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Abstract

We present the case-(1) multi-indexed orthogonal polynomials of a discrete vari-
able for 8 types ((dual)(q-)Hahn, three kinds of q-Krawtchouk and q-Meixner). Based
on them and the case-(1) multi-indexed orthogonal polynomials of Racah, q-Racah,
Meixner, little q-Jacobi and little q-Laguerre types, exactly solvable continuous time
birth and death processes are obtained. Their discrete time versions (Markov chains)
are also obtained for finite types.

1 Introduction

The exceptional and multi-indexed orthogonal polynomials are new type of orthogonal poly-

nomials [1, 2, 3, 4, 5, 6, 7, 8]. They form a complete set of orthogonal basis in spite of the

missing degrees, by which the restrictions of Bochner’s theorem [9] are avoided. We distin-

guish the following two cases; the set of missing degrees is case-(1): {0, 1, . . . , ℓ−1}, where ℓ

is a positive integer, and case-(2): otherwise. They are constructed based on the polynomials

in the Askey-scheme of hypergeometric orthogonal polynomials [10], which satisfy second or-

der differential or difference equations. In the study of such orthogonal polynomials, we use

the quantum mechanical formulation [11]. In this paper we consider orthogonal polynomials

of a discrete variable [9, 10, 12]. To study them, we use the discrete quantum mechanics

with real shifts (rdQM) [13, 14]. The multi-indexed orthogonal polynomials of a discrete

variable are studied in [15, 16, 4, 7, 8, 17, 18, 19]. The Krein-Adler type multi-indexed

orthogonal polynomials [15, 19] are the case-(2) polynomials. The multi-indexed orthogonal

polynomials studied in [17, 18, 19] have added degrees. The case-(1) multi-indexed polyno-

mials are constructed for Racah and q-Racah types [4] and for Meixner, little q-Jacobi and
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little q-Laguerre types [20, 21]. The deformed quantum systems described by these case-(1)

polynomials have shape invariant property.

The first purpose of this paper is to expand the list of the case-(1) multi-indexed orthog-

onal polynomials of a discrete variable. By the same methods in [4, 20] (with some mod-

ification), we obtain the multi-indexed orthogonal polynomials of 8 types ((dual)(q-)Hahn,

three kinds of q-Krawtchouk and q-Meixner).

The second purpose of this paper is an application of the multi-indexed orthogonal

polynomials. Orthogonal polynomials have various application [9, 12], and it is an im-

portant problem to clarify whether such applications can be extended to the multi-indexed

orthogonal polynomials. In this paper, we consider the birth and death (BD) processes

[22, 23, 9, 24, 25, 26]. For each orthogonal polynomials of a discrete variable in the Askey-

scheme, P̌n(x) (x ∈ X , (2.1)), the exactly solvable BD processes (with continuous time) are

nicely obtained by Sasaki [24]. The polynomials P̌n(x) satisfy the difference equation

(
B(x) +D(x)

)
P̌n(x)− B(x)P̌n(x+ 1)−D(x)P̌n(x− 1) = EnP̌n(x).

The sum of the coefficients of P̌n(x), P̌n(x+ 1) and P̌n(x− 1) in the left hand side is

(
B(x) +D(x)

)
−B(x)−D(x) = 0.

This relation and the boundary conditions ensure the conservation of probability of the BD

process. Moreover, from these continuous time BD processes, the discrete time BD processes

(Markov chain) are also obtained by Sasaki [25]. The case-(1) multi-indexed orthogonal

polynomials P̌D,n(x) = P̌D,n(x;λ) satisfy the difference equation

B(x;λ+M δ̃)
Ξ̌D(x;λ)

Ξ̌D(x+ 1;λ)

(Ξ̌D(x+ 1;λ+ δ)

Ξ̌D(x;λ+ δ)
P̌D,n(x;λ)− P̌D,n(x+ 1;λ)

)

+D(x;λ+M δ̃)
Ξ̌D(x+ 1;λ)

Ξ̌D(x;λ)

(Ξ̌D(x− 1;λ+ δ)

Ξ̌D(x;λ+ δ)
P̌D,n(x;λ)− P̌D,n(x− 1;λ)

)

= En(λ)P̌D,n(x;λ).

The sum of the coefficients of P̌D,n(x;λ), P̌D,n(x+ 1;λ) and P̌D,n(x− 1;λ) in the left hand

side,

(
B(x;λ+M δ̃)

Ξ̌D(x;λ)

Ξ̌D(x+ 1;λ)

Ξ̌D(x+ 1;λ+ δ)

Ξ̌D(x;λ+ δ)

+D(x;λ+M δ̃)
Ξ̌D(x+ 1;λ)

Ξ̌D(x;λ)

Ξ̌D(x− 1;λ+ δ)

Ξ̌D(x;λ+ δ)

)
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− B(x;λ+M δ̃)
Ξ̌D(x;λ)

Ξ̌D(x+ 1;λ)
−D(x;λ+M δ̃)

Ξ̌D(x+ 1;λ)

Ξ̌D(x;λ)
,

does not vanish (is not a constant) in general. We found that this sum becomes a constant

for (q-)Racah types with special parameters λ and index set D, but the boundary conditions

are not satisfied. So we have thought that the BD processes associated with the multi-

indexed orthogonal polynomials are impossible. However, this difficulty can be overcome

by considering the ratio of the polynomials instead of the polynomials. We have obtained

exactly solvable BD processes associated with the multi-indexed orthogonal polynomials.

Their discrete time versions are also obtained.

This paper is organized as follows. In section 2, the case-(1) multi-indexed orthogo-

nal polynomials of a discrete variable are recapitulated and some similarity transformed

Hamiltonians are presented. The case-(1) multi-indexed orthogonal polynomials of 8 types

(Hahn etc.) are new results. In section 3, exactly solvable BD processes associated with the

multi-indexed orthogonal polynomials are obtained for both continuous and discrete times.

The repeated discrete time BD processes and its continuous time version are also obtained.

Section 4 is for a summary and comments. In Appendix A the basic data of the case-(1)

multi-indexed orthogonal polynomials are presented.

2 Multi-indexed Orthogonal Polynomials

In this section we recapitulate the case-(1) multi-indexed orthogonal polynomials of a discrete

variable and present their concrete forms for the known 5 types and new 8 types. We also

present some similarity transformed Hamiltonians.

The case-(1) multi-indexed orthogonal polynomials of a discrete variable are constructed

by using quantum mechanical formulation, rdQM on a lattice X ,

X
def
=

{
{0, 1, . . . , N} : finite system

Z≥0 : semi-infinite system
. (2.1)

For finite rdQM systems, the Racah (R) and q-Racah (qR) types are obtained in [4], and for

semi-infinite rdQM systems, the Meixner (M), little q-Jacobi (lqJ) and little q-Laguerre (lqL)

types are obtained in [20]. By the same methods in [4, 20] (with some modification), the case-

(1) multi-indexed orthogonal polynomials of the Hahn (H), dual Hahn (dH), dual quantum

q-Krawtchouk (dqqK), q-Hahn (qH), quantum q-Krawtchouk (qqK), affine q-Krawtchouk
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(aqK), dual q-Hahn (dqH) and q-Meixner (qM) types are concretely constructed in this

paper. We present their data in Appendix A. We consider these 13 types of multi-indexed

orthogonal polynomials. Although the type II multi-indexed little q-Jacobi and q-Laguerre

polynomials constructed in [21] are the case-(1) polynomials, we do not treat them here,

because their some expressions are slightly different.

Our notation and the common quantities of the case-(1) multi-indexed polynomials are

summarized in §A.1. We have the following properties:

Ξ̌D(0;λ) = 1, P̌D,n(0;λ) = 1, ψD(0;λ) = 1, φD n(0;λ) = 1, (2.2)

ΞD(η;λ) : a polynomial of degree ℓD in η, (2.3)

PD,n(η;λ) : a polynomial of degree ℓD + n in η, (2.4)

P̌D,0(x;λ) = Ξ̌D(x;λ+ δ). (2.5)

The property (2.4) means that the set of missing degrees is {0, 1, . . . , ℓD − 1}, namely the

case-(1) polynomials. The basic data for each polynomial are given in §A.2, and 8 types (H,

qH, etc.) are new results.

The Schrödinger equation of rdQM is a matrix eigenvalue problem. The Hamiltonian

HD is a real symmetric matrix,

HD(λ) =
(
HD(λ)x,y

)
x,y∈X

, (2.6)

HD(λ)x,y
def
=

(
BD(x;λ) +DD(x;λ)

)
δx,y

−
√
BD(x;λ)DD(x+ 1;λ) δx+1,y −

√
BD(x− 1;λ)DD(x;λ) δx−1,y . (2.7)

Here the potential functions BD(x) (A.19) and DD(x) (A.20) are positive except for one

boundary,

finite case : BD(x;λ) > 0 (x ∈ {0, 1, . . . , N − 1}), BD(N ;λ) = 0,

DD(0;λ) = 0, DD(x;λ) > 0 (x ∈ {1, 2, . . . , N}), (2.8)

semi-infinite case : BD(x;λ) > 0 (x ∈ Z≥0),

DD(0;λ) = 0, DD(x;λ) > 0 (x ∈ Z≥1), (2.9)

for appropriate parameter ranges given in §A.2. For these parameter ranges, the denominator

polynomial Ξ̌D(x) (A.17) is positive on X , Ξ̌D(x;λ) > 0 (x ∈ X and x = N + 1 for finite

systems), and the multi-indexed orthogonal polynomial PD,n(η;λ) (A.18) has n zeros in the
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physical region 0 ≤ η ≤ η(N ;λ +M δ̃) (⇔ x ∈ [0, N ]) for finite cases (0 ≤ η (⇔ x ∈ R≥0)

for M and qM cases, 0 ≤ η < 1 (⇔ x ∈ R≥0) for lqJ and lqL cases), and ℓD zeros in the

unphysical region η ∈ C\[0, η(N ;λ+M δ̃)] for finite cases (η ∈ C\R≥0 for M and qM cases,

η ∈ C\[0, 1) for lqJ and lqL cases). These properties can be verified by numerical calculation.

The eigenvectors and eigenvalues of HD are given by φD n(x) (A.22),

∑

y∈X

HD(λ)x,yφD n(y;λ) = En(λ)φD n(x;λ) (n, x ∈ X ), (2.10)

where the energy eigenvalues En satisfy

0 = E0(λ) < E1(λ) < E2(λ) < · · · . (2.11)

Since the HamiltonianHD is a real symmetric matrix, its eigenvectors φD n(x) are orthogonal,

which gives the orthogonality relations for P̌D,n(x) (A.18):

∑

x∈X

φ0(x;λ+M δ̃)2

Ξ̌D(x;λ)Ξ̌D(x+ 1;λ)
P̌D,n(x;λ)P̌D,m(x;λ) =

δn,m

dn(λ)2d̃D,n(λ)2
(n,m ∈ X ). (2.12)

The inner product (f, g) of two vectors f = (f(x))x∈X and g = (g(x))x∈X is defined by

(f, g)
def
=

∑

x∈X

f(x)g(x). (2.13)

The normalized eigenvector φ̂D n(x), (φ̂D n, φ̂Dm) = δn,m, is given by

φ̂D n(x;λ)
def
=
dn(λ)d̃D,n(λ)√

Ξ̌D(1;λ)
φD n(x;λ). (2.14)

Since φ̂D n(x;λ)’s are orthonormal and complete, we have the following relations:

∑

x∈X

φ̂D n(x;λ)φ̂Dm(x;λ) = δn,m (n,m ∈ X ), (2.15)

∑

n∈X

φ̂D n(x;λ)φ̂D n(y;λ) = δx,y (x, y ∈ X ). (2.16)

We remark that (2.16) does not hold for qM case, see [14]. The spectral representation of

HD is given by

HD(λ)x,y =
∑

n∈X

En(λ)φ̂D n(x;λ)φ̂D n(y;λ). (2.17)
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The similarity transformed Hamiltonian H̃D is defined by a similarity transformation in

terms of a diagonal matrix diag(ψD(0), ψD(1), ψD(2), . . .),

H̃D(λ) =
(
H̃D(λ)x,y

)
x,y∈X

, (2.18)

H̃D(λ)x,y
def
= ψD(x;λ)

−1HD(λ)x,y ψD(y;λ),

=
(
BD(x;λ) +DD(x;λ)

)
δx,y (2.19)

− B(x;λ+M δ̃)
Ξ̌D(x;λ)

Ξ̌D(x+ 1;λ)
δx+1,y −D(x;λ+M δ̃)

Ξ̌D(x+ 1;λ)

Ξ̌D(x;λ)
δx−1,y ,

where
√
B(x;λ)φ0(x;λ) =

√
D(x+ 1;λ)φ0(x + 1;λ) is used. The eigenvectors of H̃D are

given by the multi-indexed polynomials P̌D,n(x),

∑

y∈X

H̃D(λ)x,yP̌D,n(y;λ) = En(λ)P̌D,n(x;λ) (n, x ∈ X ). (2.20)

As mentioned in § 1,
∑

x∈X H̃D x,y does not vanish (is not a constant) in general.

Let us consider other similarity transformed Hamiltonians. By similarity transforming

H̃D(λ) in terms of a diagonal matrix diag(Ξ̌D(0;λ+δ), Ξ̌D(1;λ+δ), . . .), we define a matrix

H̃′
D as follows:

H̃′
D(λ) =

(
H̃′

D(λ)x,y
)
x,y∈X

, (2.21)

H̃′
D(λ)x,y

def
= Ξ̌D(x;λ+ δ)−1H̃D(λ)x,y Ξ̌D(y;λ+ δ)

=
(
BD(x;λ) +DD(x;λ)

)
δx,y −BD(x;λ)δx+1,y −DD(x;λ)δx−1,y . (2.22)

The eigenvectors of H̃′
D are given by

∑

y∈X

H̃′
D(λ)x,yŘD,n(y;λ) = En(λ)ŘD,n(x;λ) (n, x ∈ X ), (2.23)

ŘD,n(x;λ)
def
=
P̌D,n(x;λ)

P̌D,0(x;λ)
, (2.24)

where the property (2.5) is used. We remark that (2.23) with n = 0 gives

∑

y∈X

H̃′
D(λ)x,y = 0 (x ∈ X ), (2.25)

by ŘD,0(x) = 1 and E0 = 0. The orthogonality relations for ŘD,n(x) are

∑

x∈X

φ̂D 0(x;λ)
2ŘD,n(x;λ)ŘD,m(x;λ) =

d0(λ)
2d̃D,0(λ)

2

dn(λ)2d̃D,n(λ)2
δn,m (n,m ∈ X ). (2.26)

6



Next, by similarity transforming H̃′
D(λ) in terms of a diagonal matrix diag(φD 0(0;λ)

−2,

φD 0(1;λ)
−2, . . .), we define a matrix GD as follows:

GD(λ) =
(
GD(λ)x,y

)
x,y∈X

, (2.27)

GD(λ)x,y
def
= φD 0(x;λ)

2 H̃′
D(λ)x,y φD 0(y;λ)

−2

=
(
BD(x;λ) +DD(x;λ)

)
δx,y −DD(x+ 1;λ)δx+1,y − BD(x− 1;λ)δx−1,y

= H̃′
D(λ)y,x , (2.28)

namely GD(λ) =
tH̃′

D(λ). The eigenvectors of GD = tH̃′
D are given by

∑

y∈X

H̃′
D(λ)y,x ΦD,n(y;λ) = En(λ)ΦD,n(x;λ) (n, x ∈ X ), (2.29)

ΦD,n(x;λ)
def
= φD 0(x;λ)

2ŘD,n(x;λ) = φD 0(x;λ)φD n(x;λ). (2.30)

For M = 0 case (D = ∅, Ξ̌D(x) = 1), the deformed system reduces to the original

system, HD = H, H̃D = H̃, H̃′
D = H̃′, φD n(x) = φn(x), P̌D,n(x) = P̌n(x),

∑
y∈X Hx,yφn(y) =

Enφn(x),
∑

y∈X H̃x,yP̌n(y) = EnP̌n(x). We remark that H̃′ and H̃ are the same, H̃′ = H̃.

The deformed rdQM systems (HD) have shape invariance inherited from the original

systems (H), and we obtain the forward and backward shift relations for the case-(1) multi-

indexed polynomials P̌D,n(x). Let us define the shift operators FD and BD as follows:

FD(λ)
def
=

B(0;λ+M δ̃)

ϕ(x;λ+M δ̃)Ξ̌D(x+ 1;λ)

(
Ξ̌D(x+ 1;λ+ δ)− Ξ̌D(x;λ+ δ)e

d
dx

)
, (2.31)

BD(λ)
def
=

1

B(0;λ+M δ̃)Ξ̌D(x;λ+ δ)
(2.32)

×
(
B(x;λ+M δ̃)Ξ̌D(x;λ)−D(x;λ+M δ̃)Ξ̌D(x+ 1;λ)e−

d
dx

)
ϕ(x;λ+M δ̃).

Then, the forward and backward shift relations are given by

FD(λ)P̌D,n(x;λ) = En(λ)P̌D,n−1(x;λ + δ) (n ∈ X ), (2.33)

BD(λ)P̌D,n−1(x;λ+ δ) = P̌D,n(x;λ) (n ∈ X\{0}), (2.34)

for x ∈ R.

3 Birth and Death Processes

In this section, based on the multi-indexed orthogonal polynomials in § 2, we present exactly

solvable BD processes with continuous and discrete times. The choices of matrices LBD
D and

LdBD
D are new results, and other calculations are the same as [24, 25].
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3.1 Continuous time BD processes

We treat the multi-indexed orthogonal polynomials considered in § 2 except for qM type.

Let us consider the following continuous time BD process [24]:

∂

∂t
P(x; t) =

∑

y∈X

LBD
D x,yP(y; t) (x ∈ X ). (3.1)

Here P(x; t) (x ∈ X , t ∈ R) is the probability distribution at the continuous time t (x:

population) satisfying

P(x; t) ≥ 0,
∑

x∈X

P(x; t) = 1, (3.2)

and the matrix LBD
D is given by

LBD
D (λ) =

(
LBD
D (λ)x,y

)
x,y∈X

, LBD
D (λ)

def
= −tH̃′

D(λ), (3.3)

LBD
D (λ)x,y = −

(
BD(x;λ) +DD(x;λ)

)
δx,y +DD(x+ 1;λ)δx+1,y +BD(x− 1;λ)δx−1,y . (3.4)

From (2.8)–(2.9), we have LBD
D x,x−1 > 0, LBD

D x,x+1 > 0 and LBD
D x,x < 0. The potential functions

BD(x) and DD(x) are interpreted as the birth and death rates, respectively. The property

(2.25) gives
∑

x∈X

LBD
D (λ)x,y = 0 (y ∈ X ), (3.5)

and this ensures the conservation of probability:

∂

∂t

∑

x∈X

P(x; t) =
∑

x∈X

∂

∂t
P(x; t) =

∑

x∈X

∑

y∈X

LBD
D x,yP(y; t) =

∑

y∈X

P(y; t)
∑

x∈X

LBD
D x,y = 0,

which gives
∑

x∈X P(x; t) = 1 for all time. From (2.29)–(2.30), the eigenvectors of LBD
D are

given by

∑

y∈X

LBD
D (λ)x,y φD 0(y;λ)φD n(y;λ) = −En(λ)φD 0(x;λ)φD n(x;λ) (n, x ∈ X ), (3.6)

and the spectral representation of LBD
D is given by

LBD
D (λ)x,y = −φ̂D 0(x;λ)

(∑

n∈X

En(λ)φ̂D n(x;λ)φ̂D n(y;λ)
)
φ̂D 0(y;λ)

−1. (3.7)

Let us consider two topics: (i) initial value problem, (ii) transition probability from y to

x.

(i) initial value problem : Given an arbitrary initial probability distribution P(x; 0), find

8



the probability distribution at a later time t, P(x; t). Since φ̂D n(x)’s are orthonormal and

complete, P(x; 0) can be expanded as

P(x; 0) = φ̂D 0(x;λ)
∑

n∈X

cnφ̂D n(x;λ), cn =
(
φ̂D n(x;λ), φ̂D 0(x;λ)

−1P(x; 0)
)
, (3.8)

and we have c0 =
∑

x∈X P(x; 0) = 1. Then P(x; t) is given by

P(x; t) = φ̂D 0(x;λ)
∑

n∈X

cn e
−En(λ)t φ̂D n(x;λ) (t ≥ 0), (3.9)

because the right hand side of (3.9) satisfies the same differential equation (3.1),

∂

∂t

(
φ̂D 0(x)

∑

n∈X

cn e
−Ent φ̂D n(x)

)
=

∑

n∈X

cn e
−Ent

(
−En φ̂D 0(x)φ̂D n(x)

)

=
∑

n∈X

cn e
−Ent

∑

y∈X

LBD
D x,y φ̂D 0(y)φ̂Dn(y) =

∑

y∈X

LBD
D x,y

(
φ̂D 0(y)

∑

n∈X

cn e
−Entφ̂D n(y)

)
,

and becomes P(x; 0) for t = 0. We remark that φ̂D 0(x)
2,

φ̂D 0(x;λ)
2 = dn(λ)

2d̃D,n(λ)
2 Ξ̌D(x;λ+ δ)2

Ξ̌D(x;λ)Ξ̌D(x+ 1;λ)
φ0(x;λ+M δ̃)2, (3.10)

is a stationary probability distribution, because the initial condition P(x; 0) = φ̂D 0(x)
2

gives cn = δn,0. In the t → ∞ limit of (3.9), P(x; t) approaches the stationary probability

distribution,

lim
t→∞

P(x; t) = φ̂D 0(x;λ)
2, (3.11)

by (2.11).

(ii) transition probability from y to x : For a concentrated initial distribution at y,

P(x; 0) = δx,y, find the transition probability from y to x at time t, P(x, y; t). This transition

probability P(x, y; t) is given by

P(x, y; t) = φ̂D 0(x;λ)
(∑

n∈X

e−En(λ)t φ̂D n(x;λ)φ̂D n(y;λ)
)
φ̂D 0(y;λ)

−1 (t ≥ 0). (3.12)

For t = 0, the right hand side of (3.12) becomes

φ̂D 0(x;λ)
(∑

n∈X

φ̂D n(x;λ)φ̂D n(y;λ)
)
φ̂D 0(y;λ)

−1 = φ̂D 0(x;λ)δx,y φ̂D 0(y;λ)
−1 = δx,y.

The expression (3.12) satisfies the Chapman-Kolmogorov equation

P(x, y; t) =
∑

z∈X

P(x, z; t − t′)P(z, y; t′) (0 ≤ t′ ≤ t), (3.13)

9



because the right hand side of (3.13) becomes

φ̂D 0(x)
∑

n∈X

∑

m∈X

e−En(t−t′)e−Emt′ φ̂D n(x)
(∑

z∈X

φ̂D n(z)φ̂Dm(z)
)
φ̂Dm(y)φ̂D 0(y)

−1

= φ̂D 0(x)
∑

n∈X

∑

m∈X

e−En(t−t′)e−Emt′ φ̂D n(x)δn,mφ̂Dm(y)φ̂D 0(y)
−1

= φ̂D 0(x)
∑

n∈X

e−Ent φ̂D n(x)φ̂D n(y)φ̂D 0(y)
−1 = P(x, y; t).

In the t→ ∞ limit of (3.12), P(x, y; t) approaches the stationary probability distribution,

lim
t→∞

P(x, y; t) = φ̂D 0(x;λ)
2, (3.14)

by (2.11).

The repeated continuous time BD processes can be obtained from the discrete time

versions, see § 3.2.1.

3.2 Discrete time BD processes

We treat the multi-indexed orthogonal polynomial of finite type (H, R, dH, dqqK, qH, qqK,

aqK, qR and dqH). Let us consider the following discrete time BD process (Markov chain)

[25]:

P(x; ℓ+ 1) =
∑

y∈X

LdBD
D x,yP(y; ℓ) (x ∈ X ). (3.15)

Here P(x; ℓ) (x ∈ X , ℓ ∈ Z) is the probability distribution at the discrete time ℓ (x: state)

satisfying

P(x; ℓ) ≥ 0,
∑

x∈X

P(x; ℓ) = 1, (3.16)

and the matrix LdBD
D is given by (I: identity matrix)

LdBD
D (λ) =

(
LdBD
D (λ)x,y

)
x,y∈X

, LdBD
D (λ)

def
= I + tSL

BD
D (λ), (3.17)

LdBD
D (λ)x,y =

(
1− tS

(
BD(x;λ) +DD(x;λ)

))
δx,y

+ tSDD(x+ 1;λ)δx+1,y + tSBD(x− 1;λ)δx−1,y , (3.18)

and the time scale parameter tS is a positive constant satisfying the following condition:

tS ·max
x∈X

(
BD(x;λ) +DD(x;λ)

)
< 1. (3.19)
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From (2.8)–(2.9) and (3.19), we have LdBD
D x,x+1 > 0, LdBD

D x,x−1 > 0 and LdBD
D x,x > 0. Thus LdBD

D

is a non-negative tri-diagonal matrix. The property (3.5) gives

∑

x∈X

LdBD
D x,y = 1 (y ∈ X ), (3.20)

and this ensures the conservation of probability:

∑

x∈X

P(x; ℓ + 1) =
∑

x∈X

∑

y∈X

LdBD
D x,yP(y; ℓ) =

∑

y∈X

P(y; ℓ)
∑

x∈X

LdBD
D x,y =

∑

y∈X

P(y; ℓ) = 1.

From (3.6), the eigenvectors of LdBD
D are given by

∑

y∈X

LdBD
D (λ)x,y φD 0(y;λ)φD n(y;λ) = κn(λ)φD 0(x;λ)φD n(x;λ) (n, x ∈ X ), (3.21)

κn(λ)
def
= 1− tS En(λ), (3.22)

and the spectral representation of LdBD
D is given by

LBD
D (λ)x,y = φ̂D 0(x;λ)

(∑

n∈X

κn(λ)φ̂D n(x;λ)φ̂D n(y;λ)
)
φ̂D 0(y;λ)

−1. (3.23)

From (2.11), eigenvalues κn satisfy

1 = κ0(λ) > κ1(λ) > κ2(λ) > · · · > −1, (3.24)

because the Perron-Frobenius theorem implies −1 ≤ κn ≤ 1 and κn = −1 is excluded by

{κn|n ∈ X} 6= {−κn|n ∈ X} (or by tuning (decreasing) tS, if necessary.)

Let us consider two topics: (i) initial value problem, (ii) transition probability from y to

x.

(i) initial value problem : Given an arbitrary initial probability distribution P(x; 0), find

the probability distribution at a later time ℓ, P(x; ℓ). Since φ̂D n(x)’s are orthonormal and

complete, P(x; 0) can be expanded as

P(x; 0) = φ̂D 0(x;λ)
∑

n∈X

cnφ̂D n(x;λ), cn =
(
φ̂D n(x;λ), φ̂D 0(x;λ)

−1P(x; 0)
)
, (3.25)

and we have c0 =
∑

x∈X P(x; 0) = 1. Then P(x; ℓ) is given by

P(x; ℓ) = φ̂D 0(x;λ)
∑

n∈X

cnκn(λ)
ℓ φ̂D n(x;λ) (ℓ ∈ Z≥0), (3.26)
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because the right hand side of (3.26) satisfies the same difference equation (3.15),

∑

y∈X

LdBD
D x,y

(
φ̂D 0(y)

∑

n∈X

cnκ
ℓ
n φ̂D n(y)

)
=

∑

n∈X

cnκ
ℓ
n

∑

y∈X

LdBD
D x,y φ̂D 0(y)φ̂Dn(y)

=
∑

n∈X

cnκ
ℓ
nκn φ̂D 0(x)φ̂D n(x) = φ̂D 0(x)

∑

n∈X

cnκ
ℓ+1
n φ̂D n(x),

and becomes P(x; 0) for ℓ = 0. We remark that φ̂D 0(x)
2,

φ̂D 0(x;λ)
2 = dn(λ)

2d̃D,n(λ)
2 Ξ̌D(x;λ+ δ)2

Ξ̌D(x;λ)Ξ̌D(x+ 1;λ)
φ0(x;λ+M δ̃)2, (3.27)

is a stationary probability distribution, because the initial condition P(x; 0) = φ̂D 0(x)
2 gives

cn = δn,0. In the ℓ → ∞ limit of (3.26), P(x; ℓ) approaches the stationary probability

distribution,

lim
ℓ→∞

P(x; ℓ) = φ̂D 0(x;λ)
2, (3.28)

by (3.24).

(ii) transition probability from y to x : For a concentrated initial distribution at y,

P(x; 0) = δx,y, find the transition probability from y to x at time ℓ, P(x, y; ℓ). This transition

probability P(x, y; ℓ) is given by

P(x, y; ℓ) = φ̂D 0(x;λ)
(∑

n∈X

κn(λ)
ℓ φ̂D n(x;λ)φ̂D n(y;λ)

)
φ̂D 0(y;λ)

−1 (ℓ ∈ Z≥0). (3.29)

For ℓ = 0, the right hand side of (3.29) becomes

φ̂D 0(x;λ)
(∑

n∈X

φ̂D n(x;λ)φ̂D n(y;λ)
)
φ̂D 0(y;λ)

−1 = φ̂D 0(x;λ)δx,y φ̂D 0(y;λ)
−1 = δx,y.

The expression (3.29) satisfies the Chapman-Kolmogorov equation

P(x, y; ℓ) =
∑

z∈X

P(x, z; ℓ− ℓ′)P(z, y; ℓ′) (0 ≤ ℓ′ ≤ ℓ), (3.30)

because the right hand side of (3.30) becomes

φ̂D 0(x)
∑

n∈X

∑

m∈X

κℓ−ℓ′

n κℓ
′

m φ̂D n(x)
(∑

z∈X

φ̂D n(z)φ̂Dm(z)
)
φ̂Dm(y)φ̂D 0(y)

−1

= φ̂D 0(x)
∑

n∈X

∑

m∈X

κℓ−ℓ′

n κℓ
′

m φ̂D n(x)δn,mφ̂Dm(y)φ̂D 0(y)
−1

= φ̂D 0(x)
∑

n∈X

κℓn φ̂D n(x)φ̂D n(y)φ̂D 0(y)
−1 = P(x, y; ℓ).

12



In the ℓ→ ∞ limit of (3.29), P(x, y; ℓ) approaches the stationary probability distribution,

lim
ℓ→∞

P(x, y; ℓ) = φ̂D 0(x;λ)
2, (3.31)

by (3.24).

The continuous time BD process can be recovered from the discrete time BD process by

taking tS → 0 limit. By setting ℓ tS = t and P(x; ℓ) = P ′(x; t), (3.15) is rewritten as

P ′(x; t + tS)−P ′(x; t)

tS
=

∑

y∈X

LBD
D x,yP

′(y; t).

By taking tS → 0 limit, this equation gives ∂
∂t
P ′(x; t) =

∑
y∈X L

BD
D x,yP

′(y; t), (3.1).

3.2.1 repeated discrete time BD processes

Repeated discrete time BD processes (Markov chain) are studied for the orthogonal poly-

nomials of a discrete variable in the Askey scheme [33]. This method can be applied to the

multi-indexed orthogonal polynomial cases.

We can show that the m-th power of LBD
D (3.3), LBDm

D (m ∈ Z≥1), has the following form

of the matrix elements,

(LBDm
D )x+k,x = (−1)m−ka

(m)
k (x) (−m ≤ k ≤ m), (LBDm

D )x,y = 0 (|x− y| > m),

where a
(m)
k (x) > 0. Let us consider the following matrix XD,

XD
def
=

m−1∑

j=0

cjL
BDm−j
D , c0 = 1

(
⇒

∑

x∈X

XD x,y = 0, XD x,y = 0 (|x− y| > m)
)
, (3.32)

where cj are constants. Its non zero matrix elements are

XD x±(m−k),x =

k∑

j=0

cj(−1)k−ja
(m−j)
±(m−k)(x) (0 ≤ k ≤ m− 1),

XD x,x =
m−1∑

j=0

cj(−1)m−ja
(m−j)
0 (x).

Starting from XD x±m,x = a
(m)
±m(x) > 0, we can tune ck (k = 1, . . . , m− 2 in turn) such that

XD x±(m−k),x > 0, and tune cm−1 such that XD x±1,x > 0 and XD x,x < 0. For such chosen

weights {cj} and a positive constant tS, we define a matrix L
dBD(m)
D ,

L
dBD(m)
D

def
= I + tSXD, tS ·max

(
−XD x,x

)
< 1, (3.33)
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which satisfies

L
dBD(m)
D x,y ≥ 0 (x, y ∈ X ), L

dBD(m)
D x,y = 0 (|x− y| > m),

∑

x∈X

L
dBD(m)
D x,y = 1 (y ∈ X ). (3.34)

This gives an exactly solvable Markov chain

P(x; ℓ + 1) =
∑

y∈X

L
dBD(m)
D x,y P(y; ℓ) (x ∈ X ), (3.35)

and the matrices L
dBD(m)
D ’s have common eigenvectors

∑

y∈X

L
dBD(m)
D (λ)x,yφD 0(y;λ)φD n(y;λ) = κ(m)

n (λ)φD 0(x;λ)φD n(x;λ) (n, x ∈ X ), (3.36)

κ(m)
n (λ)

def
= 1 + tS

m−1∑

j=0

(−1)m−jcjEn(λ)
m−j. (3.37)

The initial value problem and the transition probability from y to x are solved by the same

formulas (3.26) and (3.29) with κn replaced by κ
(m)
n , respectively.

By taking the tS → 0 limit (see the paragraph immediately preceding § 3.2.1), the re-

peated discrete time BD process (3.35) gives the repeated continuous time BD process

∂

∂t
P(x; t) =

∑

y∈X

L
BD(m)
D x,y P(y; t) (x ∈ X ), L

BD(m)
D

def
= XD. (3.38)

The matrix elements L
BD(m)
D x,x∓k are interpreted as the birth and death rates for k persons

collectively. The matrices L
BD(m)
D ’s have common eigenvectors

∑

y∈X

L
BD(m)
D (λ)x,yφD 0(y;λ)φD n(y;λ) = E (m)

n (λ)φD 0(x;λ)φD n(x;λ) (n, x ∈ X ), (3.39)

E (m)
n (λ)

def
=

m−1∑

j=0

(−1)m−jcjEn(λ)
m−j . (3.40)

The initial value problem and the transition probability from y to x are solved by the same

formulas (3.9) and (3.12) with En replaced by E
(m)
n , respectively. This repeated continuous

time BD process is valid for all polynomials in § 2 except for qM type.

4 Summary and Comments

The case-(1) multi-indexed orthogonal polynomials of a discrete variable constructed so

far are R, qR, M, lqJ and lqL types [4, 20]. By the same methods in [4, 20] (with some
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modification), the case-(1) multi-indexed orthogonal polynomials of H, dH, dqqK, qH, qqK,

aqK, dqH and qM types are concretely constructed in § 2.

Exactly solvable BD processes are obtained for each orthogonal polynomials of a dis-

crete variable in the Askey-scheme [24], where the matrix LBD is given by the similarity

transformed Hamiltonian H̃, as LBD = −tH̃. For the multi-indexed orthogonal polynomial

cases, the choice LBD
D = −tH̃D does not give the BD processes, because the conservation

of probability is violated. By considering other similarity transformed Hamiltonian H̃′
D, ex-

actly solvable BD processes are obtained as LBD
D = −tH̃′

D in § 3. The discrete time versions

and repeated versions are also obtained. The type II multi-indexed little q-Jacobi and little

q-Laguerre polynomials constructed in [21] are the case-(1) polynomials, but we do not treat

them in this paper, because their some expressions are slightly different from those in § 2.

The construction method of the BD process can be applied to them as well.

The construction method of the BD process in § 3 can also be applied to the case-(2)

polynomials and more general situations. Let us consider a real symmetric matrix H and

assume that its eigenvectors and eigenvalues are given by

H = (Hx,y)x,y∈X ,
∑

y∈X

Hx,yψn(y) = Enψn(x) (n, x ∈ X ), ψn(x)
def
= ψ(x)p̌n(x), (4.1)

where 0 = E0 < E1 < E2 < · · · (if E0 6= 0, consider H − E0). The vectors ψn(x)’s are

orthogonal and we assume p̌0(x) 6= 0 (x ∈ X ). A similarity transformed matrix H̃ and its

eigenvectors are

H̃ = (H̃x,y)x,y∈X , H̃x,y
def
= ψ(x)−1Hx,y ψ(y),

∑

y∈X

H̃x,y p̌n(y) = En p̌n(x) (n, x ∈ X ), (4.2)

and other similarity transformed matrix H̃ ′ and its eigenvectors are

H̃ ′ = (H̃ ′
x,y)x,y∈X , H̃ ′

x,y

def
= p̌0(x)

−1H̃x,y p̌0(y),
∑

y∈X

H̃ ′
x,y řn(y) = Enřn(x) (n, x ∈ X ), řn(x)

def
=
p̌n(x)

p̌0(x)
. (4.3)

We remark that this equation with n = 0 gives

∑

y∈X

H̃ ′
x,y = 0 (x ∈ X ), (4.4)
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by ř0(x) = 1 and E0 = 0. Let us define other similarity transformed matrix G,

G = (Gx,y)x,y∈X , Gx,y
def
= ψ0(x)

2H̃ ′
x,y ψ0(y)

−2. (4.5)

So we have

H̃ ′
x,y = ψ0(x)

−1Hx,y ψ0(y), Gx,y = ψ0(x)Hx,y ψ0(y)
−1. (4.6)

By Hx,y = Hy,x, we have Gx,y = H̃ ′
y,x, namely G = tH̃ ′. The eigenvectors of G = tH̃ ′ are

given by

∑

y∈X

H̃ ′
y,xΨn(y) = EnΨn(x) (n, x ∈ X ), (4.7)

Ψn(x)
def
= ψ0(x)

2 řn(x) = ψ0(x)ψn(x). (4.8)

If H̃ ′
x,y ≤ 0 (x 6= y) (⇒ H̃ ′

x,x > 0), we obtain the BD process with LBD = −tH̃ ′, whose

interaction is not restricted to the nearest neighbors. If H̃ ′
x,x is bounded, we obtain the

discrete time BD process with LdBD = 1 + tS(−
tH̃ ′) (tS · maxx∈X H̃

′
x,x < 1). The Krein-

Adler type multi-indexed orthogonal polynomials [15, 19] and the multi-indexed orthogonal

polynomials obtained by the state adding Darboux transformations [19] satisfy the above

conditions, and the exactly solvable BD processes can be obtained. The multi-indexed

orthogonal polynomials studied in [27] are ‘ordinary’ orthogonal polynomials (namely, satisfy

the three term recurrence relations) and ‘Krall type’ (namely, satisfy 2L-th order difference

equation (L ≥ M + 1)). If the condition H̃ ′
x,y ≤ 0 (x 6= y) is checked, they also give the

exactly solvable BD processes, whose interaction range is L (namely, the state at x interacts

with those at x± 1, . . . , x± L).

Based on the orthogonal polynomials of a discrete variable in the Askey-scheme, quadratic

fermionic oscillator chains are studied, e.g., [28, 29, 30, 31, 32]. Here we comment on their

algebraic aspects (not their physical contents). The construction of exactly solvable quadratic

oscillator Hamiltonians is possible for bosonic oscillators as well as fermionic oscillators. Let

ax and a†x (x ∈ X ) be free oscillators satisfying

fermionic : {ax, a
†
y} = δx,y, {ax, ay} = {a†x, a

†
y} = 0,

bosonic : [ax, a
†
y] = δx,y, [ax, ay] = [a†x, a

†
y] = 0. (4.9)

For a matrix A = (Ax,y)x,y (Ax,y ∈ C), let us define an operator ÔA
def
=

∑
x,y∈X a

†
xAx,yay. For

any two matrices A and B, we have

[ÔA, ÔB] = Ô[A,B]. (4.10)
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For a hermitian matrix A, let us write ÔA as ÔA = ĤA, which is hermite, Ĥ†
A = ĤA. Since

any hermitian matrix A is diagonalizable, we have U †AU = diag(α0, α1, α2, . . .) (αn ∈ R),

where U = (Ux,n)x,n∈X is a unitary matrix. By writing Ux,n = u
(n)
x , we have the following

relations:

∑

x∈X

u(n)∗x u(m)
x = δn,m ,

∑

n∈X

u(n)x u(n)∗y = δx,y ,
∑

n∈X

αnu
(n)
x u(n)∗y = Ax,y . (4.11)

Let us define bn
def
=

∑
x∈X u

(n)∗
x ax (n ∈ X ) (⇒ ax =

∑
n∈X u

(n)
x bn), which are free oscillators

satisfying (4.9) with the replacement (a, x, y) → (b, n,m). Then ĤA is diagonalized as

ĤA =
∑

n∈X αnb
†
nbn, and the partition function is obtained as

fermionic : TrF e
−βĤA =

∏

n∈X

(1 + e−βαn),

bosonic : TrF e
−βĤA =

∏

n∈X

(1− e−βαn)−1, (4.12)

where F is the Fock space. By choosing A with explicitly known U and αn, we obtain

exactly solvable quadratic oscillator Hamiltonian ĤA. Exactly solvable quadratic fermionic

oscillator Hamiltonians are considered in [31], based on the 15 orthogonal polynomials of a

discrete variable in the Askey-scheme. This corresponds to A = H, and its multi-indexed

polynomial version A = HD is possible. By using the matrix K(x, y) studied in [33], exactly

solvable quadratic fermionic oscillator Hamiltonians are considered in [32]. We think that

its multi-indexed polynomial version is difficult.
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A Data for Multi-indexed Orthogonal Polynomials

Here we present data for the case-(1) multi-indexed orthogonal polynomials of a discrete

variable. After giving our notation and the common quantities in §A.1, we present the basic

data for each polynomial in §A.2.
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We have five sinusoidal coordinate η(x) in rdQM [13]:

finite system :






(i) : η(x) = x : H,K,

(ii) : η(x) = x(x+ d) : R, dH,

(iii) : η(x) = 1− qx : dqqK,

(iv) : η(x) = q−x − 1 : qH, qK, qqK, aqK,

(v) : η(x) = (q−x − 1)(1− dqx) : qR, dqH, dqK,

semi-infinite system :





(i) : η(x) = x : M,C,

(iii) : η(x) = 1− qx : lqJ, lqL, qB,

(iv) : η(x) = q−x − 1 : qM,ASCII, qC,

where the abbreviations not mentioned so far are Krawtchouk (K), q-Krawtchouk (qK),

dual q-Krawtchouk (dqK), Charlier (C), q-Bessel (qB) (=alternative q-Charlier), Al-Salam-

Carlitz II (ASCII), q-Charlier (qC). The case-(1) multi-indexed orthogonal polynomials were

constructed for R and qR [4], M, lqJ and lqL [20]. The case-(1) type II multi-indexed lqJ

and lqL orthogonal polynomials were constructed in [21], but we do not treat them here,

because their some expressions are slightly different. The case-(1) multi-indexed orthogonal

polynomials of H, dH, dqqK, qH, qqK, aqK, dqH and qM types are new results. For other

types, we have not found the case-(1) multi-indexed orthogonal polynomials.

A.1 Common quantities

Various quantities depend on a set of parameters λ = (λ1, λ2, . . .) and q (0 < q < 1), and

qλ stands for q(λ1,λ2,...) = (qλ1 , qλ2, . . .). Their dependence is expressed as f = f(λ) and

f(x) = f(x;λ) if necessary, but q-dependence is suppressed.

Definitions of common quantities are as follows [4, 20]:

D
def
= {d1, d2, . . . , dM} (dj ∈ Z≥1 : mutually distinct),

standard order : 1 ≤ d1 < d2 < · · · < dM , (A.1)

ℓD
def
=

M∑

j=1

dj −
1

2
M(M − 1), (A.2)

P̌n(x;λ)
def
= Pn

(
η(x;λ);λ

)
, (A.3)

ξ̌v(x;λ)
def
= ξv

(
η(x;λ);λ

) def
= P̌v

(
x; t(λ)

)
, (A.4)

B′(x;λ)
def
= B

(
x; t(λ)

)
, D′(x;λ)

def
= D

(
x; t(λ)

)
, (A.5)

E ′
v(λ)

def
= Ev

(
t(λ)

)
, (A.6)

Ẽv(λ)
def
= α(λ)E ′

v(λ) + α′(λ), (A.7)

18



φ0(x;λ)
2 def
=

x−1∏

y=0

B(y;λ)

D(y + 1;λ)
, φ0(x;λ) > 0, (A.8)

φ̃0(x;λ)
2 def
=

x−1∏

y=0

B′(y;λ)

D′(y + 1;λ)
, φ̃0(x;λ) > 0

(
(A.5) ⇒ φ̃0(x;λ) = φ0

(
x; t(λ)

))
, (A.9)

ν(x;λ)
def
=
φ0(x;λ)

φ̃0(x;λ)
, rj(xj) = rj(xj;λ,M)

def
=

ν(xj ;λ)

ν(x;λ+M δ̃)
, xj

def
= x+ j − 1, (A.10)

ϕ(x;λ)
def
=
η(x+ 1;λ)− η(x;λ)

η(1;λ)
, (A.11)

ϕM(x;λ)
def
=

∏

1≤j<k≤M

η(x+ k + 1;λ)− η(x+ j − 1;λ)

η(k − j;λ)

(
ϕ0(x) = ϕ1(x) = 1

)

=
∏

1≤j<k≤M

ϕ
(
x+ j − 1;λ+ (k − j − 1)δ

)
, (A.12)

CD(λ)
def
=

1

ϕM(0;λ)

∏

1≤j<k≤M

Ẽdj (λ)− Ẽdk(λ)

α(λ)B′(j − 1;λ)
, (A.13)

CD,n(λ)
def
= (−1)MCD(λ)d̃D,n(λ)

2, (A.14)

d̃D,n(λ)
2 def
=

ϕM(0;λ)

ϕM+1(0;λ)

M∏

j=1

En(λ)− Ẽdj(λ)

α(λ)B′(j − 1;λ)
, d̃D,n(λ) > 0. (A.15)

WC[f1, f2, . . . , fn](x)
def
= det

(
fk(x+ j − 1)

)

1≤j,k≤n

(
for fi = fi(x)

)
, (A.16)

Ξ̌D(x;λ)
def
= Ξ̌D

(
η(x;λ+ (M − 1)δ̃);λ

) def
=

WC[ξ̌d1, ξ̌d2 , . . . , ξ̌dM ](x;λ)

CD(λ)ϕM(x;λ)
, (A.17)

P̌D,n(x;λ)
def
= P̌D,n

(
η(x;λ+M δ̃);λ

) def
=

WC[ξ̌d1 , ξ̌d2, . . . , ξ̌dM , νP̌n](x;λ)

CD,n(λ)ϕM+1(x;λ)ν(x;λ+M δ̃)
(A.18)

= CD,n(λ)
−1ϕM+1(x;λ)

−1

×

∣∣∣∣∣∣∣∣∣

ξ̌d1(x1) · · · ξ̌dM (x1) r1(x1)P̌n(x1)

ξ̌d1(x2) · · · ξ̌dM (x2) r2(x2)P̌n(x2)
... · · ·

...
...

ξ̌d1(xM+1) · · · ξ̌dM (xM+1) rM+1(xM+1)P̌n(xM+1)

∣∣∣∣∣∣∣∣∣

,

BD(x;λ)
def
= B(x;λ+M δ̃)

Ξ̌D(x;λ)

Ξ̌D(x+ 1;λ)

Ξ̌D(x+ 1;λ+ δ)

Ξ̌D(x;λ+ δ)
, (A.19)

DD(x;λ)
def
= D(x;λ+M δ̃)

Ξ̌D(x+ 1;λ)

Ξ̌D(x;λ)

Ξ̌D(x− 1;λ+ δ)

Ξ̌D(x;λ+ δ)
, (A.20)

ψD(x;λ)
def
=

√
Ξ̌D(1;λ)

φ0(x;λ+M δ̃)√
Ξ̌D(x;λ)Ξ̌D(x+ 1;λ)

, (A.21)

φD n(x;λ)
def
= ψD(x;λ)P̌D,n(x;λ). (A.22)

19



We have t
2 = id and t(λ) + uδ = t(λ + uδ̃) (∀u ∈ R). For ϕ(x) = q±x, we have ϕM(x) =

q±((M
2
)x+(M

3
)). For aqK and qM cases, ξ̌v(x) (A.4), B

′(x) and D′(x) (A.5) and E ′
v (A.6) are

defined without using the twist operation t.

A.2 Each polynomial data

We assume thatD is standard order (A.1). The range of parameters is expressed as (condition

of the original system) & (condition of the deformed system). The range of parameters may

be extended. The normalization constant d 2
n is expressed as d 2

n = d 2
n

d 2

0

×d 2
0 . Our normalizations

of P̌n(x), φ0(x), φ̃0(x), ϕ(x), η(x) and En are P̌n(0) = φ0(0) = φ̃0(0) = ϕ(0) = 1 and

η(0) = E0 = 0. The defining ranges of (a)x and (a; q)x can be extended to x ∈ R by

(a)x = Γ(a+ x)/Γ(a) and (a; q)x = (a; q)∞/(aq
x; q)∞.

We have Ẽv < 0 (namely, Ẽv < En (v ∈ D, n ∈ X )) except for dH, qqK and dqH types,

for which we have Ẽv > En (v ∈ D, n ∈ X ). The positivity of B′(x), D′(x), α and −α′ is not

necessarily required.

A.2.1 Hahn (H)

The standard parametrization of Hahn polynomial [10] is

(α, β)standard = (a− 1, b− 1). (A.23)

Basic data of the case-(1) multi-indexed Hahn polynomials are as follows:

λ
def
= (a, b, N), δ

def
= (1, 1,−1), κ

def
= 1, (A.24)

a > 0, b > 0, & b > 1 + dM , (A.25)

B(x;λ)
def
= (x+ a)(N − x), D(x;λ)

def
= x(b+N − x), (A.26)

En(λ)
def
= n(n + a+ b− 1), η(x)

def
= x, ϕ(x) = 1, (A.27)

P̌n(x;λ)
def
= 3F2

(−n, n + a+ b− 1, −x

a, −N

∣∣∣ 1
)
= Qn

(
η(x); a− 1, b− 1, N

)
, (A.28)

φ0(x;λ)
2 =

(N − x+ 1)x
(1)x

(a)x
(b+N − x)x

, (A.29)

dn(λ)
2 def
=

(N − n+ 1)n
(1)n

(a, a+ b− 1)n
(b, a+ b+N)n

2n + a+ b− 1

a+ b− 1
×

(b)N
(a+ b)N

, dn(λ) > 0, (A.30)

t(λ)
def
= (a, 2− b, N + b− 1), δ̃

def
= (1,−1, 0), (A.31)

α
def
= 1, α′(λ)

def
= −a(b− 1), (A.32)

20



ξ̌v(x;λ) = 3F2

(−v, a− b+ 1, −x

a, 1−N − b

∣∣∣ 1
)
, (A.33)

Ẽv(λ) = −(a + v)(b− 1− v), (A.34)

ν(x;λ) =
(N − x+ 1)x
(b+N − x)x

, (A.35)

rj(xj ;λ,M) =
(N − x− j + 2)j−1(b+N −M − x)M+1−j

(b+N −M)M
, (A.36)

where Qn in (A.28) is the standard Hahn polynomial [10].

A.2.2 Racah (R)

The standard parametrization of Racah polynomial [10] is

(α, β, γ, δ)standard = (a− 1, b+ c− d− 1, c− 1, d− c). (A.37)

Basic data of the case-(1) multi-indexed Racah polynomials are as follows [4]:

λ
def
= (a, b, c, d), δ

def
= (1, 1, 1, 1), κ

def
= 1, d̃

def
= a+ b+ c− d− 1, (A.38)

a = −N, 0 < d < a + b, 0 < c < 1 + d, & a + b > d+ 1 + dM , (A.39)

B(x;λ)
def
= −

(x+ a)(x+ b)(x+ c)(x+ d)

(2x+ d)(2x+ 1 + d)
, (A.40)

D(x;λ)
def
= −

(x+ d− a)(x+ d− b)(x+ d− c)x

(2x− 1 + d)(2x+ d)
, (A.41)

En(λ)
def
= n(n + d̃), η(x;λ)

def
= x(x+ d), ϕ(x;λ) =

2x+ d+ 1

d+ 1
, (A.42)

P̌n(x;λ)
def
= 4F3

(−n, n + d̃, −x, x+ d

a, b, c

∣∣∣ 1
)

= Rn

(
η(x;λ); a− 1, d̃− a, c− 1, d− c

)
, (A.43)

φ0(x;λ)
2 =

(a, b, c, d)x
(1 + d− a, 1 + d− b, 1 + d− c, 1)x

2x+ d

d
, (A.44)

dn(λ)
2 def
=

(a, b, c, d̃)n

(1 + d̃− a, 1 + d̃− b, 1 + d̃− c, 1)n

2n+ d̃

d̃

×
(−1)N(1 + d− a, 1 + d− b, 1 + d− c)N

(d̃+ 1)N(d+ 1)2N
, dn(λ) > 0, (A.45)

t(λ)
def
= (d− a + 1, d− b+ 1, c, d), δ̃

def
= (0, 0, 1, 1), (A.46)

α
def
= 1, α′(λ)

def
= −c(a + b− d− 1), (A.47)

ξ̌v(x;λ) = 4F3

(−v, v− a− b+ c+ d+ 1, −x, x+ d

d− a+ 1, d− b+ 1, c

∣∣∣ 1
)
, (A.48)
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Ẽv(λ) = −(c + v)(a + b− d− 1− v), (A.49)

ν(x;λ) =
(a, b)x

(d− a + 1, d− b+ 1)x
, (A.50)

rj(xj ;λ,M) =
(x+ a, x+ b)j−1(x+ d− a+ j, x+ d− b+ j)M+1−j

(d− a + 1, d− b+ 1)M
, (A.51)

where Rn in (A.43) is the standard Racah polynomial [10].

A.2.3 dual Hahn (dH)

The standard parametrization of dual Hahn polynomial [10] is

(γ, δ)standard = (a− 1, b− 1). (A.52)

Basic data of the case-(1) multi-indexed dual Hahn polynomials are as follows:

λ
def
= (a, b, N), δ

def
= (1, 0,−1), κ

def
= 1, (A.53)

a > 0, b > 0, (A.54)

B(x;λ)
def
=

(x+ a)(x+ a+ b− 1)(N − x)

(2x− 1 + a + b)(2x+ a+ b)
, (A.55)

D(x;λ)
def
=
x(x+ b− 1)(x+ a+ b+N − 1)

(2x− 2 + a+ b)(2x− 1 + a + b)
, (A.56)

En(λ)
def
= n, η(x;λ)

def
= x(x+ a + b− 1), ϕ(x;λ) =

2x+ a+ b

a+ b
, (A.57)

P̌n(x;λ)
def
= 3F2

(−n, x+ a + b− 1, −x

a, −N

∣∣∣ 1
)
= Rn

(
η(x;λ); a− 1, b− 1, N

)
, (A.58)

φ0(x;λ)
2 =

(N − x+ 1)x
(1)x

(a, a+ b− 1)x
(b, a+ b+N)x

2x+ a+ b− 1

a + b− 1
, (A.59)

dn(λ)
2 def
=

(N − n + 1)n
(1)n

(a)n
(b+N − n)n

×
(b)N

(a+ b)N
, dn(λ) > 0, (A.60)

t(λ)
def
= (b, a,−a− b−N), δ̃

def
= (0, 1, 0), (A.61)

α
def
= 1, α′(λ)

def
= b+N, (A.62)

ξ̌v(x;λ) = 3F2

(−v, b− a+ 1, −x

b, a+N + 1

∣∣∣ 1
)
, (A.63)

Ẽv(λ) = b+N + v, (A.64)

ν(x;λ) =
(a,−N)x

(b, a + b+N)x
, (A.65)

rj(xj ;λ,M) =
(x−N, x+ a)j−1(a+ b+N + x+ j − 1, b+ x+ j − 1)M+1−j

(a+ b+N, b)M
, (A.66)

where Rn in (A.58) is the standard dual Hahn polynomial [10].
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A.2.4 dual quantum q-Krawtchouk (dqqK)

The dual quantum q-Krawtchouk polynomial is not treated in [10].

Basic data of the case-(1) multi-indexed dual quantum q-Krawtchouk polynomials are as

follows:

qλ
def
= (p, qN), δ

def
= (0,−1), κ

def
= q−1, (A.67)

p > q−N , & p > q−N−1−dM , (A.68)

B(x;λ)
def
= p−1q−x−N−1(1− qN−x), D(x;λ)

def
= (q−x − 1)(1− p−1q−x), (A.69)

En(λ)
def
= q−n − 1, η(x)

def
= 1− qx, ϕ(x) = qx, (A.70)

P̌n(x;λ)
def
= 2φ1

(q−n, q−x

q−N

∣∣∣ q ; pqx+1
)
, (A.71)

φ0(x;λ)
2 =

(qN−x+1; q)x
(q; q)x

p−xq−Nx

(p−1q−x; q)x
, (A.72)

dn(λ)
2 def
=

(qN−n+1; q)n
(q; q)n

p−nqn(n−1−N)

(p−1q−N ; q)n
× (p−1q−N ; q)N , dn(λ) > 0, (A.73)

qt(λ)
def
= (q−N−1, p−1q−1), δ̃

def
= (1, 0), (A.74)

α(λ)
def
= p−1q−N−1, α′(λ)

def
= −(1 − p−1q−N−1), (A.75)

ξ̌v(x;λ) = 2φ1

(q−v, q−x

pq

∣∣∣ q ; qx−N
)
, (A.76)

Ẽv(λ) = −(1 − p−1q−N−1−v), (A.77)

ν(x;λ) =
(q−N ; q)x
(pq; q)x

, rj(xj ;λ,M) =
(qx−N ; q)j−1(pq

x+j; q)M+1−j

(pq; q)M
. (A.78)

A.2.5 q-Hahn (qH)

The standard parametrization of q-Hahn polynomial [10] is

(α, β)standard = (aq−1, bq−1). (A.79)

Basic data of the case-(1) multi-indexed q-Hahn polynomials are as follows:

qλ
def
= (a, b, qN ), δ

def
= (1, 1,−1), κ

def
= q−1, (A.80)

0 < a < 1, 0 < b < 1, & b < q1+dM , (A.81)

B(x;λ)
def
= (1− aqx)(qx−N − 1), D(x;λ)

def
= aq−1(1− qx)(qx−N − b), (A.82)

En(λ)
def
= (q−n − 1)(1− abqn−1), η(x)

def
= q−x − 1, ϕ(x) = q−x, (A.83)
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P̌n(x;λ)
def
= 3φ2

(q−n, abqn−1, q−x

a, q−N

∣∣∣ q ; q
)
= Qn

(
1 + η(x); aq−1, bq−1, N |q

)
, (A.84)

φ0(x;λ)
2 =

(qN−x+1; q)x
(q; q)x

(a; q)x
(bqN−x; q)x ax

, (A.85)

dn(λ)
2 def
=

(qN−n+1; q)n
(q; q)n

(a, abq−1; q)n
(b, abqN ; q)n an

1− abq2n−1

1− abq−1
×

(b; q)N a
N

(ab; q)N
, dn(λ) > 0, (A.86)

qt(λ)
def
= (a, b−1q2, bqN−1), δ̃

def
= (1,−1, 0), (A.87)

α(λ)
def
= bq−1, α′(λ)

def
= −(1 − a)(1− bq−1), (A.88)

ξ̌v(x;λ) = 3φ2

(q−v, ab−1qn+1 q−x

a, b−1q1−N

∣∣∣ q ; q
)
, (A.89)

Ẽv(λ) = −(1 − aqv)(1− bq−v−1), (A.90)

ν(x;λ) =
(qN−x+1; q)x
(bqN−x; q)x

, rj(xj ;λ,M) =
(qN−x−j+2; q)j−1(bq

N−M−x; q)M+1−j

(bqN−M ; q)M
, (A.91)

where Qn in (A.84) is the standard q-Hahn polynomial [10].

A.2.6 quantum q-Krawtchouk (qqK)

Basic data of the case-(1) multi-indexed quantum q-Krawtchouk polynomials are as follows:

qλ
def
= (p, qN), δ

def
= (1,−1), κ

def
= q, (A.92)

p > q−N , (A.93)

B(x;λ)
def
= p−1qx(qx−N − 1), D(x;λ)

def
= (1− qx)(1− p−1qx−N−1), (A.94)

En
def
= 1− qn, η(x)

def
= q−x − 1, ϕ(x) = q−x, (A.95)

P̌n(x;λ)
def
= 2φ1

(q−n, q−x

q−N

∣∣∣ q ; q
)
= Kqtm

n

(
1 + η(x); p,N |q

)
, (A.96)

φ0(x;λ)
2 =

(qN−x+1; q)x
(q; q)x

p−xqx(x−1−N)

(p−1q−N ; q)x
, (A.97)

dn(λ)
2 def
=

(qN−n+1; q)n
(q; q)n

p−nq−Nn

(p−1q−n; q)n
× (p−1q−N ; q)N , dn(λ) > 0, (A.98)

qt(λ)
def
= (p−1, pqN), δ̃

def
= (−1, 0), (A.99)

α(λ)
def
= p−1, α′(λ)

def
= 1− p−1, (A.100)

ξ̌v(x;λ) = 2φ1

(q−v, q−x

p−1q−N

∣∣∣ q ; p−1qv+1
)
, (A.101)

Ẽv(λ) = 1− p−1qv, (A.102)

ν(x;λ) =
(qN+1−x; q)x
(pqN+1−x; q)x

, rj(xj ;λ,M) =
(qN−x−j+2; q)j−1(pq

N−M−x+1; q)M+1−j

(pqN−M+1; q)M
, (A.103)

where Kqtm
n in (A.96) is the standard quantum q-Krawtchouk polynomial [10].
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A.2.7 affine q-Krawtchouk (aqK)

The quantities ξ̌v(x), B
′(x), D′(x) and E ′

v are defined without using the twist operation t.

Basic data of the case-(1) multi-indexed affine q-Krawtchouk polynomials are as follows:

qλ
def
= (p, qN), δ

def
= (1,−1), κ

def
= q−1, (A.104)

0 < p < q−1, (A.105)

B(x;λ)
def
= (qx−N − 1)(1− pqx+1), D(x;λ)

def
= pqx−N(1− qx), (A.106)

En
def
= q−n − 1, η(x)

def
= q−x − 1, ϕ(x) = q−x, (A.107)

P̌n(x;λ)
def
= 3φ2

(q−n, q−x, 0

pq, q−N

∣∣∣ q ; q
)
= Kaff

n

(
1 + η(x); p,N |q

)

=
1

(p−1q−n; q)n
2φ1

(q−n, qx−N

q−N

∣∣∣ q ; p−1q−x
)

(A.108)

=
1

(qN+1−n; q)n
2φ1

(q−n, pqx+1

pq

∣∣∣ q ; qN+1−x
)
,

φ0(x;λ)
2 =

(qN−x+1; q)x
(q; q)x

(pq; q)x
(pq)x

, (A.109)

dn(λ)
2 def
=

(qN−n+1; q)n
(q; q)n

(pq; q)n
(pq)n

× (pq)N , dn(λ) > 0, (A.110)

δ̃
def
= (1, 0), (A.111)

B′(x;λ)
def
= qx−N(1− pqx+1), D′(x;λ)

def
= pq(qx−N−1 − 1)(1− qx), (A.112)

φ̃0(x;λ)
2 =

(pq; q)x
(qN−x+1, q; q)x(pq)x

, (A.113)

α(λ)
def
= 1, α′(λ)

def
= −(1− pq), E ′

v(λ)
def
= −pq(1− qv), (A.114)

ξ̌v(x;λ)
def
= 2φ1

(q−v, q−x

pq

∣∣∣ q ; pqN+v+2
)
, (A.115)

Ẽv(λ) = −(1− pqv+1), (A.116)

ν(x;λ) = (qN+1−x; q)x, rj(xj ;λ,M) = (qN−x−j+2; q)j−1, (A.117)

where Kaff
n in (A.108) is the standard affine q-Krawtchouk polynomial [10].

A.2.8 q-Racah (qR)

The standard parametrization of q-Racah polynomial [10] is

(α, β, γ, δ)standard = (aq−1, bcd−1q−1, cq−1, dc−1). (A.118)
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Basic data of the case-(1) multi-indexed q-Racah polynomials are as follows [4]:

qλ
def
= (a, b, c, d), δ

def
= (1, 1, 1, 1), κ

def
= q−1, d̃

def
= abcd−1q−1, (A.119)

a = q−N , 0 < ab < d < 1, qd < c < 1, & ab < dq1+dM , (A.120)

B(x;λ)
def
= −

(1 − aqx)(1− bqx)(1− cqx)(1− dqx)

(1− dq2x)(1− dq2x+1)
, (A.121)

D(x;λ)
def
= −d̃

(1− a−1dqx)(1− b−1dqx)(1− c−1dqx)(1− qx)

(1− dq2x−1)(1− dq2x)
, (A.122)

En(λ)
def
= (q−n − 1)(1− d̃qn),

η(x;λ)
def
= (q−x − 1)(1− dqx), ϕ(x;λ) =

q−x − dqx+1

1− dq
, (A.123)

P̌n(x;λ)
def
= 4φ3

(q−n, d̃qn, q−x, dqx

a, b, c

∣∣∣ q ; q
)

= Rn

(
1 + d+ η(x;λ); aq−1, d̃a−1, cq−1, dc−1|q

)
, (A.124)

φ0(x;λ)
2 =

(a, b, c, d ; q)x

(a−1dq, b−1dq, c−1dq, q ; q)x d̃x
1− dq2x

1− d
, (A.125)

dn(λ)
2 def
=

(a, b, c, d̃ ; q)n

(a−1d̃q, b−1d̃q, c−1d̃q, q ; q)n dn
1− d̃q2n

1− d̃

×
(−1)N (a−1dq, b−1dq, c−1dq ; q)N d̃

Nq
1

2
N(N+1)

(d̃q ; q)N(dq ; q)2N
, dn(λ) > 0, (A.126)

qt(λ)
def
= (da−1q, db−1q, c, d), δ̃

def
= (0, 0, 1, 1), (A.127)

α(λ)
def
= abd−1q−1, α′(λ)

def
= −(1− c)(1− abd−1q−1), (A.128)

ξ̌v(x;λ) = 4φ3

(q−v, a−1b−1cdqv+1, q−x, dqx

a−1dq, b−1dq, c

∣∣∣ q ; q
)
, (A.129)

Ẽv(λ) = −(1− cqv)(1− abd−1q−1−v), (A.130)

ν(x;λ) = (a−1b−1dq)x
(a, b; q)x

(a−1dq, b−1dq; q)x
, (A.131)

rj(xj ;λ,M) =
(aqx, bqx; q)j−1(a

−1dqx+j, b−1dqx+j; q)M+1−j

(abd−1q−1)j−1qMx(a−1dq, b−1dq; q)M
, (A.132)

where Rn in (A.124) is the standard q-Racah polynomial [10].

A.2.9 dual q-Hahn (dqH)

The standard parametrization of dual q-Hahn polynomial [10] is

(γ, δ)standard = (aq−1, bq−1). (A.133)
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Basic data of the case-(1) multi-indexed dual q-Hahn polynomials are as follows:

qλ
def
= (a, b, qN), δ

def
= (1, 0,−1), κ

def
= q−1, (A.134)

0 < a < 1, 0 < b < 1, (A.135)

B(x;λ)
def
=

(qx−N − 1)(1− aqx)(1− abqx−1)

(1− abq2x−1)(1− abq2x)
, (A.136)

D(x;λ)
def
= aqx−N−1 (1− qx)(1− abqx+N−1)(1− bqx−1)

(1− abq2x−2)(1− abq2x−1)
, (A.137)

En(λ)
def
= q−n − 1, η(x;λ)

def
= (q−x − 1)(1− abqx−1), ϕ(x;λ) =

q−x − abqx

1− ab
, (A.138)

P̌n(x;λ)
def
= 3φ2

(q−n, abqx−1, q−x

a, q−N

∣∣∣ q ; q
)

= Rn

(
1 + abq−1 + η(x;λ); aq−1, bq−1, N |q

)
, (A.139)

φ0(x;λ)
2 =

(qN−x+1; q)x
(q; q)x

(a, abq−1; q)x
(b, abqN ; q)x ax

1− abq2x−1

1− abq−1
, (A.140)

dn(λ)
2 def
=

(qN−n+1; q)n
(q; q)n

(a; q)n
(bqN−n; q)n an

×
(b; q)N a

N

(ab; q)N
, dn(λ) > 0, (A.141)

qt(λ)
def
= (b, a, a−1b−1q−N), δ̃

def
= (0, 1, 0), (A.142)

α(λ)
def
= b−1q−N , α′(λ)

def
= b−1q−N − 1, (A.143)

ξ̌v(x;λ) = 3φ2

(q−v, abqx−1, q−x

b, abqN

∣∣∣ q ; q
)
, (A.144)

Ẽv(λ) = b−1q−N−v − 1, (A.145)

ν(x;λ) =
(qN+1−x, a; q)x

(abqN , b−1q1−x; q)x
, (A.146)

rj(xj ;λ,M) =
(qx−N , aqx; q)j−1(abq

N+x+j−1, bqx+j−1; q)M+1−j

(bqN )1−jqMx(abqN , b; q)M
, (A.147)

where Rn in (A.139) is the standard dual q-Hahn polynomial [10].

A.2.10 Meixner (M)

Basic data of the case-(1) multi-indexed Meixner polynomials are as follows [20]:

λ
def
= (β, c), δ

def
= (1, 0), κ

def
= 1, (A.148)

β > 0, 0 < c < 1, (A.149)

B(x;λ)
def
= c(x+ β), D(x)

def
= x, (A.150)

En(λ)
def
= (1− c)n, η(x)

def
= x, ϕ(x) = 1, (A.151)

P̌n(x;λ)
def
= 2F1

(−n, −x
β

∣∣∣ 1− c−1
)
=Mn(x; β, c), (A.152)
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φ0(x;λ)
2 =

(β)x c
x

(1)x
, (A.153)

dn(λ)
2 def
=

(β)n c
n

(1)n
× (1− c)β, dn(λ) > 0, (A.154)

t(λ)
def
= (β, c−1), δ̃

def
= (1, 0), (A.155)

α(λ)
def
= c, α′(λ)

def
= −(1− c)β, (A.156)

ξ̌v(x;λ) = 2F1

(−v, −x

β

∣∣∣ 1− c
)
, (A.157)

Ẽv(λ) = −(1 − c)(v + β), (A.158)

ν(x;λ) = cx, rj(xj ;λ,M) = cj−1, (A.159)

where Mn in (A.152) is the standard Meixner polynomial [10].

A.2.11 little q-Jacobi (lqJ)

The standard parametrization of little q-Jacobi polynomial [10] is

(a, b)standard = (aq−1, bq−1). (A.160)

Basic data of the case-(1) multi-indexed little q-Jacobi polynomials are as follows [20] (Note

that the standard parametrization is used in [20].):

qλ
def
= (a, b), δ

def
= (1, 1), κ

def
= q−1, (A.161)

0 < a < 1, b < 1, & a < q1+dM , (A.162)

B(x;λ)
def
= aq−1(q−x − b), D(x)

def
= q−x − 1, (A.163)

En(λ)
def
= (q−n − 1)(1− abqn−1), η(x)

def
= 1− qx, ϕ(x) = qx, (A.164)

P̌n(x;λ)
def
= 3φ1

(q−n, abqn−1, q−x

b

∣∣∣ q ; a−1qx+1
)
= c′n(λ) pn

(
1− η(x); aq−1, bq−1|q

)

= c′n(λ) 2φ1

(q−n, abqn−1

a

∣∣∣ q ; qx+1
)
, c′n(λ)

def
= (−a)−nq−(

n
2
) (a; q)n
(b; q)n

, (A.165)

φ0(x;λ)
2 =

(b; q)x
(q; q)x

ax, (A.166)

dn(λ)
2 def
=

(b, ab; q)n a
nqn(n−1)

(a, q; q)n

1− abq2n−1

1− abqn−1
×

(a; q)∞
(ab; q)∞

, dn(λ) > 0, (A.167)

qt(λ)
def
= (a−1q2, b), δ̃

def
= (−1, 1), (A.168)

α(λ)
def
= aq−1, α′(λ)

def
= −(1− aq−1)(1− b), (A.169)

ξ̌v(x;λ) =
(aq−v−1; q)v

(b; q)v
2φ1

(q−v, a−1bqv+1

a−1q2

∣∣∣ q ; qx+1
)
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=
(aq−v−1; q)v

(b; q)v
(bqx; q)v 3φ2

( q−v, b−1q1−v, 0

a−1q2, b−1q1−v−x

∣∣∣ q ; q
)
, (A.170)

Ẽv(λ) = −(1− aq−v−1)(1− bqv), (A.171)

ν(x;λ) = (aq−1)x, rj(xj ;λ,M) = (aq−1)j−1qMx, (A.172)

where pn in (A.165) is the standard little q-Jacobi polynomial [10].

A.2.12 little q-Laguerre (lqL)

The standard parametrization of little q-Laguerre polynomial [10] is

astandard = aq−1. (A.173)

Basic data of the case-(1) multi-indexed little q-Laguerre polynomials are as follows [20]

(Note that the standard parametrization is used in [20].):

qλ
def
= a, δ

def
= 1, κ

def
= q−1, (A.174)

0 < a < 1, & a < q1+dM , (A.175)

B(x;λ)
def
= aq−x−1, D(x)

def
= q−x − 1, (A.176)

En(λ)
def
= q−n − 1, η(x)

def
= 1− qx, ϕ(x) = qx, (A.177)

P̌n(x;λ)
def
= 2φ0

(q−n, q−x

−

∣∣∣ q ; a−1qx+1
)
= c′n(λ) pn

(
1− η(x); aq−1|q

)

= c′n(λ) 2φ1

(q−n, 0

a

∣∣∣ q ; qx+1
)
, c′n(λ)

def
= (−a)−nq−(

n
2
)(a; q)n, (A.178)

φ0(x;λ)
2 =

ax

(q; q)x
, (A.179)

dn(λ)
2 def
=
anqn(n−1)

(a, q; q)n
× (a; q)∞, dn(λ) > 0, (A.180)

qt(λ)
def
= a−1q2, δ̃

def
= −1, (A.181)

α(λ)
def
= aq−1, α′(λ)

def
= −(1− aq−1), (A.182)

ξ̌v(x;λ) = (aq−v−1; q)v 2φ1

(q−v, 0

a−1q2

∣∣∣ q ; qx+1
)
, (A.183)

Ẽv(λ) = −(1− aq−v−1), (A.184)

ν(x;λ) = (aq−1)x, rj(xj ;λ,M) = (aq−1)j−1qMx, (A.185)

where pn in (A.178) is the standard little q-Laguerre polynomial [10].
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A.2.13 q-Meixner (qM)

The quantities ξ̌v(x), B
′(x), D′(x) and E ′

v are defined without using the twist operation t.

Basic data of the case-(1) multi-indexed q-Meixner polynomials are as follows:

qλ
def
= (b, c), δ

def
= (1,−1), κ

def
= q, (A.186)

0 < b < q−1, c > 0, (A.187)

B(x;λ)
def
= cqx(1− bqx+1), D(x;λ)

def
= (1− qx)(1 + bcqx), (A.188)

En
def
= 1− qn, η(x)

def
= q−x − 1, ϕ(x) = q−x, (A.189)

P̌n(x;λ)
def
= 2φ1

(q−n, q−x

bq

∣∣∣ q ;−c−1qn+1
)
=Mn

(
1 + η(x); b, c|q

)
, (A.190)

φ0(x;λ)
2 =

(bq; q)x
(q,−bcq; q)x

cxq(
x
2
), (A.191)

dn(λ)
2 def
=

qn(bq; q)n
(q,−c−1q; q)n

×
(−bcq; q)∞
(−c; q)∞

, dn(λ) > 0, (A.192)

δ̃
def
= (1, 0), (A.193)

B′(x;λ)
def
= −(1− bqx+1)(1 + bcqx+1), D′(x;λ)

def
= −b2cqx+1(1− qx), (A.194)

φ̃0(x;λ)
2 =

(bq,−bcq; q)x
(q; q)x

(b2cq2)−xq−(
x
2
), (A.195)

α(λ)
def
= −b−1q−1, α′(λ)

def
= −(b−1q−1 − 1), E ′

v(λ)
def
= q−v − 1, (A.196)

ξ̌v(x;λ)
def
= 3φ2

(q−v, q−x, 0

bq, −bcq

∣∣∣ q ; q
)
, (A.197)

Ẽv(λ) = −(b−1q−v−1 − 1), (A.198)

ν(x;λ) =
1

(−b−1c−1q−x; q)x
, rj(xj ;λ,M) =

(−b−1c−1q−x−M ; q)M+1−j

(−b−1c−1q−M ; q)M
, (A.199)

where Mn in (A.190) is the standard q-Meixner polynomial [10].
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