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Abstract

We present the case-(1) multi-indexed orthogonal polynomials of a discrete vari-
able for 8 types ((dual)(g-)Hahn, three kinds of ¢-Krawtchouk and ¢-Meixner). Based
on them and the case-(1) multi-indexed orthogonal polynomials of Racah, g-Racah,
Meixner, little g-Jacobi and little g-Laguerre types, exactly solvable continuous time
birth and death processes are obtained. Their discrete time versions (Markov chains)
are also obtained for finite types.

1 Introduction

The exceptional and multi-indexed orthogonal polynomials are new type of orthogonal poly-
nomials [11, 2, B, 14} 5, [6] [7, [§]. They form a complete set of orthogonal basis in spite of the
missing degrees, by which the restrictions of Bochner’s theorem [9] are avoided. We distin-
guish the following two cases; the set of missing degrees is case-(1): {0,1,...,¢— 1}, where ¢
is a positive integer, and case-(2): otherwise. They are constructed based on the polynomials
in the Askey-scheme of hypergeometric orthogonal polynomials [10], which satisfy second or-
der differential or difference equations. In the study of such orthogonal polynomials, we use
the quantum mechanical formulation [I1]. In this paper we consider orthogonal polynomials
of a discrete variable [9] 10, 12]. To study them, we use the discrete quantum mechanics
with real shifts (rdQM) [13] 14]. The multi-indexed orthogonal polynomials of a discrete
variable are studied in [I15] [16], 4, [7, 8, [I7, 18, [19]. The Krein-Adler type multi-indexed
orthogonal polynomials [15, [19] are the case-(2) polynomials. The multi-indexed orthogonal
polynomials studied in [17, 18|, [19] have added degrees. The case-(1) multi-indexed polyno-

mials are constructed for Racah and ¢-Racah types [4] and for Meixner, little g-Jacobi and


http://arxiv.org/abs/2501.02877v1

little g-Laguerre types [20, 21]. The deformed quantum systems described by these case-(1)
polynomials have shape invariant property.

The first purpose of this paper is to expand the list of the case-(1) multi-indexed orthog-
onal polynomials of a discrete variable. By the same methods in [4, 20] (with some mod-
ification), we obtain the multi-indexed orthogonal polynomials of 8 types ((dual)(g-)Hahn,
three kinds of ¢g-Krawtchouk and ¢-Meixner).

The second purpose of this paper is an application of the multi-indexed orthogonal
polynomials. Orthogonal polynomials have various application [9, 12], and it is an im-
portant problem to clarify whether such applications can be extended to the multi-indexed
orthogonal polynomials. In this paper, we consider the birth and death (BD) processes
[22, 23, 9], 24, 25|, 26]. For each orthogonal polynomials of a discrete variable in the Askey-
scheme, P,(x) (z € X, 1)), the exactly solvable BD processes (with continuous time) are
nicely obtained by Sasaki [24]. The polynomials P, (z) satisfy the difference equation

(B(z) + D(z)) P(z) — B(z)Py(z + 1) — D(z) Pz — 1) = £, Py ().
The sum of the coefficients of P,(z), P,(z + 1) and P,(x — 1) in the left hand side is
(B(z) + D(z)) — B(z) — D(z) = 0.

This relation and the boundary conditions ensure the conservation of probability of the BD
process. Moreover, from these continuous time BD processes, the discrete time BD processes
(Markov chain) are also obtained by Sasaki [25]. The case-(1) multi-indexed orthogonal

polynomials Pp,(2) = Pp,(x; \) satisfy the difference equation

Ep(mA)  Ep(z 1A+ 4) . .
Bz A+ Moy 4 Ppo(z;A) — Ppo(z+ 1A
(@ )Ep(x+1,)\)< Sowate) DN Pole )
< Eplx+ 1;A) (Ep(z — 1; A+ 8) - y
+ D(z; A+ M&)=2 i Pp (X)) — Ppo(z—1; X
(@ U= ( Spmato) oA T Feale )

The sum of the coefficients of Pp.,(2; ), Pp,(x + 1;A) and Pp,,(z — 1; A) in the left hand

side,

e (x+1;)\)ép(x—1;)\+5)>
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Zp (25 A) , < Ep(z+ 1)

— Bz A+ M) =—22 2 .
( )ED(SH L;A) Ep(w; A)

does not vanish (is not a constant) in general. We found that this sum becomes a constant
for (¢-)Racah types with special parameters A and index set D, but the boundary conditions
are not satisfied. So we have thought that the BD processes associated with the multi-
indexed orthogonal polynomials are impossible. However, this difficulty can be overcome
by considering the ratio of the polynomials instead of the polynomials. We have obtained
exactly solvable BD processes associated with the multi-indexed orthogonal polynomials.
Their discrete time versions are also obtained.

This paper is organized as follows. In section ] the case-(1) multi-indexed orthogo-
nal polynomials of a discrete variable are recapitulated and some similarity transformed
Hamiltonians are presented. The case-(1) multi-indexed orthogonal polynomials of 8 types
(Hahn etc.) are new results. In section [3, exactly solvable BD processes associated with the
multi-indexed orthogonal polynomials are obtained for both continuous and discrete times.
The repeated discrete time BD processes and its continuous time version are also obtained.
Section M is for a summary and comments. In Appendix [Al the basic data of the case-(1)

multi-indexed orthogonal polynomials are presented.

2 Multi-indexed Orthogonal Polynomials

In this section we recapitulate the case-(1) multi-indexed orthogonal polynomials of a discrete
variable and present their concrete forms for the known 5 types and new 8 types. We also
present some similarity transformed Hamiltonians.

The case-(1) multi-indexed orthogonal polynomials of a discrete variable are constructed

by using quantum mechanical formulation, rdQM on a lattice X',

e {{0, 1,...,N} :finite system 2.1)

Z> : semi-infinite system -
For finite rdQM systems, the Racah (R) and ¢-Racah (¢R) types are obtained in [4], and for
semi-infinite rdQM systems, the Meixner (M), little g-Jacobi (l1¢J) and little ¢-Laguerre (lgL)
types are obtained in [20]. By the same methods in [4} 20] (with some modification), the case-
(1) multi-indexed orthogonal polynomials of the Hahn (H), dual Hahn (dH), dual quantum
g-Krawtchouk (dq¢K), ¢-Hahn (¢H), quantum g¢-Krawtchouk (qgK), affine ¢-Krawtchouk



(agK), dual ¢-Hahn (dgH) and ¢-Meixner (¢gM) types are concretely constructed in this
paper. We present their data in Appendix [Al We consider these 13 types of multi-indexed
orthogonal polynomials. Although the type II multi-indexed little g-Jacobi and g-Laguerre
polynomials constructed in [21] are the case-(1) polynomials, we do not treat them here,
because their some expressions are slightly different.

Our notation and the common quantities of the case-(1) multi-indexed polynomials are

summarized in §[A.Tl We have the following properties:

Ep(0;A) =1, Ppa(0;A) =1, ¢p(0;A) =1, ¢pa(0;A) =1, (2.2)
=p(n; A) : a polynomial of degree ¢p in 7, (2.3)
Pp ., (n; A) : a polynomial of degree ¢p +n in n, (2.4)
Ppo(x;A) = Zp(z; X+ 6). (2.5)

The property (2.4]) means that the set of missing degrees is {0,1,...,¢p — 1}, namely the
case-(1) polynomials. The basic data for each polynomial are given in §[A.2] and 8 types (H,
qH, etc.) are new results.

The Schrodinger equation of rdQM is a matrix eigenvalue problem. The Hamiltonian

Hp is a real symmetric matrix,

Hp(X) = (Hp(Nay), e - (2.6)
HD()\)x,y d:Cf (BD(:E’ )‘) + DD(xa A))éx,y
— /Bp(2;X\)Dp (2 4+ 1;X) 6541y — v/ Bp(x — 1;X)Dp(25X) 05y - (2.7)

Here the potential functions Bp(z) (AJ9) and Dp(z) (A20) are positive except for one

boundary,

finite case : Bp(z;A) >0 (z € {0,1,...,N —1}), Bp(N;X) =0,
D’D(07A) =0, DD(ZE; A) >0 (ZL’ S {1,2, .. .,N}), (28)
semi-infinite case : Bp(z;A) > 0 (z € Zx),

D’D(07A) =0, DD(ZE; A) >0 (ZL’ € Zzl)’ (29)

for appropriate parameter ranges given in §[A.2] For these parameter ranges, the denominator
polynomial Zp(x) (AID) is positive on X, Zp(x;A) > 0 (z € X and © = N + 1 for finite
systems), and the multi-indexed orthogonal polynomial Pp ,(n; A) (AI8) has n zeros in the
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physical region 0 < n < n(N; X+ M) (< = € [0, N]) for finite cases (0 < 7 (& z € Rsy)
for M and ¢M cases, 0 < n < 1 (& = € Ry) for lgJ and gL cases), and ¢p zeros in the
unphysical region n € C\[0,7(N; X + M3)] for finite cases (n € C\Rsq for M and gM cases,
n € C\[0, 1) for lgJ and 1¢L cases). These properties can be verified by numerical calculation.
The eigenvectors and eigenvalues of Hyp are given by ép,(z) (A.22),

Y HoN)aydpn(y: A) = EdN)dpa(r:X) (n,2 € X), (2.10)

yeX

where the energy eigenvalues &, satisfy

Since the Hamiltonian Hyp is a real symmetric matrix, its eigenvectors ¢p,(x) are orthogonal,

which gives the orthogonality relations for Pp,(x) (AIS):

(23 X)=p(z + 1; A)PD"( NP3 A) = dp(N)2dp (N)?

Z = % sA+MOP Onm (n,m e X).  (2.12)

zeX

The inner product (f, g) of two vectors f = (f(z))zex and g = (g(x))zer is defined by

(f9) =D f@)g(x). (2.13)

zeX

The normalized eigenvector QASfDn(x), (QASfDn, qum) = 0pm, 1S given by

Fon(a; A) 2 LX) (2.14)
ED(1§ )\)

Since qun(x; A)’s are orthonormal and complete, we have the following relations:

> 0pa(@; N)dpm (@A) = b0 (n,m € X), (2.15)
zeX
Y 0pn(@ N)dpa(y; N) =6,y (2,9 € X). (2.16)
neX

We remark that (ZI6) does not hold for gM case, see [I4]. The spectral representation of
Hp is given by
= £ N)dpn(m; N)dpa(y; V). (2.17)

neX



The similarity transformed Hamiltonian Hp is defined by a similarity transformation in

terms of a diagonal matrix diag(¢p(0), ¢¥p(1),¥p(2),...),
(2.18)

Ho(A) = (Hp(N)ay), ex
Ho(N)ey E (2 X) Ho(N)ay ¥n(y; N),
= (Bp(z;A) + Dp(2; X)) 0y (2.19)
Ep(z; M) ) 50+ LA
D(x; A+ Md) o)

where \/B(z; X) ¢o(z;X) = /D(x + 1;X) ¢o(x + 1; A) is used. The eigenvectors of Hp are
5 (1),

given by the multi-indexed polynomials Pp ()
iA) (n,x e X). (2.20)

Z%D xyPDn Y; )‘) - g ()\)ppﬂ(l',

yeX
As mentioned in §[ > . ﬁpw does not vanish (is not a constant) in general
ians. By similarity transforming

Let us consider other similarity transformed Hamiltonians
Zp(1;A44),...), we define a matrix

Hp(A) in terms of a diagonal matrix diag(Zp(0; A+ 8), Zp(

H), as follows:
Hp(A) = (Hp(Nay), ex (2.21)
Hp(Nay = Enle; X+ 8) " Ho(N)y En(ys A +6)
= (Bp(z;A) + Dp(2; X)) 00y — Bp(x; X)0511,y — Dp(x; X)0p-1,y (2.22)
The eigenvectors of 7:253 are given by
> HpNeyRoay; X) = EuA) Rpa(z;A) (n,7 € X), (2.23)
yeX
™ € P n Y
Fop 1) 2 Lol (2.24)
PD 0(1’7 A)
where the property (2.3]) is used. We remark that (2.23]) with n = 0 gives
> HpNay =0 (z€X), (2.25)
yeX
by Rpo(x) =1 and & = 0. The orthogonality relations for Rp ,(x) are
27 2
do(A)"dp,o(A) Opm (n,m € X) (2.26)

> épolz; A

TEX
6



Next, by similarity transforming H),(A) in terms of a diagonal matrix diag(¢po(0; A) 72,
dpo(1;A)72,...), we define a matrix Gp as follows:
Gp(A) = (9o (M), e » (2.27)
Go(N)ay = 6p0(w; X)” Hp(N)ay dp0(y; N)
= (Bp(x;A) + Dp(2; X)) 04y — Dp( + 1;X) 0,41 — Bp(x — 15 A) 051,
= Hp(N)yu s (2.28)

namely Gp(A) = “H(X). The eigenvectors of Gp = 'H}, are given by

> HpN)ya Pon(yi A) = EL(AN)Dpu(z;A) (0,2 € X), (2.29)
yeX
®p (23 0) € dpo(2; A2 Rp (23 X) = bpo(a; N)dpn (@ N). (2.30)

For M = 0 case (D = 0, ZEp(x) = 1), the deformed system reduces to the original
system, Hp = H, Hp = H, ﬁiD =H', dpn(z) = dn(2), Pp,.(z) = P,(x), > yex Hoyonly) =
Enn(T), D e HayPo(y) = E.P,(x). We remark that 7’ and H are the same, H' = H.

The deformed rdQM systems (Hp) have shape invariance inherited from the original
systems (H), and we obtain the forward and backward shift relations for the case-(1) multi-

indexed polynomials Pp (7). Let us define the shift operators Fp and Bp as follows:

o B(0; X + MJ) . . a
Fp(\) & Ep(z+ 1A+ 68) — Ep(2; A + 8)eds), 2.31
(%) <p(x;A+M5)ED(x+1;A)( o(@ )~ =l Jet) (2:31)
e 1
Bp(A) & (2.32)

B(0; A+ M&)Zp(z; A + 0)
X (B(x; X+ M&)Zp(z;X) — D(w; A+ M) =p(x + 1; )\)e_%>gp(x; A+ MJ).

Then, the forward and backward shift relations are given by

FoAN) Ppp(;0) = E,(AN) Pp1(2; X +68) (n € X), (2.33)
Bo(A)Ppy_1(z; X+ 8) = Pp,.(2; ) (n € X\{0}), (2.34)

for z € R.

3 Birth and Death Processes

In this section, based on the multi-indexed orthogonal polynomials in §[2I we present exactly
solvable BD processes with continuous and discrete times. The choices of matrices LEP and

L4BP are new results, and other calculations are the same as [24) 25)].
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3.1 Continuous time BD processes

We treat the multi-indexed orthogonal polynomials considered in §2I except for gM type.

Let us consider the following continuous time BD process [24]:
—73 (z:t) => LY, P(yit) (z € X). (3.1)
yeX

Here P(x;t) (x € X, t € R) is the probability distribution at the continuous time ¢ (x:
population) satisfying

> Plast) =1, (3.2)

zeX
and the matrix LBP is given by
def
() = (I (), s LPO) S (), (33)

L3P (N)ay = —(Bp(z;X) + Dp(5X)) 65y + Dp(x 4+ 1; M) 8541,y + Bp(z — 1;A)0,-1, . (3.4)

From Z.8)-(Z9), we have LBP, ., >0, LB" .., > 0and L3, , < 0. The potential functions
Bp(z) and Dp(z) are interpreted as the birth and death rates, respectively. The property
(228) gives

> LEPN)ay =0 (y€X), (3.5)

zeX

and this ensures the conservation of probability:
0 ) 0 ) BD BD
aZP(Z’,t)ZZEP(ZE,t):ZZLnyPy7 Zpya ZLDSCy_07
reX reX TeEX yekX yeX zeX

which gives )
given by

P(z;t) =1 for all time. From (229)-(2.30), the eigenvectors of LEP are

TEX

D LB Ny 600(y; Ndpa(y; A) = —Ea(N)dpo(2; N)dpa(a; A) (n,z € X), (3.6)

yeX
and the spectral representation of L3P is given by
L2’ (N)ay = —0po(; ) (ZE )6pn(; A)bpn(y; ))GBDO(?J%}\)_I- (3.7)
nex

Let us consider two topics: (i) initial value problem, (ii) transition probability from y to
.

(i) initial value problem : Given an arbitrary initial probability distribution P(z;0), find

8



the probability distribution at a later time ¢, P(z;t). Since ¢p,(x)’s are orthonormal and
complete, P(x;0) can be expanded as

P(SL’; 0) = (%DO(LU; >‘> Z CanDn(x; >‘)7 Cn = ((%Dn(x; A)v QgDO(x; A)_I,P(x; O))v (38>

nex
and we have cg = ) _, P(2;0) = 1. Then P(z;t) is given by
P(z;t) = dpolw; A) Z Cne N Gp (2 A) (> 0), (3.9)
nex

because the right hand side of (8.9]) satisfies the same differential equation (B.1]),

LICHE) <x>>=zcne—fn«-emm@wmw)

neX

— Z Cp € —ént Z LD z,y ¢D0 (bDn Z LD xy(éDO(y> Z Cn e_gnthDn(y)>7

neX yek yeX neX
and becomes P(z;0) for t = 0. We remark that ¢po(z)?,

ED(ZE; A + 5)2
Ep(; N)Ep (2 + 1 A)

dpo(x; N)? = dp(A)2dpn(A)? do(z; X+ M6)?, (3.10)

is a stationary probability distribution, because the initial condition P(z;0) = (ZgDO(SL’)2
gives ¢, = 0,0. In the ¢ — oo limit of ([B9), P(x;t) approaches the stationary probability

distribution,

lim P(z;t) = dpo(z; A)?, (3.11)

t—o00
by (211]).
(ii) transition probability from y to x : For a concentrated initial distribution at v,
P(z;0) = d,,, find the transition probability from y to x at time ¢, P(z, y;t). This transition
probability P(z,y;t) is given by
P, yit) = dpole: A) (3 €5V (@ Ndoa(y: ) dpo(ys ) ! (2 0). (3.12)

neX

For t = 0, the right hand side of (3.I12]) becomes

dpo(z <Z O (2 X)0pu(y: ))GBDO(?J;A)_I = 0po(; X)duy po(y; A) 7' = bay.
nex
The expression (3.12]) satisfies the Chapman-Kolmogorov equation
Pla,yit) =Y Plr,zt —t)Plz,yt) (0<t <), (3.13)

zEX



because the right hand side of (3I3) becomes

Ooo(2) 30 D e G (2) (3 bpa(2) B0 (2) ) o () DoY)

neX mex zeX

~

= dpo() Z Z e e e Ent G () nm @D m (y)Pp0(Y) "

neX mex

= ¢po(z) Z e O (2)0pn(y)dpo(y) ! = Plz,y; ).

neX

In the t — oo limit of ([B.12]), P(x,y;t) approaches the stationary probability distribution,
lim Pz, y;t) = dpo(T; A2, (3.14)
—00

by (211]).
The repeated continuous time BD processes can be obtained from the discrete time

versions, see §3.2.11

3.2 Discrete time BD processes

We treat the multi-indexed orthogonal polynomial of finite type (H, R, dH, dq¢K, ¢H, q¢K,
agK, ¢R and dgH). Let us consider the following discrete time BD process (Markov chain)
[25]:

Pz l+1) = Z LIBD Dy 0) (z € X). (3.15)

D zy
yeX

Here P(x;0) (z € X, ¢ € Z) is the probability distribution at the discrete time ¢ (x: state)
satisfying
Plx;0) >0, > Pla;l) =1, (3.16)

zeX

and the matrix LIPP is given by (I: identity matrix)

def
LYPN) = (LY N)ay) yens Lo N E T +tsLE7(N), (3.17)

LEP(N)ay = (1 —ts(Bp(z;A) + Dp(2;X))) 0y
+ tsDD(ZL’ + 1; }\)5504_173/ + tsBD(ZL' — 1; )\)51,_173/ s (318)

and the time scale parameter tg is a positive constant satisfying the following condition:

ts - max (Bp(z; X) + Dp(z;N)) < 1. (3.19)

TEX
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From (Z8)-(Z9) and 319), we have L&D ., >0, LY, > 0 and LFD | > 0. Thus LEP

is a non-negative tri-diagonal matrix. The property (B.3]) gives
LYY, =1 (yeX), (3.20)
reX

and this ensures the conservation of probability:

SO P@st+1) =D N LPL Py =Y POy LeR, =Y Plyid) = 1.

zeX TeEX yeX yeX reX yeX

From (3.6)), the eigenvectors of LI are given by

D LEP Ny 600y Ndpa(y; N) = £n(N)dpo (23 N dpn(23A) (0,7 € X), (3.21)

Fn(A) €1 — 5 E,(N), (3.22)

and the spectral representation of LIPP is given by

LB Ny = 800w N (Y #aNdon(a: Ndon(y: X)) dpoy: N7 (323)

neX

From (2.11]), eigenvalues k,, satisfy
1 = ko(A) > K1(A) > Ka(A) > -+ > —1, (3.24)

because the Perron-Frobenius theorem implies —1 < k, < 1 and k, = —1 is excluded by
{kn|n € X} # {—kKn|n € X} (or by tuning (decreasing) tg, if necessary.)

Let us consider two topics: (i) initial value problem, (ii) transition probability from y to
x.
(i) initial value problem : Given an arbitrary initial probability distribution P(z;0), find
the probability distribution at a later time £, P(z; (). Since ¢pn(x)’s are orthonormal and

complete, P(x;0) can be expanded as

P(x; ¢D0 ch¢Dn (¢Dn( A), ¢Do($€ )~ 179(x;0)), (3.25)

neX

and we have ¢y = >, P(2;0) = 1. Then P(x;() is given by

( ¢DO Z Cn/‘fn ¢Dn ) (E S Zzo), (3.26)

neX

11



because the right hand side of (3.:20) satisfies the same difference equation (3.13)),

5182, (ool 3 ol doa(s)) = 3 car, 3 L2, dou)dmal)

yeX nex nex yeX
e+1
= g Cnk,, KJnQS’DO ¢'Dn ¢'D0 g Cn K ¢Dn
nex neX

and becomes P(z;0) for £ = 0. We remark that ¢po(z)?,

Ep(z; A+ 6)?
Ep(z; M)Ep(z + 1; A)

bpo(T; A)? = dp(X)%dpn(N)? dolz; X+ M6)?, (3.27)

is a stationary probability distribution, because the initial condition P(z;0) = <ZA>DO(:C)2 gives
Cn = Opo. In the £ — oo limit of (.26, P(z;¢) approaches the stationary probability

distribution,

Jim P(a3 ) = dpo(a; A), (3.28)
by B.24).

(ii) transition probability from y to = : For a concentrated initial distribution at y,
P(z;0) = 04,4, find the transition probability from y to = at time ¢, P(x, y; £). This transition
probability P(z,y; ) is given by

P,y 0) = dpo(a: N) (D #a(N) bpn@: Npa(: M) ) ooy N7 (€ Zao). (3.29)

neX

For ¢ = 0, the right hand side of ([3:29) becomes

dpo(x <Z & (73 X) 0D (y: ))QEDO(%}‘)_:[ = 0po(; X)duy Spo(y; A) ™' = bay.
nex
The expression (3.29) satisfies the Chapman-Kolmogorov equation
Plryil) =Y Pla,zil = )Pz y:l) (0<<0), (3.30)
zeX

because the right hand side of (3:30) becomes

Opo(2) 30 D7 kil bpa(2) (3 bpu(2)bpm(2) ) bom(y)dpoly)

neX meX zeX
;U) Z Z HfL_Z,/if; ¢’Dn(x)5n,m¢Dm(y>¢D0(y)_l
neX mex

ZK ¢Dn ¢Dn( )¢ (y)_l = P(l’,y7€)

neX

12



In the ¢ — oo limit of ([3:29), P(x,y;¢) approaches the stationary probability distribution,
élim P,y 0) = ppolz; A, (3.31)
—00

by (3.24).
The continuous time BD process can be recovered from the discrete time BD process by

taking tg — 0 limit. By setting {ts =t and 73(:17; () =P'(x;t), (B10) is rewritten as

Pzt +tg) —
- => L, Py

yek

By taking ts — 0 limit, this equation gives 2P’ (z;t) = > yex L2, Py t), B
3.2.1 repeated discrete time BD processes

Repeated discrete time BD processes (Markov chain) are studied for the orthogonal poly-
nomials of a discrete variable in the Askey scheme [33]. This method can be applied to the
multi-indexed orthogonal polynomial cases.

We can show that the m-th power of LEP B3], LEP™ (m € Z>,), has the following form

of the matrix elements,

(LEP™) i = (1) 0™ (2) (~m <k <m), (LEP™),, =0 (jz—y|>m),

where a}j”) (x) > 0. Let us consider the following matrix Xp,

m—

Z LEPm ey =1 (;» S Xpay =0, Xpay =0 (jo—y| > m)), (3.32)

=0 reX
where ¢; are constants. Its non zero matrix elements are

k
Xposmore = p (=1 Fall 0 (2) (0<k<m—1),

=0
m—1
Xpaw =Y (1) ag" (@)
=0
Starting from Xpim. = aﬂ(m) > (0, we can tune ¢, (k=1,...,m — 2 in turn) such that

Xpat(m—k),e > 0, and tune ¢,,_1 such that Xp,+1, > 0 and Xp,, < 0. For such chosen

weights {c;} and a positive constant ts, we define a matrix LdBD ),

L™ T b X, t - max(—Xpa,) < 1, (3.33)
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which satisfies
LYo >0 (zyeX), Lty =0 (jz—y|>m),
YLy =1 (ye ). (3.34)
reX

This gives an exactly solvable Markov chain

Plal+1)=> Ly Py 0) (z € X), (3.35)
yeX

dBD(m),

and the matrices L, ’s have common eigenvectors

ZLdBD(m )25D0(Y; N dpn(Y; A) = 60 (N dpo(2; N)ppa(; X)) (n,2 € X),  (3.36)

yeX

K def1+tsz 1) i€, (A)™ . (3.37)

The initial value problem and the transition probability from y to x are solved by the same
formulas ([3:26) and ([B:29) with x,, replaced by m&m’, respectively.

By taking the ts — 0 limit (see the paragraph immediately preceding §B.2.1]), the re-
peated discrete time BD process (3.30) gives the repeated continuous time BD process

ZL'];DZ(‘ZT; y: t (:5 c X), LgD(m) def Xp. (3.38)
yekX

BD(m)

The matrix elements LDx,xq:

. are interpreted as the birth and death rates for k& persons

D(m),

. . B .
collectively. The matrices Lp s have common eigenvectors

ZLBD(m )2y ®D0(Y; N)opn(y; A) = 57(1"1)(/\)@57)0(955 A)ppn(T;A) (n,z € X),  (3.39)
yeX

EMN) LN (1) 8, (A (3.40)

J

3

Il
o

The initial value problem and the transition probability from y to x are solved by the same
formulas (39) and (B12) with &, replaced by g™ respectively. This repeated continuous
time BD process is valid for all polynomials in §2] except for gM type.

4 Summary and Comments

The case-(1) multi-indexed orthogonal polynomials of a discrete variable constructed so

far are R, ¢R, M, lgJ and lgL types [4, 20]. By the same methods in [4, 20] (with some

14



modification), the case-(1) multi-indexed orthogonal polynomials of H, dH, dq¢K, ¢H, qq¢K,
aqK, dgH and ¢M types are concretely constructed in §21

Exactly solvable BD processes are obtained for each orthogonal polynomials of a dis-

crete variable in the Askey-scheme [24], where the matrix LBP is given by the similarity
transformed Hamiltonian ’;fl, as LBP = —'H. For the multi-indexed orthogonal polynomial
cases, the choice LEP = —tﬁp does not give the BD processes, because the conservation

of probability is violated. By considering other similarity transformed Hamiltonian ’}:ZQD, ex-
actly solvable BD processes are obtained as L3P = —@ZQ; in §Bl The discrete time versions
and repeated versions are also obtained. The type II multi-indexed little g-Jacobi and little
g-Laguerre polynomials constructed in [21] are the case-(1) polynomials, but we do not treat
them in this paper, because their some expressions are slightly different from those in §[2l
The construction method of the BD process can be applied to them as well.

The construction method of the BD process in §[ can also be applied to the case-(2)
polynomials and more general situations. Let us consider a real symmetric matrix H and

assume that its eigenvectors and eigenvalues are given by

H=(Hyyogers Y Hoytu(y) = Eatha(z) (n,z € X), o(2) = (@)palr),  (4.1)

yeX

where 0 = Ey < By} < Ey < --- (if Ey # 0, consider H — Ej). The vectors v, (z)’s are
orthogonal and we assume j(z) # 0 (z € X). A similarity transformed matrix H and its

eigenvectors are

H = (Hyy)oyers Hoy = (@) Huy t(y),
yeX

and other similarity transformed matrix H' and its eigenvectors are

jj[l = (ﬁ;,y>m,y€X7 j;v[g/(;7y d:ef ﬁO(x)_lﬁx,yf)O(y)u
ST Faly) = Buialz) (2 € &), () & Pl (4.3)

yeX

We remark that this equation with n = 0 gives

> H,, =0 (zeX), (4.4)

yeX
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by 7o(x) =1 and Ey = 0. Let us define other similarity transformed matrix G,

G = (Guyayer, Guy = vo(2)*H,, o(y) 2 (4.5)
So we have
flg,c,y = ¢0($)_1Hx,y wO(y)a G:c,y = wo(x)Hx,y wO(y)_l' (46)
By H,, = H,,, we have G, = f[;x, namely G = 'H’. The eigenvectors of G = 'H' are
given by
STH, V() = BV, (2) (n,x € X), (4.7)
yeX
U () = (@) (@) = o(@)n(2). (4.8)

If flg’ﬂy <0 (z#vy) (= flg’” > 0), we obtain the BD process with LB® = —tH’ whose
interaction is not restricted to the nearest neighbors. If IA:IQ’M is bounded, we obtain the
discrete time BD process with LIBP = 1 + tg(—'H') (ts - max,ecx IA:IQ’M < 1). The Krein-
Adler type multi-indexed orthogonal polynomials [I5] 19] and the multi-indexed orthogonal
polynomials obtained by the state adding Darboux transformations [19] satisfy the above
conditions, and the exactly solvable BD processes can be obtained. The multi-indexed
orthogonal polynomials studied in [27] are ‘ordinary’ orthogonal polynomials (namely, satisfy
the three term recurrence relations) and ‘Krall type’ (namely, satisfy 2L-th order difference
equation (L > M + 1)). If the condition flg’ﬂy < 0 (z # y) is checked, they also give the
exactly solvable BD processes, whose interaction range is L (namely, the state at x interacts
with those at x +1,..., 2+ L).

Based on the orthogonal polynomials of a discrete variable in the Askey-scheme, quadratic
fermionic oscillator chains are studied, e.g., [28, 29, 30 31 [32]. Here we comment on their
algebraic aspects (not their physical contents). The construction of exactly solvable quadratic
oscillator Hamiltonians is possible for bosonic oscillators as well as fermionic oscillators. Let

a, and al (z € X) be free oscillators satisfying

fermionic : {ax,az} =0py, {0z,0y} = {al,aL} =0,

bosonic : [ax,aL] =04y, |Gz,ay] = [al,az] = 0. (4.9)

For a matrix A = (A, ,)sy (Azy € C), let us define an operator O4 o Y eyex al A, 4a,. For

any two matrices A and B, we have
[OA, OB] = O[A,B}- (4.10)
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For a hermitian matrix A, let us write O 4 as O 4= H A, Which is hermite, H' = H A. Since
any hermitian matrix A is diagonalizable, we have UTAU = diag(ag, a1, s, . ..) (o, € R),
where U = (U, n)znex is a unitary matrix. By writing U, ,, = u;n), we have the following

relations:

S b S = hy e = A

TEX neXx nex

Let us define b, % Y ovex W a, (n € X) (= ay = Y nex ul™b,), which are free oscillators
satisfying (9) with the replacement (a,z,y) — (b,n,m). Then H, is diagonalized as

Hy=5 cx a,blb,, and the partition function is obtained as

fermionic : Trg e~PHA — H (14 e Pom),
nex

bosonic : Trye PHa = H (1 — e Pom)=t, (4.12)
nex

where F is the Fock space. By choosing A with explicitly known U and «,,, we obtain
exactly solvable quadratic oscillator Hamiltonian H4. Exactly solvable quadratic fermionic
oscillator Hamiltonians are considered in [31], based on the 15 orthogonal polynomials of a
discrete variable in the Askey-scheme. This corresponds to A = H, and its multi-indexed
polynomial version A = Hp is possible. By using the matrix K (z,y) studied in [33], exactly
solvable quadratic fermionic oscillator Hamiltonians are considered in [32]. We think that

its multi-indexed polynomial version is difficult.
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A Data for Multi-indexed Orthogonal Polynomials

Here we present data for the case-(1) multi-indexed orthogonal polynomials of a discrete
variable. After giving our notation and the common quantities in §[A. 1] we present the basic

data for each polynomial in §[A.2
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We have five sinusoidal coordinate n(z) in rdQM [13]:

(- (I): nx)==x : H K,
(i) : n(x) =z(x +d) : R,dH,
finite system : ¢ (iii) : n(z) =1—¢" o dqgK,
(iv): n(z)=¢ " -1 :qH, gK, qqK, agK,
| ) ) = (- D1 - dg®) © qRdgH, dgK,
(i): n(z) == . M, C,
semi-infinite system : < (iii) : n(z) =1-¢* : lgJ,1¢L, ¢B,
(iv): n(z)=q¢*—1 : ¢M,ASCII, ¢C,

where the abbreviations not mentioned so far are Krawtchouk (K), ¢-Krawtchouk (¢K),
dual ¢-Krawtchouk (dgK), Charlier (C), ¢-Bessel (¢B) (=alternative g-Charlier), Al-Salam-
Carlitz IT (ASCII), g-Charlier (¢C). The case-(1) multi-indexed orthogonal polynomials were
constructed for R and ¢R [4], M, lgJ and lgL. [20]. The case-(1) type II multi-indexed lgJ
and lgL orthogonal polynomials were constructed in [2I], but we do not treat them here,
because their some expressions are slightly different. The case-(1) multi-indexed orthogonal
polynomials of H, dH, dqqK, ¢H, q¢K, agK, dgH and gM types are new results. For other

types, we have not found the case-(1) multi-indexed orthogonal polynomials.

A.1 Common quantities

Various quantities depend on a set of parameters A = (A1, Ag,...) and ¢ (0 < ¢ < 1), and
¢ stands for g2 = (¢ ¢*2 . ..). Their dependence is expressed as f = f(A) and
f(z) = f(x; A) if necessary, but g-dependence is suppressed.

Definitions of common quantities are as follows [4], 20]:

p 9 {d1,ds,...,dy} (d; € Zsy : mutually distinct),

standard order : 1 <d; <dy < --- < dyy, (A.1)

dof 1
b = ;dj -5 M(M 1), (A.2)
= def

P.(x;A) =
Ec(m; N) &, (n(a; A); A) E P (2 4(N)),
def def

Py (n(z; A); A), (A.3)
(A.4)
B'(z;\) = B(x;t()\)), D'(z; ) = D(x;t()\)), (A.5)
(A.6)
(A7)

def

ELN) = E,(tN)),
EN) L aNELN) + (N,

v
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gdef .
HD _'_1)\7 ¢0(1’7A)>O,

A LI 0 (0 e = ),

def cbo(!L" )\) v(xj; A) def

def
v(z;A) = ¢0(x )\) ri(z;) =rij(z;; N, M) = m, r+7—1,
Cyy def (@ + LA) =z A)

plzd) = n(L;A) ’ |
eutern [ MDA I (o) = rfo) = )

1<j<k<M !

= H olz+j—LXx+(k—j—1)d),
1<j<k<M
def 1 Ea,(A) = Ea(N)

CD(A) - (PM(07>\) lgngM Oé()\)B/(j o 1’)\)7
Cpa(A) = (=1)MCp(N)dp n( M),
; pact (OGN 77 EN) —E(N) -
= o L amg 1y e >0
Welfi, fas - fu] (@) djfdet<fk x+j5-—1) )1<]k<n for fi= fl(x)),
Sy def = . X aef WelSar Eays - -+ San (45 N)
(i 0) & Ep(ai A+ (M = )3); ) & R ML)

def Wc[fdl,fdz,--~>€dM,VPn](93;)\)

def =
Pon(@i2) = Pon(n(z; A+”m)A)_cuameﬂ@mwmxA+ww&
= Cpn(AN) topga(z A) 7
€d1 (w1) - éde(Il) Tl(ﬂfl)f?n(xl)
S (xa) o0 Lap(22) ro(22) Py(22)
gdl(xM'f‘l) ng(xM-i-l) TM+1(17M+1)pn(17M+1)
def Zp(z;A) Ep(z+ LA+ 6)

Bp(z;X) € Blz; A+ Md)=

uﬂx+1M Ep(zA+0)

Do(: A) d:efD( )\+M5)HD(1’—I—1 A)s_rD(x—l A+9)

‘—‘D(x A) ( x; P+ 5) 7
U A) & /20 (15 ) : oo(z; )\v+ My§) ’
\/ED(:C; A)Zp(z + 1)
0pn(23X) = Up(23 X) Ppa(a; ).
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We have £ = id and t(A) + ud = t(A + ud) (Yu € R). For p(z) = ¢**, we have @y (z) =
()5 For agK and ¢M cases, &o(z) (Ad), B'(z) and D'(x) (AF) and & ([A6) are

defined without using the twist operation t.

A.2 Each polynomial data

We assume that D is standard order ([A.1l). The range of parameters is expressed as (condition
of the original system) & (condition of the deformed system). The range of parameters may

. . . d2 . .
be extended. The normalization constant d? is expressed as d? = 3% xdg. Our normalizations
0

of pn(z)a ¢0($), Q;O(z)a (p(l’), 77(93) and gn are pn(o) = ¢0(0) = &0(0) = 90(0) = 1 and
n(0) = & = 0. The defining ranges of (a), and (a;q), can be extended to z € R by

(a); =T(a+2)/T'(a) and (a; q)z = (a;¢)o/(aq"; q)oo-
We have &, < 0 (namely, &, < &, (v € D, n € X)) except for dH, q¢K and dgH types,
for which we have &, > &, (v € D, n € X). The positivity of B'(z), D'(x), o and —a’ is not

necessarily required.

A.2.1 Hahn (H)

The standard parametrization of Hahn polynomial [10] is
(v, B)standard — (g — 1,5 — 1). (A.23)

Basic data of the case-(1) multi-indexed Hahn polynomials are as follows:

A @b N), §%¥,1,-1), k¥, (A.24)
a>0, b>0, & b>1+dyy, (A.25)
Bx;A) Y (x4 a)(N—2), DX Lab+ N —2), (A.26)
ENEnm+atb—1), 5@ =r, o) =1, (A.27)
. ) def —n,n+a+b—1,—x o oy _
s (T T 1) = Qu(n@)a—1.6-1,N), (A.28)
N-—z+1), (a).
) = ( A.29
gdet (N=n+1), (a,a+b—1),2n+a+b—1 (b) §
n(A)” = (1), (b,a+b+N), a+b—1 . (a+b)n’ dn(X) >0, (A.30)
tAN) Y (a,2-b,N+b—1), §%(1,-1,0), (A.31)
a1, /AN E—ab-1), (A.32)
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VV(!L";)\) :3F2<_V’ a—b+1, —x ‘ 1>’

a,l1—N—b
EN) = —(a+v)(b—1-v),
(N—2+1),
BN = N =),
. _(N—l’—j+2)j_1(b+N—M—LU)M+1_]‘
r](xijaM) - (b—l—N—M)M ’

where @, in (A.28) is the standard Hahn polynomial [10].

A.2.2 Racah (R)

The standard parametrization of Racah polynomial [10] is

(o, By, 0)tndard — (4 _ 1 hpec—d—1,c—1,d—c).

Basic data of the case-(1) multi-indexed Racah polynomials are as follows [4]:

def 7 def

A @bed, %1111, ¥, d¥a+bt+c—d-1,
a=—-N, 0<d<a+b O0<c<l+d, & a+b>d+1+dy,

oy def (@t a)(x+b)(z+e)(z+d)
BlasA) = - 2 +d)(2x+1+d)
et (@+d—a)(z+d-b)(z+d—c)z
N 2z —14d)(2x +d) ’

EN) En(n+d), 0N Lae+d), o) =

~ e — It CZ,—, d
Pn(:l:';)\)d:f4F3( nn-l—abcx T 4+ ‘1>

:Rn(n(x;)\);a—1,(Z—a,c—1,d—c),

b, c,d) 2x +d
.A2: (a7 » &y x

PolziA) (I+d-al+d=bl+d=cl), d °
2 def (a,b,¢c,d)n 2n+d

(1+d—a,l+d—b1l+d—c1), d

y (—1)N(1+d~—a,1+d—b,1—I—d—c)N
(d+1)n(d+ 1)y

tAN) L (d—a+1,d—b+1,¢,d), &§%(0,0,1,1),

a1, AN Y —c(a+b—d-1),

dn(A)

fv(il?; )\) =4F3

- (—V,V—CL—b+C+d+1,—LL’,SL’+d’1)

d—a+1,d—b+1,c

21

_ 2r+d+1

, dp(AX) >0,

(A.33)
(A.34)
(A.35)

(A.36)

(A.37)

(A.38)
(A.39)

(A.40)
(A1)

(A.42)

(A.43)
(A.44)

(A.45)

(A.46)
(A.47)

(A.48)



EA)=—(c+v)(a+b—d—1—-v),
_ (a,b),
(d—a+1,d—b+1),’

(z4+a,x4+b)j1(r+d—a+jx4+d—b+j)pmi1—,

(a: A, M) =
i@ A, M) d—a+1l,d—b+ 1)y

where R, in is the standard Racah polynomial [10].

A.2.3 dual Hahn (dH)

The standard parametrization of dual Hahn polynomial [10] is

(7’ 5)standard (a o 1 b o 1)

Basic data of the case-(1) multi-indexed dual Hahn polynomials are as follows:

A E(a,b,N), §%(1,0,-1), =1,

a>0, b>0,

of (T+a)(x+a+b—1)(N—2x)

Bla:a) & @

@ = T T e @t ot D)

e b—1)(z+a+b+N—-1)
Dz d:fx(x—i-

(23 2) (2r—24+a+b)(2x—14+a+b)

EANEn, AN Er@+at+b-1), o) = p
Py(z; ) = oo 3F2< T +ao,l —I_-]lif— L
e T
dp(N)? def (N —(171):- n (b+§$)n_ - y (a(fu)](j)]v’ () > 0,
tA) & (ba,—a—b—N), §¥(0,1,0),

de def

a=1, a()\)—b—l—N
G =amn( TR T,

h

b,a+ N +1
EAN)=b+N +v,
. _ (a,—N)x
V(va)_ (b,a—l—b—l—N) ’

2c+a+b

)

. ‘ 1) :Rn(n(x;}\);a— 1,b— 1,N),

(x—=N,z4+a)j1(a+b+N+ax+j—1,b+x+7j—1)pmsi- =

Tyl A, M) = (@a+b+N,b)ar

where R,, in ([A.58) is the standard dual Hahn polynomial [10].
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(A.51)

(A.52)

(A.53)
(A.54)

(A.55)
(A.56)
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A.2.4 dual quantum g-Krawtchouk (dqgK)

The dual quantum ¢-Krawtchouk polynomial is not treated in [10].

Basic data of the case-(1) multi-indexed dual quantum ¢-Krawtchouk polynomials are as

follows:

def def def _
q)\ = (pqu)v 0 = (07_1)7 K = q 17

p>q N, & p>qg N

B(a; ) € p g VT (1= ¢"), D@ A) E (g -1 —p g

ENEq =1, @)= 1-¢, o) =,

. def g, g
NEP VI 2¢1< SN q;pqm“),
N—z+1. —x ,,—Nx

Q). D¢

(@) P9
N—n—i—l; q)np—nqn(n—l—N)

(GO)n  P'¢ N0
def _N— 1 = def
g™ = (¢ pTleh, 8= (1,0),

o) E Tl @) E (1= ple ),
x v q" 2= N

v ZI}',A = 3 )

&( ) 2¢1< g q,4q )

EA) =—(1—p g1,

po(z: Ay = U

)

dn()‘)z d:ef (q

rz—N

(e q)s (q
vz, A\) = —=, ri(x;; AM)=
(73 2) (Pg; q)2 i@ ) (pg; @)
A.2.5 ¢g-Hahn (gH)

The standard parametrization of ¢g-Hahn polynomial [10] is

(a’ﬁ)standard — (aq_l,bq_l).

Basic data of the case-(1) multi-indexed g-Hahn polynomials are as follows:

? = (abg"), LWL, sE g
O<a<l, 0<b<l, & b<gitim,

def z r— def — T z—
B(z;A) = (1—ag®) (¢ = 1), D(x;A) = aq ' (1—¢")(¢" " —b),

ENE (g =11 —abg™™), ) LT —1, o@)=q",

23
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(A.79)

A.80
A81
A.82
A.83
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—n n—1 —x

T abg" .
Pules ) a0 (T 0T aia) = Qo k@ b Nl (AsY)
¢0(I; }\)2 — (qN x+17Q) (CL; Q)x (A85)

(:0)z  (bgN=%;q)y a®
N=ntl ), (a,abg™t;q), 1—abg® '  (b;q)na”

(:q0)n  (b,abgV;q)na™ 1 —abg™! (ab;q)n

d,(A)? % (4 dy(X) >0,  (A.86)

g'» & (a bl bgV ), 6 ¥ (1,-1,0), (A.87)
aX) Lo, oA Y —(1—a)(1—bg ), (A.88)
. —V b n+1 ,—x
Elwi ) = 3¢2( ;f‘b_lzl_Nq a:4). (A.89)
Ce(A) = —(1 —ag") (1 —bg™" ), (A.90)
) — (qN x+l7q) ) _ (qN o ]+27Q) l(qu M=, Q) My1—
I/(Zlf, A) = m, ’f’j([lﬁ'j7 A, M) = (quN M’ q)M ]’ (Ag].)

where @,, in (A.84]) is the standard ¢-Hahn polynomial [10].

A.2.6 quantum g-Krawtchouk (qgK)

Basic data of the case-(1) multi-indexed quantum ¢-Krawtchouk polynomials are as follows:

P E(pdY), 0¥ (1, -1, k¥ (A.92)
p>q ", (A.93)
BN L p @@V = 1), D@A) Y 1-¢)1—p i@, (A.94)
EEL—q", @) Eq -1, l@)=q" (A.95)
Pulain) S aon (U2 [ aia) = K3 (1 i), Vo) (A.96)
N—x-l—l. z x(x—1-N)
) = (¢ 1 q)a D g AOT
Poli A) (9.  ('a Vg (A.97)
N—n-+1. —n, ,—Nn
du 2 TS e PN () > 0, (A98)
(@:0)n  (@7'¢ ™)
¢ = (plpgY), 8= (~1,0), (A.99)
aN) Epl, A E1-p (A.100)
v g, q " v
§~v(:c; A) = 1(p_1 v laspTa “), (A.101)
EN)=1-p'¢", (A.102)
(V7). (V772 q) ;1 (pg™ =M @) g
vic,N) = ———— ri(xi; AN M) = , (A.103
() (PgN 172 q) i ) (pgN =M+ q) ( )

where K3™ in ([A.96) is the standard quantum ¢-Krawtchouk polynomial [10].
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A.2.7 affine g-Krawtchouk (aqK)

The quantities & (), B'(x), D'(z) and & are defined without using the twist operation t.

Basic data of the case-(1) multi-indexed affine g-Krawtchouk polynomials are as follows:

A= (pgY), §= (-1, k=g (A.104)
0<p<q, (A.105)
B(x;A) = ("N - 1><1 pg™Y),  D(w:X) = pg" V(1 - ¢7), (A.106)
£, g1, n(a )E g -1, px) =g, (A.107)
- € 7q - O a,
P (x; )d—fscfh( N ‘q q) = K" (1+n(x);p, Nlq)
1 q_n7 =1 _—x
17 q) 2¢1< ‘ ‘qm q ) (A.108)
— ]' _n7 pqx—i_l . N+1—=x
=gl [e)
N—x+1. ) (pqq)
pa) = 40 (P4 A.109
Polz:3) (:9).  (pg)* ( )
N—n+1. .
a2 4 T D@ n g6y s, (A.110)
(G (pg)"
(1,0), (A.111)
B(z;2) = "N (1 —pg™), D'z X) E pa(q" N = 1)(1 - ¢"), (A.112)
Bo(2: N)? = (pg; 4). : A113
Pol; A) (V= 439)2(pg)” ( )
oW =1, a )= L —(l-pg), EMNE —pg(1—q"), (A-114)
&l )defzcbl( AT qu*””) (A.115)
) Pq
E(A) = —(1=pg™), (A.116)
v(eA) = ("% Q)es i@ A M) = (N ), (A.117)
where K2 in (A108) is the standard affine ¢-Krawtchouk polynomial [10].
A.2.8 ¢g-Racah (¢gR)
The standard parametrization of ¢g-Racah polynomial [10] is
(a, B,7,0)™ 4 = (ag™", bed'q™" g™ dc™T). (A.118)
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Basic data of the case-(1) multi-indexed g-Racah polynomials are as follows [4]:

Y abed), §E(LLLL), kSq, dE abed g (A-119)

a=q ", O<ab<d<1, gd<c<1, & ab<dg*tim, (A.120)
def (1 —aq®)(1 = bg®)(1 — cq®)(1 — dg®)

(1 —dg*)(1 — dg*+1) ’
dgef = (1—a"'dg")(1 —b"'dg")(1 — ¢ 'dg")(1 — ¢*)

D(x;\) & —d a1 — , (A.122)

B(z; \) (A.121)

Cyy def g . _ g% — dg**!
n(@;A) = (¢ = (L —dg*), ¢(x;A) = 1_7@> (A.123)
~ def —n’ ana q—x’ dqx i
Pale ) g T )
= R,(1+d+n(x;A);aq™", da=', eq7, dc™'q), (A.124)
. 1— 2x
QSO(IL'; )\)2 — (CL, ba Cad7Q)x _ dq : (A125)
(a='dq,b~'dg,c'dq,q:q).d* 1 —d
d (A)g d:ef _ (a7 ?7 ¢, d7?)n 1— dq~2n
' (a='dg,b~"dq,c™dq,q; q)nd® 1—d
_1\N (gt -1 —1,7,. JN TN(N+1)
o (ZDY(aldg, b dg,c"'dg;¢)n d7q A >0, (A.126)
(dq;q)n(dg; q)an
g &t (da_lq,db_lq,c, d), 6%0,0,1,1), (A.127)
aA) Yabd g, /A Y —(1—o)(1—abd g, (A.128)
. —v a—lb quv+1 q—gc dq
= ’ 7 7 ; A.12
JEIE 4¢3( o bt ). (A129)
EAN) = —(1—cq")(1 —abd'q™'7Y), (A.130)
—1p—-1 T (aa b; Q)x
JA) = A.131
V($7 A) (a' b dq) (a_ldq, b_ldq, q)x? ( 3 )
(aq®, bq"; q)j-1(a”"dg" 7, b~ dq™; q) a1
(i A\, M) = A.132
Tj(zjﬂAa ) (abd 1 _1)] 1 M:L‘( _1dq b 1dq, ) ( 3 )
where R, in is the standard ¢g-Racah polynomial [10].
A.2.9 dual g-Hahn (dgH)
The standard parametrization of dual ¢-Hahn polynomial [10] is
(7, 8)* ™ = (ag ™, bg ™). (A.133)
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Basic data of the case-(1) multi-indexed dual ¢g-Hahn polynomials are as follows:

S (abgY), € (10,71, xEq (A.134)
0<a<l 0<b<1, (A.135)
aer (¢ —1)(1 — ag®)(1 — abg" ")
B(x; A Al
(SL’ ) (1 _ abq2x—1)(1 _ abq2m) ) ( 36)
e 1—¢")(1 —abg" ™" )(1 = bg")
D(a; A) & gge=n-1L A137
def _p, def , _yp I q " — abq”®
EnA) =" =1 (2 A) = (¢ - DA —abg™), p(asA) = —F——=,  (A138)
aot (¢ abg" T g
Pn(va) _3¢2< a, q_N q7q>
=R, (1 +abgt +n(x; N);aqt bgt N\q), (A.139)
N—z+1 b —1. ) 1 _abq2x—1
a2 = 1@)x_(@,0bg"7; q)a A.140
Pola3 ) (¢:9)x  (b,abg™;q)sa® 1 —abg=’ ( )
N—n+1. . b: ) CLN
g @ (a Q) CBovat A 141
> (@ @)n  (bgV " q)na™ — (abiq)n ) ( )
¢ = (ba,a7b7gN), 8 o <0, 1,0), (A.142)
aA) o g N, /)Yy q — 1, (A.143)
N qg v, abg" g
V($7 A) — 3¢2< b, abq ) )7 (A144)
CeA) =gV T -1, (A.145)
(qN“‘x, a; Q)a
) = A.146
(qm v ,aq”; q)g 1(abg™ 1 bg™ Y @)
(i N, M) = A.147
ri(2 2, M) (bg™ )1 =i gM=(abg™ , b; q) s ’ ( )
where R,, in ([A.139) is the standard dual ¢-Hahn polynomial [10].
A.2.10 Meixner (M)
Basic data of the case-(1) multi-indexed Meixner polynomials are as follows [20]:
AE (Be), §E(1,0), €1, (A.148)
>0, 0<c<l, (A.149)
BN ¥ ez +8), D) ¥, (A.150)
ESAN)ZE(Q—om, yla)Zr, pla) =1, (A.151)
PN ”’5‘9“" 11— ) = Ma(ws8,0), (A.152)
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aA) e, /AL —(1-0)B,
f:v(l";)\) = 2F1<_ 75_ ’ 1 —C>,
gV(A) = _(1 - C)(V_‘_ﬁ)a

v(zs ) =, (e A M) =J7

where M, in is the standard Meixner polynomial [10].

A.2.11 little g-Jacobi (lqJ)

The standard parametrization of little g-Jacobi polynomial [10] is

(a’ b)standard — (aq—l’ bq_l).

(A.160)

Basic data of the case-(1) multi-indexed little g-Jacobi polynomials are as follows [20] (Note

that the standard parametrization is used in [20].):
S (ab), 6E (L1, nEqT
O<a<l, b<l & a<qgtim,

Bx: ) € ag g™ = b), D)
def , _p n—
Ex(N) = (¢ =11 —abg"), ()

d:Of q—SL‘ - 1a

def T z
=1-q¢", ¢x)=7q",

§ o g ", abg" ", " 1w 1 -
Py(z; ) d=f3¢1( ) q;a”'q “) =c,(A) pu(1 —n(x);aq7 ", bg7 g
_ ¢, abg"™! } .t oy def v (1) (3 0)n
=aMan(" T [aet) G (o g
b; q)
LU7 }\ 2 — ( ) wax7
Pol(; A (¢:9)s
. b ab: q>n anqn(n—l) 1— Cqu2n—1 (CL' Q)oo
dnﬂdzf(’ ) oo g (A) >0,
) (a,q;@)n I —abg™t  (ab;q)os &

¢ E (a7ghn), $E (1),
def 1 / def -1
o) Fag o0 —(1—ag”)(1 D)

NN T ) g, a7tbg" T
&z A) = Wzﬂﬁ( 12 ‘ q;q )
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(ag™" Y5 q)y gV, b7¢", 0
= ——————(bq"; : Al
(b7 q)v (bq Y q)V 3¢2 (a_1q2’ b_lql_v_x q Y Q) 9 ( 70)
Ee(A) = —(1 —ag™ ") (1 —bg"), (A.171)
v(z;A) = (ag™")*, 1z A M) = (ag~ 'Y '™, (A.172)

where p, in (A.I65) is the standard little ¢-Jacobi polynomial [10].

A.2.12 little g-Laguerre (lgL)

The standard parametrization of little ¢-Laguerre polynomial [10] is
astandard — Cl,q_l. (A173)

Basic data of the case-(1) multi-indexed little g-Laguerre polynomials are as follows [20]

(Note that the standard parametrization is used in [20].):

> %a, Y1, kY (A.174)
O<a<l, & a<qg'tim, (A.175)
B(x:A) €ag!, D) g -1, (A.176)
ENE =1, @) E1-¢" ¢lz) =", (A-177)
o3 ) dzefﬂbo(q_n’_q_x q;a‘lq”l) = (A) pu(1 = n(x);aq'q)

=00 (0 [aa), AN (o D, (aam)
do(z; A)? = ﬁ (A.179)
d,(A)? ‘ﬁf% < (@ Q)oer dn(A) > 0, (A.180)
¢V E TP, §E 1, (A.181)
aN) Eag™t, /(A= —(1—ag™), (A.182)
Elm; A) = (ag™ Y q)vatn (f:;qg ‘ q; q“l), (A.183)
E AN =—(1—ag™¥ ™), (A.184)
v(e;A) = (ag™)*, 1z X M) = (ag™ ') M7, (A.185)

where p,, in (AITg)) is the standard little ¢-Laguerre polynomial [10].
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A.2.13 g-Meixner (gM)

The quantities & (), B'(x), D'(z) and & are defined without using the twist operation t.

Basic data of the case-(1) multi-indexed g-Meixner polynomials are as follows:

A= (o), FE (-1, k=g

O<b<ql, ¢>0,

B(w; A) = cg”(1—bg™),  D(w;2) = (1—¢°)(1 + beg®),
&1 - ¢, n(ff)dzefq‘x—l, o) =q",

> e 7q
Pn( T )df2¢1< bq

e 0 q)s oo
do(z; N)? = (e —boa . q(3)

A, (A2 %4 (bQiCDn o (Z008 @)oo 4,(A) > 0.
(.= 0)n  (—6@)x

5 £ (1,0),

q; —c‘lq”“) = M, (1 +n(x); b, clq),

B'(z;A) = —(1=bg" ™) (L + beg™™), D'(z;A) = —b%cq" (1 — ¢"),

" _ (bg, —begi q)a
CHE

(BPeq®) g~ ),

o) E T, ) E 0T ), B F a1

€ 7 —:(:70
(2 )dfsqﬁz( 1 ‘q;q>,

¢

bg, —bcq
EAN)=—=0b"1¢g" =1,

1 (=bte g ™M ) g
V@A) = (=b~te g5 q), rilag A M) = (=0~ 10‘1q‘M;Q)M j

where M, in (A.190) is the standard g-Meixner polynomial [10].
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