25 XN)E5, (x+1; A)
5nm
=———— (nme{0,1,..., N} UD,). 4.37
d%/I;I;LOHIC(A)2 ( { } ) ( )

Here the normalization constants dg,?fnic()\)Q for n € {0,1,..., N} are obtained from (Z59)
and (4.23)-(4.25)) as follows,

2 B(0; A+ (j — 1)8)
&) =&, (N
paN? Au(0:A)  pu(N 4+ 1;A)?
pr(XN)? do(M; A — M) pur(0; X)?

For n = d; € D, we take the “n — d; limit” of (A38)). By using (B.17), (B.2I)) and (B.24)),

we obtain d%,‘f;;’“ic(A)? with n = d; € D,

d%/r?’;LoniC(A)2 _ dgonic(A)2 I{(Jgf)p—2(2N+1)(A2/I)

X

(4.38)

M .
- . -~ BO;A+(j—1)0
dglir;OHIC(A)2 _ dT/Lmonlc()\)2 K(];{)p—2(2N+1)(1;1) H]]} ( (j ) )
Hj;l, (En(A) = E4;(N))
A0

DaN’ AN pu(N + 15 A)?

cr ()\) Po(M; A — M‘S) SOM(O;X)Z

1 i (i), (i), (iv)’

(2n+d)™t (i) . (4.39)
(1—dg™)™" = (v)

X

2n ,.—n

X pTRTT X

In order to call the relations (4.37) truly orthogonality relations, the positivity of the weight
factor is necessary. We will discuss this problem in the next subsection. If the positivity is

satisfied, the Hamiltonian of the deformed system

Hg'(}‘) - (Hg'x,y()‘»w:_M,—MH ..... N’
HE(A) E U5 A) 0 HB (A) 0 2" (2 A) ™!
= —/Bp(a;A)Dp(z + 1;A) ¢’ — \/Bp(z — 1;A) Dp(a; A) ¢ 7
+ Bp(x; X) + Dp(z; A) (4.40)
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is a real symmetric matrix, and the matrix eigenvalue problem for Hg, is solved by ¢%fﬁonic (x)

E24),
HE (AL (23 X) = E,(N) L " (2; A) (n € {0,1,...,N}UD). (4.41)

However, we remark that the relations (£37) hold for any A and D, because the expressions
are algebraic and the sum in (£37) is a finite sum. We can verify (£37) by direct calculation
(using Mathematica) for small N, M, d; and n.

We comment on the special case D = {N +1,N +2,..., N + M} studied in [24]. In
this case we have D’ = {0,1,..., M — 1} and the denominator polynomial ZX(z) becomes

a constant, ZKA(z) = 1 [25], namely Z2™°(z) = 1. So HLP(A) E33) becomes
HOP(A) = B(x + M; A — M&)(1 — ) + D(x + M; X — M8)(1— e9). (4.42)
This and (4.34]) imply
Xz A) = p "MPROM(z + M; A — M8) (n=0,1,...,N+ M), (4.43)
which is shown by (£.21]) and
n(z+ M;X = Mé) = p™ (n(z; X+ M8) — n(—M; X+ M§)). (4.44)

We remark that verification of this relation (£43) based on ([@IT) and (ZI9) is non-trivial.
In [24], where Q%ﬁ‘;ic(x; A) is not given, the fact that the eigenpolynomials are given by

Pronic(y 4 M: X — M§) is shown based on direct calculations of Casoratians.

4.1 Positivity of the weight

Let us consider the condition for the positivity of the weight factor in (437). The positivity
of ¢o(x+M; X\—M6)? can be easily achieved by choosing parameters X so that B(z+M; X —
M§&) and D(z + M; X — M&) are positive (except for the boundaries). From the positivity
conditions for B(z;A) and D(x; ) given in Appendix[A.T] we have

H: a,b>0
K: 0<p<1
R: b>N+d, d>M, 0<c<l+d—-M, (d#M+1)
dH: a>0, b>M, (a+b#M+1,M +2)
dagK: p>q¢ "
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gH: 0<a,b<1

gK: p>0 (4.45)
qeK: p>q¢ ¥V

agK: 0<p<q
qR: 0<b<ddy, d<¢™, d¢"™M <c<1, (d#MH
dgH: 0<a<1, 0<bg™ <1, (ab# ", M)
dgK: p>0.

1

We divide these into two classes,
(a) : H, K, dqgK, ¢H, ¢K, agK, d¢K, (b) : R, dH, qqK, ¢R, dgH. (4.46)

The parameter ranges (4.45]) are independent of M for class (a) and dependent on M for
class (b). The positivity of 2™ (z; N)ZL " (z + 1;A) (for £ = —M,—M +1,...,N)
is highly non-trivial. We try this problem by numerical calculations. In the rest of this
subsection we assume d; < dy < --- < dj; and the parameters A satisfying (4.45]).

Based on numerical calculations, we have observed the followings. For class (a), the

condition for the positivity is given by

dj—dj_lE]_ (mod2) (]:1,2,,M, dQZN),
(@ Moy teven (k=1,2,... [2E1]) gy s odd (k = 1,2,...,[M])). (4.47)

2

For class (b), the situation is more complicated. For D satisfying (4.47)), the positivity is
satisfied by further restricting the range of parameters (d.45). We have not yet found a
definite range, but the following ranges seem to work well: q¢K: large p, dH: large b, dgH:
small b, R: large d, gR: small d. Even for D not satisfying (4.47), the positivity may be
satisfied. For example, in the case of M = 1, if the parameters are well chosen, there are no

restrictions on d;. For general M, we have not yet found the conditions for D.

5 Summary and Comments

The Hamiltonian of a finite type rdQM is a real symmetric matrix of order N + 1 (the
coordinate x € {0,1,..., N}) and the Schrédinger equation is a matrix eigenvalue problem,
whose eigenvectors are ¢, (z) with n € {0,1,..., N}. This eigenvector ¢,(x) is extended
to the function ¢,(z) (z € R, n € Zsg) (for n > N, ¢,(z) is replaced with ¢mo"¢(x)),
which satisfy the difference equation. Based on such rdQM systems described by the twelve
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orthogonal polynomials, we have considered their deformation by the multi-step Darboux
transformations with seed solutions ¢,(x). The seed solution ¢, (z) with n > N corresponds
to the overshoot eigenfunction égS(x) in oQM systems with a finite number of eigenstates
[22], and it is a “zero norm” eigenvector because it vanishes at z € {0,1,..., N} [24]. For
seed solutions ¢, (z) with n < N (n € D = {dy,ds, ...,dyn}), the Darboux transformations
are state-deleting and the deformed Hamiltonian has order N — M +1 (z € {0,1,...,N —
M}) and the eigenvectors are described by the Krein-Alder type multi-indexed orthogonal
polynomials Pgﬁ(:c) (n € {0,1,...,N}\D) [25]. For seed solutions ¢,(z) with n > N
(n € D), the Darboux transformations are state-adding and the deformed Hamiltonian has
order N+ M+ 1 (x € {—M,—M +1,...,N}) and the eigenvectors are described by new
multi-indexed orthogonal polynomials Qpr,(x) (n € {0,1,..., N} U D). Explicit forms of
the difference equation and the orthogonality relations for Pgﬁ(x) are new results and given
in §Bl New multi-indexed orthogonal polynomials pr,n(:c) are main results of this paper.
Their definitions, the difference equation and the orthogonality relations are given in §[l
The energy eigenvalues of M added states are &, (n € D). This is in contrast to the case
of state-adding Darboux transformations with the pseudo virtual states as seed solutions
[21], in which the energy eigenvalues of M added states are £_,,_1 (n € D). The positivity
condition of the weight factor is discussed in §4.Il Partial results are obtained, but they are
still unsatisfactory. It is an important problem to clarify the positivity condition. In §Hl the
condition M < N is assumed, and it is an interesting problem to consider the case M > N.

We have shown the state-adding property of the Darboux transformations with seed
solutions ¢, (x) (n > N) by using the embedding of the finite system into the infinite system.
In Appendix B of [21], where the state-adding Darboux transformations with the pseudo
virtual states QEEV(QJ) as seed solutions are discussed, the state-adding property was shown
without using such a trick. It was shown that each step of the Darboux transformation
increases the size of the matrix (Hamiltonian) by one. We think that such a proof is possible
in the present case as well. We hope that we will be able to report on this subject in detail
elsewhere.

The multi-indexed orthogonal polynomials do not satisfy the three term recurrence rela-
tions, which characterize the ordinary orthogonal polynomials [16]. They satisfy the recur-
rence relations with more terms ([12} 13}, 29, 23] for rdQM). It is an interesting problem to

study the recurrence relations for the new multi-indexed orthogonal polynomials prvn(x).
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A Various Data And Formulas

In this appendix we present various data and formulas on orthogonal polynomials, n(x),
A(x), op(x), B(z), D(z) and ¢g(x). The Pochhammer symbol (shifted factorial), the hy-

pergeometric series and their g-versions are defined by [16], [17],

n—1 r

def . def
(@n = [Ja+5), (a1, a)n = [J(a)n, (A1)
j=0 k=1
d fn_l i def J
(a:9)n = [JQ—ad’). (a1, ar50)n = [[(ar:0)n: (A.2)
j7=0 k=1
F(alu" y Ay ’Zlf) d:Ofi(alu 7a7‘)kxk (AB)
C Dy, bs e (by, ., by) K '
A1y ..., Qp def b (ala R Q)k (1+s—r)k (l—l—s—r)(k) Zk
&, ) & -1 2) A4

with the conventions Z;L:_i * = () and H;::L * = 1. The binomial coefficient and its g-version

are

(N) - N DN (A.5)

n)o bV =)l (1)n
NT_ @ox DM@ ()
{n} (45D (45 Q) N-n (@00 " ‘ (A.6)

A.1 Orthogonal polynomials

We give the data for the twelve orthogonal polynomials in the order of (ZI4). The pa-
rameterization of some polynomials are different from the conventional ones, see [26]. We
consider € = ¢ =1 cases in [26]. The universal expression of ¢, (A6 is given by ([AT). The
polynomials ]—E’,Sl)(:c; A) and P (x; A) are defined by (B.1I) and (B.12), respectively.
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A.1.1 Hahn (H)

Parameter range for the positivity (22): a,b > 0.

A= (a,bN), &=(1,1,-1), 6§=(0,0,—-1), k=1, p=1,
En(AN)=nn+a+b-1), nz;A) =z, @A) =1,

- —-n,n+a+b—1, —x n+a+b-—1),
Pn($7A):3F2( a _N 1)7 Cn()\):( (a _N) ) :
Smonic /. . - (a_'_k?_N_'_k)n—k <_n7_x>k
B(x;A) = (z +a) N—:)s) D(z;A) =x(b+ N —x),
( )b—l—N—x)
d()\)2:<N a)p(2n+a+b—1)(a+b)y " (b)n
" n (b) (n+a+b—1)N+1 (a—l—b)N
n—1
: . (a+k)n k (—n, —[L’)k
P A) = n+a+b—14k),—r k!
k=0
n—k—1
X > (=NA+EN(=N+k+1+1)n g1,
1=0
PR ia+N+1+kN+2+k)mk( m,—x + N+ 1),
(a+b+2N +14+m+k)pm s k!

k=0

m—k—1 1 1
8 ( ; e B o

- 2 >+§ 1
a+b+2N+1+m+Ek+1 —x+N+1+1/)

A.1.2 Krawtchouk (K)

Parameter range for the positivity (22): 0 <p < 1.



B(x;A) = p(N —x), D(z;A) = (1-p)z,
] o N P z 2 N b " N
o ) = x)(l_p), dn(A) —(n)<1_p) < (1-p)",
x n—l( n —l') feling
PW(z; ) = %'lekX: N+Ek)(—N+k+1+1)n_p_1-1,
k=0 ’ 1=0
. m (—m,—z+N+1)
PO(2:0) = Y (N 42+ K)oy o ’

m—k—1 1 k—1 1
X(l:0 N+2+k+l+%;—x+N+&+z>
A.1.3 Racah (R)

We take a = —N and defined = a+b+c¢—d — 1.
Parameter range for the positivity (2.2): 0 <d<a+b,0<c<1+d, (d #1).

A= (abcd), 6§=(1,1,1,1), §=(1,0,0,1), =1, p=1,
- 20 +1+d
EN) = nln+d), n(esX) =a(e+d), eled) = =

S —n,n+d, —x, x+d _(J+n%
Po(w; A) = 4F3< a, b, c ‘ 1)’ en(A) = (a,b,¢),’

a+kb+kct+k)yr(—n,—z,x+d)y

P:Lnonic(x; )\) _ Z (

— (d+n+k)ur k! ’
(x+a)(x+b)(x+c)(x+d)
B(x; ) = —
() r+d) 2z +1+d)
(x+d—a)(z+d—=b)(z+d—c)x
D(:\) = —
(23 A) 2z —1+d)(2z + d) :
a2 (a,b,c,d), 2¢ +d
- (l+d—-a,l1+d—bl+d—c1), ’
%oz ) A+td—altd—bltd—cl), d
4, ()2 = (a,b,c, cZ)n on+d

(1+d—al+d—bl14+d—c1), d
y (—1)N(1+d~—a,1+d—b,1+d—c)N
(d+1)y(d+ 1)on
btk et Bk (=, =z, 7 + d)s
— (d+n+ k) k!
n—k—1

X «fN+kM—N+k+J+1%%44—
=0

)

(—N + k)n—k)
d+n+k+1/’
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KUH
l\D

i (N+2+kb+N+1+kc+N+1+E)pm
poar (d+2N 424 m+ k)pm_r
(—m,—x+ N+ 1,2+ N+1+d)
k!

X

m—k—1
1 1
X(;(N+2+k:+l b+ N+1+k+1

1 1
: - |
ct+N+1+k+1 d+2N+2+m+k+1

k—1 1
* ( x+N+1+l+x+N+1+d+1))'

1=0
A.1.4 dual Hahn (dH)

Parameter range for the positivity (Z2): a,b > 0, (a +b # 1,2).

A:(aabaN)7 6:(1a07_1)7 5:(0a17_1)7 K':la P:L

EnA) =n, n(x;A) =z(z+atb-1), @A) = %Jrif;b
a

. _n7$+a+b—17—$ — 1

Bn =l (7T =

~ H - — _ 1 —

PranomC(l,; A) = (CL + k;’ —N + k‘)n_k( n,r+a —]:'b 5 x)’ﬁ
2 !

pai) - A b - DV =)

2r—14a+b)(2x+a+b)’
rx+b—1)(r+a+b+ N —1)
2z —2+a+b)(2x—1+a+0b)’

o ()2t b,
Po(w; A)” = <:)§) D)z (x4+a+b—1)y11

D(z;A) =

Y

o (N (@) x (b)n
P (s ) = > (a+k)ni (zmz+a _IL_lb —1,—x)
k=0 !

( m,x+a+b+ N, —z+ N+ 1)

k!
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m—k—1 1
<§ <a+N+1+k+l N+2+k:+l>
k—

,_.

+
=0

1
<x+a+b+N+l+—x+N+1+1))'

A.1.5 dual quantum g-Krawtchouk (dqgK)

Parameter range for the positivity 22): p > ¢~ V.

q)\: (pqu)v 0= (07—1)7 S: (17_1>7 K:q_lu P =q,
EAN)=q" =1, nlx;A)=1-4q", ¢(x;X)=q",

. -n = —%n(n—l)

(@N5q)n
H>monic - - q—njq—x;q —n kx Lo(n—
B, (1;A) = (¢ N+k§Q)n—k%Pk qk htanl 1)>
k:O q;49)k
B(a;A) =p g "V (1= ¢V"), D(x;A) = (CJ‘”” —1)(1—p g,
N p—xq—N:c ) N —n n(n 1-N) N
onle 3 = | | = | Y
( z | (P75 q)s n (p N5 q)n
n—1, _n .
Pi(Ll)(x; }\) _ (q >(? aQ)kpk—nqkm—l—k—l—%n(n—l)
— (G k
n—k—1
> Z q—N+k+l —N+k ; q)l(q—N+k+l+1 ; Q)n—k—l—ly
=0
5(2) N2tk @™ "™ Dk ket 1) (N Dt Lm(m—1)
PR (@ 0) = (g s Dk @ P "q 2
k=0 q;49)k

m—k—1 1 k-1 1
X < lz_; 1— qN+2+k+l + — 1— q—x+N+1+l)'

A.1.6 g-Hahn (gH)

Parameter range for the positivity (2.2): 0 < a,b < 1.

qA: (a’b>qN)> 0= (lala_l)a S: (Oa()»_l)» /{:q_la p:q_la
EAN)=(¢"—=1)(1— abq”_l), nx;A)=q =1, oA =q¢",

P23 = 0u 0). ey = D

(a,qgN:q)n

n—1

,abg" ™, g
a, ¢V

—TL
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Hmonic /.. _ - (aqk7 q_N+k ) Q)n—k <q—n’ q—:c ; Q)k k
P (ZE', A) - Z ( b n—1+k . ) ( . ) q ’
k=0 avq y4)n—k q;4)k

B(z;A) = (1—ag)(¢" ™ = 1), D(z;X) =ag (1 —¢*)(¢" ™ —b),

N (@;q)e
. }\ 2 — ;
foli 2) [SE } (bgN=7; q)¢ a®
d,(A)? N7 (a,abg b q), 1—abg®t  (b;q)na”
" n | (abg™,b;q)na® 1 —abg™t = (ab;q)n
: (59 (@ a"3q)
pél) flf,)\ — n—k ) ) k‘qk
(@) — (abg" " q)nn (05 0)k
n—k—1
> Z q—N-i-k-i-l(q—N-l-k ; q)l(q—N-HH—H-l ;Q)n—k—l—la
1=0
}:7(2)(1'- )‘) _ i (an—H—Hc qN+2+k : q)m A (q—m’ q—:c+N+1 : q)qu
" (abg?NFIHmTE g), (45 )k

e
Il
o

" 1 1 2
% ; 1 — agN+1+k+ * 1 — gNt2+htl ] — abq2N+l+m+k+l)

)
_ qx—N-1-1 |~
l:Ol q

A.1.7 g-Krawtchouk (¢gK)

Parameter range for the positivity (2.2): p > 0.

q (pvq )7 6:(27_1>7 3:(07_1)7 ’%:q_lv p:q_17
En(A) = (q‘"—l)(l +pq"), n@A)=q¢ =1, @A) =q¢",

- e (=pq™  q)n
P A) = i D). e -
(@ 2) =3¢ g, 0 enld) (N5 q)n

. ) n —N+k . -n ,—x.
P:Lnonlc(x; A) _ (q ) q>n—k (q ,q ; Q)qu’

(=" Qe (@500

M

N] (=P On L+pg™ pNgzN N+

n ] (—pgN+t @) prg ) 14p T (=paia)n
1 (" q"; q)qu

= (=pg" Q- (€O
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n—k—1

k—
—N+k)+l —N+k‘ . —N+k+I1+1
X E q ) Q)l(q ) Q)n—k—l—la

=0

PO () = zm: O Qe (T )
= (=pPN TR Q) (¢:9)k
m—k—1 k—1
1 1 — 2N+2+m+k+1 1
x ( Z < N+2+k+l pq2N+2+m+k+l> N Z x—N—l—l)'
— \l—q 1+ pq —1-q
A.1.8 quantum g-Krawtchouk (qgK)
Parameter range for the positivity 22): p > ¢~ V.
qA: (pan)a 6: (17_1)7 3: (07_1)7 K =4q, p:q_17
EAN)=1=¢", n@mA)=q¢" =1, ox;A)=q¢",
—n —T 3 77/2
5 q 4 n+1 pq
Pz A) = 2¢1( a;pq"" ) (X)) = —x—
g (5 Q)n
p;’lonic(l,; A) _ Z(q—N-i-k : Q)n—k (q ' q Q)kpk nq(n—i-l) :
poe (g: )
B(z;A) =p'¢*(¢" " = 1), D(;A)=(1—¢")(1-p g "),
N p—xqm(gc—l—N) ) N p—nq—Nn N
onle 3 = | VP = || e 7 s,
z | (p7a™;9). n (P e"ia)
n—1 -n ,—.
ﬁr(Ll) (SL’, A) _ (q ) 4 7q)kpk—nq(n+l)k—n2
=0 (759
n—k—1
« Z q—N—i-k—i-l _N+k;Q)l(q_N+k+l+l ;q)n—k‘—l—la
1=0
< m -m —x+N+1.
- q 7q 7q —m m —
PO (z;X) =Y (VT ;q)m_k( . >k(qu Fhkmmg R
poe (45 9)
m—k—1 k—1
1 1
(Y L )
1=0 1=0

A.1.9 affine g-Krawtchouk (aqK)

Parameter range for the positivity 22): 0 < p < ¢~%.

qA:(pqu)v 6:(17_1)7 52(07_1>7 ’i:q_lu p:q_la
EA)=q¢" =1, nzA)=¢"-1, oz;A)=q¢"
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x| (pg)* (pa)" |
5 n—1 <q nogT" q)
X ) ’ k
P,gl)(m A) = (quka Jn— (¢:q) ¢*

— q;4)k

n—k—1
% Z q—N-l—k-H(q—N-‘rk;q)l(q_N+k+l+1QQ)n—k—l—la
1=0

§ m (™ "),
P,(r?)(a?; A) = Z(qu+2+k’ PAREALE Do ) b

pr q;9)k

m—k—1 1 1 k—1 1
x | k+ ( + ) + .
< — 1— qu+2+k+l 1— qN+2+k+l ; 1— q—x+N+1+l)

A.1.10 g-Racah (gR)

We take a = ¢V and define d = abed ¢~ .
Parameter range for the positivity (22): 0 <ab<d <1, gd <c <1, (d # q).

qA: (a7b7c7d)7 5:(171717 1)7 5:<1707O7 1)7 Ii:q_:[? p:q_17

~ 1— dq2x+1

EnA) = (a7 = D = dg"), mlw;A) = (@7 = (1 = dg"), p(@;A) = ¢ ——7—
- q", dq", q7*, dg* (dg™; q)n
Po(z; X) = q), X)) = ————,

i A L T

n k k k . -n -z T .
Pranonic(x; )\) _ Z (Cl,q qu—i—;cq ) q)n—k (q » 4 . ) dq ) q)qu7
= (g q)n- (q;9)k

(1 —ag”)(1 —bg")(1 — cq”)(1 —dq®)

B(xz: \) = —
) (0 —d@)( =)
- (1L—a"'dg")(1 = b"'dg")(1 — c'dg")(1 — ¢*)
D(x;A) = —d
(z; A) (1 —dg®*=1)(1 — dg?*) ’
¢0(x, )\)2 — (CL, ba ¢, d ) Q):c - dq2m
’ (a~dq,b-'dq,c'dg,q;q),d* 1—d ’
d (}\)2 — (a7 b7 ¢, d ; q)n 1 - dq2n

~ (a~'dg, b-'dg,c'dg,q: q)nd® 1—d
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(—1)N(a"'dg, b 'dq, ¢ g ; q)n dV gz NNHD

X 7 I
(dq; q)n(dq; q)an
n— 1 —n —T X .
]5(1)(x, A) = (bq", cq® s On—r (@™, 7", dq" Q)i &
" — (dg"t* 5 q) o (q:9)n
n—k—l —N+k .
Nk —N+k++1 . _ (q 7Q>n—k)
X Z ( i(q S Dn—k-1-1 —I—Jq"+k+l ;
ﬁ @) i N+2+k" qu+l+k, CqN+1+k‘ : q>m—k (q—Wl7 q—l‘-i-]\f-i-l7 dql‘+N+l 7Q)k X
=0 (dg?NT2Emeks q) . (59

X

m—k—1
> (e g 1o
P 1— qN+2+k‘+l 1— qu-i-l-Hi‘-H 1— CqN+1+k‘+l

1
1 jq2N+2+m+k+l)

N

-1

1 1
+ (1 — N+ + 1 — dqm+N+1+l))'
!

Il
=)

A.1.11 dual g-Hahn (dgH)

Parameter range for the positivity 22): 0 < a,b < 1, (ab # ¢, ¢*).

qA: (a7b7qN>7 6: (1707_1)7 S: (0717_1>7 "i:q_17 p:q_l

n . o1 1 —abg*
E(A)=¢" =1 nmA) =(" - DA -abg™), @A) =¢"——7
x q ", abg" g7 1
Po(x; A) = ( ; ) WA = ——=—
(:4) = 36 a, ¢V ) ) (@,a7N:q)n
. . n —n7 ab :(:—1’ —x :
Prove(z; A) = (ag*,q N q)n s @ abe™ 0% e

h=0 (q59)k
(s = o UL )
o= [t
N . b
0= |t e

n—1 x—1

b —x .
P(l ZZ'A :Zaq q (q ,CLq. ,q ,Q)qu
— (¢:9)n

—-n
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n—k—1

k—
—N+k)+l —N+k‘ . —N+k+I+1 .,
X E q ) Q)l(q ) Q)n—k—l—la

=0
m

p(2 (2N :Z N+1+k N+2+k;q)m_k(q
k=0

z+N ,—z+N+1.
, 4 ) q)k k

(q:9)k

—m

, abgq

m—k—1 1
( s ( an—l—l—l—k—l—l T 1— qN+2+k+l)

k—1

1

+> (5 + ) ) .
T+ N+ _ g tN+1H
= abq 1—¢q

A.1.12 dual g-Krawtchouk (dgK)

Parameter range for the positivity [2.2): p > 0.

@ =q"), d=01-1), d=01-1), w=q¢" p=q",
E =0 =1 N = (- D), el X) =g
Plaen) =aon(" L T i) ) =
prmonic (7 \) = zn:(q—zwk - (g7, q(‘ﬁ —Pq*; Q)qu’
po q;4q)

(" = 1)(1 + pg*) (1—q¢")(1 + pg**™)

B(xz; A) = . D(x; Q) = pg* N1 ,
(i 2) (1 +pg*)(1 + pg*+1) (#A) =pa (1 + pg* =) (1 + pg*)
—lZ'ZC X
do(2: A)* = [N} (=P3@)ep~q 2"V 1+ pg?
o x (—pgV*1 5 q)s I4+p '
1
du(A)? = {N}p‘"q—fm%n(n—n N AUCAR
n (—pg;q)n
2 R )
Pfll)(x; A) = @O k ¢ Z g VR (N gy (VR )
k=0 74 =0
« m -m —z+N+1 _ . o+N+1. )
P2 (x;X) = (qN+2+kQQ)m—k(q 4 P Dk g
; (g5 )
m—k—1 k—1 1
X .
( ; 1— N+2+k+l + l:0< 1 — qgc N—-1-1 + 1_|_pqgc+N+1+l>)
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A2 n(x)

We consider five families of the sinusoidal coordinates [26]:

(i): nx)== H, K
(ii) : n(z):x(z—l—d) ‘R, dH(d=a+b-1)
(iti) : n(z) =1- :dqqK 214
(iv): n(x) =q7" 1 L qH, gK, qK, agK
(v): n(x) = (¢ =1)(1—dg") :qR, dgH(d = abg™"), dgK(d = —p).

The polynomial in z that is invariant under x — —x — d is a polynomial in z(z + d),

and the Laurent polynomial in ¢ that is invariant under ¢ — ¢~*d~! is a polynomial in
(" —1)(1 — dg*). Thus we have

(1) (=2
(i) : (—z,x+d)g = a polynomial of degree k in n(x)
e . T _1 k . (3]
(%ll) F (kg™ =n(z)* x ( )k ) (1) (i) + (lower degree terms). (A7)
(iv): ("5 (=17 : (iv), (v)
(v): (¢" dq S0k
For an index set D = {dy,...,dn} (d; € Z>o : mutually distinct), we have
(@A) W™, ™ (X
— a polynomial of degree (5% + M =/ in 77(:)5; A+ (M — 1)5)
= BNz X+ (M - 1)(5)ZD + (lower degree terms). (A.8)
Explicit forms of ¢},(A) are given by
D):cpN = I (d—dy),
1<j<k<M
M—1
i) :chN) = J[ d—d)-[]@+1),
1<j<k<M j=1
i) : pN) =) T (¢% —¢™), (A.9)
1<j<k<M
. 1\/1 J— — .
() : N =a5) [ (@ —a),
1<j<k<M
M M1
(v) : dh(A) = () I @ —-a* - []ds: a);
1<j<k<M j=1
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Similarly, we define c7, ,(A) (n € Z>\D) as

parea (@ X) T Weln™, ™ "] (a3 X)
= a polynomial of degree /5" 4 n in n(x; X + M)
= cp (A)n(T; A + Mé)é%AJr" + (lower degree terms). (A.10)

Since they are related as
pnXN) =ch(A), D' ={d,...,du,n}, (A.11)

explicit forms of ¢},(A) are given by

(i) = cp(A) = H (di = d;) - H(n —d;),
(i): b, A = ] @d—dy)-[[(n—dy)- T +1);
1<j<k<M j=1 j=1
(iii) : ¢}, (A) = q—(Msfl) H (¢% — q%) - H(qdj —q"), (A.12)
1<j<k<M j=1
(i) g, =a) ] =) [Ta—a "),
OREESCETIER | INCRETEDE | (CREralR | (R
For n = d; € D, we define ¢y, (A) as
(n—d) (), (i)
Pa(A) = b (X)) x ¢ (¢h =gt (i) : (A.13)
(@ =g )" (i), (v)

namely in the products H]Ai1 containing n in (AI2), the j = ¢ term is omitted.

A3 A(x)

For five families of n(z) (2.14)), the function A(z;A) is defined by

N

Az A) = T (05 A) = n(k: ). E1)

k=0
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We remark that the parameter N is contained in § and the components of & corresponding

to the parameters N and d are —1 and 1, respectively. For example, we have
N-M
A d+M8) = [] (n(z; X+ M) —n(k; A+ M8)) (M < N). (A.14)
k=0
The functions A(x; A) are monic polynomials of degree N + 1 in n(z; A) and their explicit

forms are given by

N
(D) Al A) = [ [ = k) = ()Y (=),
k=0
N
(i) : A A) =][]@—k)(@+k+d) = ()" (—z, 2+ d)ys,
k=0
N
(i) : Al A) = [J(¢" —¢") = ()" g5 @)na ¢V, (A.15)
k=0
N
(iv): Al ) =@ = ¢ = (D" g 2"V (g v,
k=0
N
(V) Az A) = [ = ¢ = dg"™*) = (=1)" g2V (7 dg”; q) v
k=0
We can show that
M+1
H A(z 4+ j —1; A) : a polynomial of degree (M + 1)(N + 1) in n(z; A+ Md), (A.16)
=1

by showing the invariance under (i) 2 — —z — (d + M) or (v) ¢ — ¢ *(dg™)~1. We also

have

M
HA(:C +j—1; XA+ 68) = a polynomial of degree M N in n(x; X + M3J)
=1

= p(Af)Nn(:c; X+ M&)MYN + (lower order terms). (A.17)

In the rest of this subsection we assume M < N.

By using the explicit forms (A.I5), we can show that
common factor of A(x+j—1;A) (j=1,2,..., M+ 1) = A(z; A+ M$). (A.18)

The components of § corresponding to the parameters N and d are —1 and 1, respectively.

Explicit forms of A(z + M; A — M§) are given by
N
i) : A+ M;A=M8) = [] (x—k) = (=DM (=2 — M)y,

k=—M
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N N+M

(i) : Az+MA-=M&) = [[ =k [] (z+d+k)

k=—M k=0
= (_1>N+M+1(_x - M7 T+ d)N+M+17
N
(i) : A(z+ M; A= M8) = M™M= T (¢F - ¢7)
k=—M
_ (_1>N+M+1(q—gc M Q)N+M+1 q(N+M+1)(m+M)7 (A.19)
N
(iv) : Az + M;XA — M§) = g~ MWNV+M+D H (" —q"
k=—M
= (—1)NFMAL G (NEMNEMAD) (gma=M gy o a
B N N+M
(V) . A(QE+M7A _ M(S) — q—M(N+M+1) H (q—.’E _ q—k> . H (1 _ dqib-i-k)
k=—M k=0
-1 —z— T
_ ( 1)N+M+1q 2(N+M)(N+M+1)(q M dgq 'Q)N—i—M—l—la

which are polynomials of degree N+ M + 1 in n(z; A+ M) and vanish at x € {—M, —M +
1,...,N}. We can show that

M1 A 1 (1) (i)
AN+ -1 A - 1
1}/—1 ( . / ) = A(x+ M; X — M§) x { ¢ 2MM+1) - (ij) . (A.20)
szlA(z—%J-—l;A—%é) qékuwud) 2 (iv), (v)
by using explicit forms of A(z) and the following formulas (M < N),
M+1 N+1—j N
H H ap = H aM+1+k H aM—i—l H aé\f-i-l k
J=1 k=1-j k=N—-M+1
M+1 N+j—1 N+M
H H ap = H ak+1 H aM+1 H ]kV+M+1—k. (A.21)
j=1 k=j-1 k=N+1
Let us define Ay (x; A) as follows,
M .
. A+ -LA+0
Apr(zA) & (HJ—];[H( I )) Az NA(z 4+ M;A). (A.22)
[ Alz+7—1;A)

Then from (A.19)-(A.20) and (A.13]), we have

1
(l’_l_lax_]\])M7
1
(x+1l,z—N,z+d,x+ N+1+d)y

(i) : Ay A) =

(i) : Ap(z;A) =
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—2MN
q
i) : Ap(;N) = , A.23
(1) : Aar(z: 2) (@t ¢ N (A.23)
iv) : TyA) = ,
. (@, N

qM(M—l—N) 2Mx
(v) + Au(z;A) =

q
(", ¢* N, dg®, dg N+ )

A4 pu(T)
For five families of n(z) (214]), auxiliary functions ¢(x; X) are defined by [26]
def N( + L A) —n(z; A)

T;A) = , A.24
ol N S (A.21)
and their explicit forms are
(1) = olz; A) =1,
oy \y 2r+1+d
(i) ol n) = 2
(ili) = p(z;A) = ¢", (A.25)
(iv) s oz A) = ¢,
' . B —zl dq2x+1
They satisfy ( - )
n(z + a; A ;A
-1 R). A2
e o(r; A+ (@ —1)8) (aeR) (A.26)
Auxiliary functions @y (x; X) (M € Zsg) are defined by [25]
() & H n(m+k—1;A)—7(x+j—1;A) (A27)
\<ichen n(k—j; A)
— H e +j—1LXx+ (k—j—1)9), (A.28)
1<j<k<M
(po(z) = p1(z) = 1). From this definition we have the following properties:
M
e+ A) . .
= z+j—1L X+ (M—j)d),
o) H@( j (M — 5)6)
80M+1
-1 A2
1 A) _
(T ATO) H(pl’—l—j ;).
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Explicit forms of ¢y (x; X) are

1) pulz;A) =1,

12022+ d+2) — Daarsjas
[15(d+1);

(iii) : (s A) = g(2)o+ (),

(iv) « ol A) = ¢~ (2)7=(5),

(i) : pum(z;A) =

)

(A z
[1;2(dg* 71 )anr—aj4 —(AN)a—(¥)

(V) : pu(z;A) = — 3/,
Hj:l (dq7q)J
By using (A.25)), we can show that
A) _
N = BN (N6 4 8).
o= N =10) = —E PN 415 +8)

From this and (A.28]), we obtain

opu(r—N—-1;X) _ orr(z; X)
(05 X) ou(N+1; )

N=X+(N+1)(d+9).

A.5 B(z) and D(x)
The potential functions B(x; A) and D(z; \) satisfy

Bz +LA) _ o) D(;A) _  w@d)
B(z; A +9) elx+1;A)7 D(z; A+ 6) ol —1;A)

By using this and induction on j (j € Zs¢), we can show that

J
N olx+1—=1;X+ (5 —1)0)
B(x +j;X) = B(x; A+ j9) EFL G i TAT-D8)
! ;A + (1—1)6)
D(z;A) = D(z; X+ j6) EK<P - TAL (=19

By using (A.If), we have

Az X)  Alz+ M; X +9)
Az + M;X) Al A+38)
Az +M:A) Aw— 1A+ 6)

Bz + M;X — Mé) = k™ B(x; X + MJ)

D(x + M; X — M§) = kM D(x; X+ M6)
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A6 ¢o(x)

The ground state ¢g(x) is given by (2.8)). By using explicit forms of B(x), ¢o(z) and ¢(x),

we have [20]
B(0; A) ¢o(x; A + 9)
B(z;A) - golz; A)

This property and induction on M € Zs give the following,

(r;A) =

M BOA+ 0o
\IIHB(x;A+( —1)0 H\/ 1);))'¢0($;)\+M5).

k=1 @
For M < N, we can show that

Go(x + M; X — M6)?

. 2 . _
(s A+ MO Ay ) = S

by using explicit forms of ¢g(x; A) and Ay () [A23) and the following formulas,

(a+M). _ (a+z)u (eq":q)e _ (aq”;q)u
(a—=M)eynr  (a= M’ (@g™;@)esnr (ag™™5q)an

(A.36)

(A.37)

(A.38)

(A.39)

The equation (A.38)) is shown for x € Z>(, but the domain of ¢y(z) can be extended to x € R

(z € Z) as mentioned in §Z2.T1 After canceling the factors in ¢o(x; X + M) Aps(

gives (const) x ¢o(z + M; X — M6)?, which is well defined for z > —M.

B “n —d; Limit”

T A), it

In this appendix we discuss an appropriate “n — d; limit” of Q?D]ff;fc (x; A) (EI7). We try to

achieve this limit by shifting N to N + ¢ and taking £ — 0 limit.
The Casoratian in (£I7) is rewritten as

W I:PmOnlC’ Pl’nOl’llC7 » monic] (x7 A)

dyg n

=| o PN A PRt — N = LX) e PRtz X
= Alws A+ MOM | o pNVHDme AL prmonie (3, — N — 1) oo PROM (75 X)
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M+1
Axj; )
= : M _ )
= A(z; A+ M6) EA(%A+M6>

Azj;N)

| .- p(N+1)mkPrIrIL1,?nic(xj —_ N — 1; A/) .. A@Aat+Me) PTILnonic(xj; A) ’ (B].)

where z; =2+ j — 1. For n =d; = N + 1+ m;, the (j, M + 1)-element is expressed as

Az N+ M) - A(z; A+ M) o
; pmonic (. . _ ) Az (N+1)mszOHlC _N—-1X\). (B2
A([L’], )\) n (x% A) A(Zlﬁ'j7 A) (x% A)p m; (xj ) )‘ ) ( )
Let us consider the contributions from the following three factors,
A(z; A+ M) - - )
e — i e 7S PR (s — N —1; A7) B.
(a) A(Zlﬁ'j7 A) ) (b) n (zja )‘)a (C) m; ([L’] ) A ) ( 3)

In the next three subsections, we will see how these quantities change under the shift N —
N +e.
In this appendix we assume M < N and take X' (£4]) and set A as follows,

a-1e : non q—polypomlal . (B.4)
1—¢° :g-polynomial

We will use the following formulas,

(a+6)n:£[0(oz+€+j):j;o(a+j)(1+ﬁj):(a)n<1+6§ﬁj+0(52))’
€. _"_1 € J _"_1 7 (1—(]5)@(]9
<aq,q>n—j1210<1—aqq>—Fo<1—aq>(1+ )
. 15 — aqj 2
:(a,q)n<1+(1—q);1_aqj+0(a ). (B.5)

(“=1-(1-¢)a+0(), 1-¢ =—(1-¢)+0().

B.1 (a) Contribution from A(x)

From (AI5) and (AIS8), A(x +j — LX) /A(z; A+ Md) (j =1,2,..., M + 1) are expressed

as

~ ANx+j-1A .

(1) : /\(([L’A—l— M(s)) = (_1)M(_x —J+ 1)]‘_1(—25' +N—-M+ 1)M+1—j’
L M+ -LA) M :
(ii) : NGRS =(-D)"(—z—j+1Lz+N+1+d)
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X (—$+N—M+1,$+j—1+d>M+1_j,

ANx+j5—-—1A . o/ —we gt N—

i) ¢ ST = (M e ) (I g, (B0

. ANzrz+j5-—1,X 1 i i Lot N—

(iv) : A((x )\j+ M(S)) _ (_I)MQ;M(M 1) MN(q j+1 :0);-1(q +N—M+1 Q)i
ANx+j5—-—1A 1 T i -

(v) : A((x }\]+ M(;)) _ (_1)Mq;M(M 1) MN(q g+17dq +N+1 ;q)j_1

—2+N—M+1 dqx+j 1

X (q q)M—i—l —j-

The parameter N is a positive integer, but the expression of r.h.s. of (B.6)) allow us to treat N
as a continuous real parameter. So, by shifting NV by a small amount e, we define Xy, ;(z; A)
(j=1,2,...,M + 1) as follows:

A(x; A+ M)
ANz+7—-1A)

Az A+ M)\ | 2
NN+ <A(a: +i-1 A)) =1 AXu (2 A) + O(7). (B.7)

By using (B.H), explicit forms of Xy ;(z; A) are

S

(1) = Xars(2: A) = lz_; —x+N—1M+ 110
M—j ] j—2
(1) Xarg(z; A) = L r N M+1+1 * - x+N+1+d+l
M—j
(i) Xars(5iX) =15 = 3 Ty (B3)
v
(iv) © Xag(sA) =j =1+ Z 1 q—:c+1N—M+1+l’
. 1=0 1 . 1
(v) © X A) = 1 — g = tN-M+1H + Z 1 — dget N+l
1=0 1=0
Moreover we define Yy, (2 A) (7 =1,2,...,M +1) as
Yarg (@A) E Az + 5 — 1; 0) Xar, (25 A). (B.9)
Their explicit forms are
M-y
(1) Yarg(; A) = (=DM (= = j+ Dvearggp(—2 + N = M 41+ 2y,
1=0
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M—j
(i) : Yarg(z;A) = (=) ((SC +i—1+dng Y (=2 =+ DN arju
=0
X(—2+N-M+1+2)p_jy
j—2

+(—2 = D D (247 = L+ Dy jean(e+ N+1+2+d); ),
1=0
(iii) : V(s N) =1 —)HA(x+j—1;A)
M—j
_ N Z(qxﬂ N (VM N v (B.10)
1=0
(iv) : Y@ A) = (G — DAz +5 - 1;A)
+ (- 1)N+1 N(N+1) sz T ]H q)N— M+]+l(q_x+N_M+l+25‘])M—j—l>
1=0 v
(v): Yai(aA) = (—1)NH1 g N VD <(dqx+j_1 S 4)N+1 Z(q_%_jJrl Q) N— Mg+
=
i (q—:v+N—M+l+2 : q)M—j—l
j—2

—a=jt, dgo i1 o+ N+I+2
+ (g q)N+1 E q)n—-jr2+1(dgq 1 q)j—2—1)-
=0

B.2 (b) Contribution from Pmonic(z)

In the expression of P™°™¢(z; X), the parameter N appears as (— N-+k-+a)n_j or (ag N ) s
(c: N-independent, e.g. « = 0 or « = 1), which are defined for a continuous real parameter

N. So, by shifting N by a small amount e, we define ﬁrsl)(x; ) as follows:

Pz Prove(z; A) — APD (2 A) + O(2). (B.11)

‘N—>N+a

This PV (x;A) = & pit ( (x;A); A) is a polynomial of degree n —1 in n(z; A) and 0 for n = 0.

By using (B.H), explicit forms of ]B,gl)(:c; A) are given in §[A.T]
B.3 (c) Contribution from P™°™¢(x)
Similar to (B.II), we define p? (x; ) as follows:

pmenic(y N —1; X) = Provic(y — N —1;N)(1+ AB) + AP® (2; ) + O(e?). (B.12)

‘N—>N+a

Here B is introduced to simplify later equations, B = —2m for gR, dgH, agK, B = —m for
d¢K and B = 0 for otherwise. Note that the sign of the factor in front of pY (x; A) is taken
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as +A instead of —A for (B.7) and (B.I1). This P 2 (2 X) < PP (n(x; A); A) is a polynomial
of degree m in n(x; X). By using (B.3), explicit forms of J (x;A) are given in §[ATl

B.4 Qmomc(m) with n = d;

We have considered contributions from the N shift coming from three factors (B.3]). These
three contributions are not independent, but overlapping. Trial-and-error calculations lead
us to the following prescription; add the contributions from (a) and (b) and subtract that of
(c). We replace the (j, M + 1)-element (B.2)) with

A(:L’;)\+M5) Hmonic (. .
A(I7A+M6) Hmonic . : 2
G ) - APO(z;: M) + O(e2))
_ WA(IW A)p(N—l—l m; (Pmonlc(xj — N — 1’ A/>(1 + AB) + Aﬁr(ri)(xﬁ A) + 0(52>)
= %(Fg‘mi%xﬁ A)(1— AB) — AR;(z) + O(?)), (B.13)

where R;(x) is given by

Rj(z) = Rarjn(z; A) E20)

df pNFImy )\)Pnn;fmc( — N = LX)+ PW(a;;N) + pNFImi A (25 A)é&f} (x5 N).

Then (B.I) becomes

M+1
Az N)
ANz A+ MOY || —2
(z; A+ M9) EA(:C;A+M5)

X | e pNHDms pronic () N — 13 X') - ALALHO) (Prmonic(y, X)(1 — AB) — AR;(x))

Afzj;X)
+ O(£?)
= |- PpReve(a;A) --- PReme(z;; A)(1— AB) — AR;(z) |+ O(%)
=—A| - Provic(z;X) --- Ryi(z) |+ O(). (B.14)
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The normalization constant cf, ,(A) in (EIT) for n = d; is rewritten as (A.13),

n—d; - (1), (ii)
DN =Acg (N), A=¢ ¢%—q¢ (i) : (B.15)
" =g (i), (v)

Under the shift N — N + ¢ in d; = N + 1 + m; while keeping n = d;, namely (n,d;) —
(d;, d; +€), A’ behaves as

Al ye. = —Ap™ + 0. (B.16)
So ¢} ,(A) with n = d; behaves as
DN = =AD" A) + O(), (B.17)

and this factor A cancels the factor A in (B.14). Thus we obtain ({I9]) from ([AI7) by taking
e — 0 limit.

B.5 &, — &4 and démonic()\)2

For five families of &, (2.15), we have

1 (1), (i)', (iv)

En(A) = E4,(N) = A" x$ n+di+d (i) , (B.18)
1 —dg™td o (v)
n — d; (i), (i)
A= ¢ —q¢r (i) : (B.19)

" =g (W), (v)
For n = d; > N, under the shift N — N +¢ in d; = N + 1+ m,; while keeping n = d;, namely
(n,d;) — (d;,d; +¢€), A” behaves as

A" —Ak% 4+ O(e?). (B.20)

}N—>N+€ -
Thus &, — &4, with n = d; > N behaves as
1 () ) ()
(EnN) = Ea,(N) |yoy= —ART x § 2di+d = (ib) +0(?). (B.21)
1 —dg* :(v)

There is a factor 1/(—N), or 1/(¢"" ;q), in the expression d™™¢(X)? = ¢,(A)2d,(X)?.
So 1/d™°mi¢(X)? vanishes for n > N. For n > N (n = N + 1 +m), by shifting N to N + ¢,

we have
(=Nalyonie = —€(=N)n(1)m + O,
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@500l y e =~ =)@V 50N (g5 Om + O(?). (B.22)

Let us define d/™¢(X\)% for n > N (n = N + 1+ m) as follows,

drllmonic(A)Z d:Cf dgonic(A)2 ‘

replacement’

—N)yy = (=N)n(1) : -pol ial
replacement : { ( B N> ( z]]\\[,( ) HOR PPOyROTAt (B.23)
(¢ :@)n = (@ ;0)n(4:¢)m : ¢-polynomial
Then d™"¢(X)? for n > N behaves as
monic 2 . monic 2
O Ve (N _—Ad,g (A)? x (1+0(2)). (B.24)
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