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Abstract

Orthogonal polynomials of a continuous variable in the Askey scheme satisfying
second order difference equations, such as the Askey-Wilson polynomial, can be stud-
ied by the quantum mechanical formulation, idQM (discrete quantum mechanics with
pure imaginary shifts). These idQM systems have the shape invariance property, which
relates the Hilbert space Hy (A : a set of parameters) and that with shifted parameters
Ha+s (0 : shift of X), and gives the forward and backward shift relations for the orthog-
onal polynomials. Based on the forward shift relation and the Christoffel’s theorem
with some polynomial ®(z), which is expressed in terms of the quantities appeared
in the forward and backward shift relations, we obtain some difference relations for

the orthogonal polynomials. The multiplication of /®(z) gives a surjective map from
Hx2s to Hx. Similarly, for the orthogonal polynomials in the Askey scheme satisfying
second order differential equations, such as the Jacobi polynomial, we obtain some

differential relations, and the multiplication of /®(z) in this case gives a surjective
map from Hxys to Hy.

1 Introduction

The Askey scheme of (basic) hypergeometric orthogonal polynomials is a classification of the
orthogonal polynomials satisfying second order differential or difference equations allowed by
the Bochner’s theorem and its generalizations [1, 2]. These polynomials can be studied by
the quantum mechanical formulations: ordinary quantum mechanics (0QM) and two kinds
of discrete quantum mechanics (dQM), dQM with pure imaginary shifts (idQM) and dQM
with real shifts (rdQM) [3]. The Schrddinger equation for oQM is a (second order) differential
equation and that for dQM is a (second order) difference equation. The coordinate x for

oQM and idQM is continuous and that for rdQM is discrete.
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The eigenfunctions of the quantum systems associated with the orthogonal polynomials
in the Askey scheme, ¢,(x) (n € Z>o) (n € {0,1,..., N} for finite rdQM systems), have the

following forms [3]:
def

on(x) = ¢o(2)Pa(),  Pulz) = Pu(n(z)). (1.1)

Here ¢g(z) is the ground state wavefunction, n(x) is the sinusoidal coordinate and P, (n) is
the orthogonal polynomial of degree n in n with respect to the weight function ¢g(x)?. These
quantum mechanical systems have the shape invariance property, A(X)A(X)T = (constant) x
AX+ 8)TA(X + 8) + (constant), where A(X) is some operator and X = (Aq, Ay, ...) is a set
of parameters contained in the system and 9 is its shift. This is a sufficient condition for the
solvability. The shape invariance combined with the Crum’s theorem and its generalizations
[4, 5, 6] gives the relation between the Hilbert space Hy and that with shifted parameters
Hx.s, and gives the forward and backward shift relations for the orthogonal polynomials.

Recently, Ismail and Saad studied the Meixner-Pollaczek polynomial P (x; ¢) (change
of notation : A — a) and obtained various relations [7]. We consider eq.(21) in [7], which
is a relation for P\ (z;¢) and Pé‘fr)k(x;gzﬁ) (k = 0,1,2), derived from the Christoffel’s
theorem (Theorem 2.7.1 in [1]). In idQM formulation (A = (a,¢), 6 = (3,0), n(z) = z,
do(x; A)? = ¢~ (q+ix)(a—ix)), the ratio of ¢o(x; A+28)? and ¢o(z; A)? is a polynomial
in 77(z), and the Christoffel’s theorem can be applied. This fact (the ratio of ¢g(z; A+28)? and
¢o(x; X)? is a polynomial in 7(z)) holds for all idQM systems associated with the orthogonal
polynomials in the Askey scheme, and this ratio is expressed in terms of the quantities
appeared in the forward and backward shift relations. From the Christoffel’s theorem, we
can write down a relation for P, (x; A+28) and P, (x; A) explicitly. Moreover, by combining
this relation with the forward shift relation, we obtain some difference relation for P,(x; \).
Similar calculation can be applied to oQM systems. But in this case, the ratio of ¢g(x; A+8)?
and ¢o(z; A)? is a polynomial in n(x).

This paper is organized as follows. In section 2, we recapitulate the quantum mechanical
formulation, idQM. In section 3, we recall the Christoffel’s theorem. Section 4 is a main part
of this paper. We write down the Christoffel’s theorem and obtain some difference relations
for the orthogonal polynomials in idQM explicitly. Their explicit forms are given in §4.1 for
the Askey-Wilson polynomial and in Appendix A for other polynomials. We also provide
other properties. In section 5, some differential relations for the orthogonal polynomials in

oQM are obtained explicitly. Their explicit forms are given in § 5.1 for the Jacobi polynomial



and in Appendix B for other polynomials. Section 6 is for a summary and comments.

2 Quantum Mechanical Formulation

In this section we recapitulate the quantum mechanical formulation: the discrete quantum
mechanics with pure imaginary shifts (idQM) [8, 3]. Explicit forms of various quantities are
given in §4.1 and Appendix A.

The dynamical variables of idQM are the real coordinate = (Tmin < & < Tpax) and its
conjugate momentum p = —id,, which are governed by the following factorized positive

semi-definite Hamiltonian:

HY VV () PV (x) +/V*(x) e PV () — V(x (z) = ATA, (2.1)
(Lefz(e?p\/‘/* —e 2PV (zx ), A= —i(\/V(x)(ﬁp — v/ V*(x) 6_57’). (2.2)

Here the potential function V' (x) is an analytic function of = and ~ is a real constant. The *-

operation on an analytic function f(z) =) a,2" (a, € C) is defined by f*(z) = arz"
in which @ is the complex conjugation of a,. The symbol /  is the square root as a
complex function, with the appropriate branch chosen. An exponential function of p, e*? (« :
constant), is a shift operator e®? f(x) = f(x —i«a). The Schrodinger equation Ho(x) = E¢(z)
is an analytic difference equation with pure imaginary shifts. The inner product of two wave

functions ¢(x) and ¥ (x) is given by (¢, ¢) = & fx'“zx dx ¢*(z)(x) and the norm of a wave
function ¢(x) is [¢] = /(¢, 9).

The idQM systems corresponding to the orthogonal polynomials in the Askey scheme

have an infinite number of square-integrable eigenstates ¢, (z) with discrete energy levels &,:
Hon(z) = Enpn(x) (N E€Zsp), 0=E <E<E<---. (2.3)

The eigenfunctions ¢, (z) can be chosen ‘real’; ¢% () = ¢,(x), and the groundstate wavefunc-
tion ¢ (x) is determined as the zero mode of the operator A, Apo(z) = 0. The eigenfunctions

¢n(z) have the following factorized form:

Su() = ¢o(2)Bu(z),  Pulz) € Pu(n(z)) (n € Lsy), (2.4)

where 7 = n(x) is the sinusoidal coordinate and P, (n) is a polynomial of degree n in 7 and

P_4(n) 270, The second order difference operator H acting on the polynomial eigenfunctions



is square root free:

H do(z) "' o H o go(x), (2.5)
S H=V(@)(” —1)+ V() —1), (2.6)
HP, () = EPo(2) (n € Zso). (2.7)

Since the Hamiltonian H is a hermitian operator, we have the orthogonality relations,
(¢n7 ¢m) = hn(snm (n7 m € ZZO), 0< hn < OQ. (28)

This gives the orthogonality relations for the polynomials,

/ 02 60(2)2 P () Pon() = hadm (. € Zis), (2.9)

and ¢g(z)? is regarded as the weight function. For the hermiticity of H, see [8, 9]. The
systems contain a set of parameters A = (A1, Ag,...). The range of A is restricted by the
hermiticity of H. We call the range of parameters for which H is hermitian the physical
parameter range of A or physical A. The parameter dependence is expressed as f = f(\)
and f(x) = f(z; A). The parameter ¢ is 0 < ¢ < 1 and ¢* stands for gA122) = (g™, g2, .. ),
and we omit writing ¢-dependence.

The following thirteen polynomials [2] are studied by the idQM formulation [8]: con-
tinuous Hahn (cH), Meixner-Pollaczek (MP), Wilson (W), continuous dual Hahn (cdH),
Askey-Wilson (AW), continuous dual ¢g-Hahn (cdgH), Al-Salam-Chihara (ASC), continuous
big ¢-Hermite (cbgHe), continuous ¢-Hermite (cqgHe), continuous g-Jacobi (cqJ), continuous
g-Laguerre (cql.), continuous ¢g-Hahn (cqH) and g-Meixner-Pollaczek (¢MP). These polyno-
mials are classified by the four types of sinusoidal coordinates. The sinusoidal coordinate

n(z), the auxiliary function p(z) (oc n(x —i3) —n(z +i3)) and the constant v are [8]

(i) : n(@) =2 ol@)=22, y=1, (210)
(iii) : n(x) =cosz, @(r)=2sinz, ~=logg, '
(iv) : n(z;A) =cos(z + @), @(x;A) =2sin(z +¢), 7 =logg,
and the polynomials are classified as follows:
(i) : cH,MP,
(i) : W,cdH, (2.11)
(iii) : AW, cdgH, ASC, cbqHe, cqHe, cqJ, cqL,, '
(iv) : cqH, gMP.



These idQM systems satisfy the shape invariance condition [8, 9, 3]:
ANAN)T = kAN + 6)TAN+8) + E1(N), (2.12)

where £ is a real positive constant (x = 1 for (i), (ii), and x = ¢~ for (iii), (iv)) and 4 is the
shift of the parameters. This condition combined with the Crum’s theorem [5] allows the
wavefunction ¢, (z) and energy eigenvalue &, of the excited states to be expressed in terms
of the ground state wavefunction ¢g(z) and the first excited state energy eigenvalue & with

shifted parameters. As a consequence of the shape invariance, we have

AN Gn(2;X) = fu(N)pn_1(m; X +68) (n € Zsp), (2.13)
AN b1 (25X 4+ 8) = by 1 (N)dp (25 N) (0 € Zsy), (2.14)

where f,(A) and b,_1(A) are some constants satisfying f,(A)b,—1(X) = E,(A). These rela-

tions can be rewritten as the forward and backward shift relations for the polynomials:

FN) P (250) = fuN)Po_1(m; X+ 68) (n € Zso), (2.15)
BXN)P_1(2:X 4 8) = byt (N Pu(z;X) (0 € Zsy). (2.16)

Here the forward and backward shift operators F(A) and B(A) are defined by

def

F(A) = do(z; X +8)7" 0 A(X) 0 go(z3 A), (2.17)
— F(A\) = ip(x; XN) " He2P — e72P), (2.18)
BA) = do(a: )" o AN 0 g A+ 8), (2.19)
— B(A) = —i(V(z; Ae? — V*(x; )\)e*%p)go(x; A), (2.20)

and satisfy H(A) = B(A)F(X). Let us define the Hilbert space Hy as follows:
Hx & Span| ¢, (z;A) | n € Zso . (2.21)

The images of the operators A(X) : Hy — Hxi5 and A(X)": Hy,5 — Hy are

ImA(X) = Hars, ImA(X)" = Span| ¢, (z; A) |n€Zs]. (2.22)

3 Christoffel’s Theorem

In this section we recall the Christoffel’s theorem about a modification of a measure.



Let p,(n) (n € Z>o) be the monic orthogonal polynomials of degree n in n with respect
to the weight function w, (1) (Mmin < 17 < NYmax), and ®(n) be a polynomial of degree m in 7,

which is nonnegative in (Mmin, max). We factorize ®(n) as follows:

O(n) = cPO™M(n),  d™M(n) = [[(n—m). (3.1)
j=1
where ¢® is a positive constant. We assume that n;’s are mutually distinct. Let us define

Sn(n) (n € Zsy) as follows:

pn(nl) Pn+1(771) T pn+m(n1)
‘ pn(UZ) pn+l(772) e pn+m(772)
Cn,mq)momc(n)sn(n) = ) (3'2)
Pa(m) Povi(Mm) -+ Prim(m)
pa(m)  Pari(m) 0 Patm(n)
Pa(m)  Pori(m) -+ Poym—1(m)
Oy = pn(.nz) pn+1.(772) a pn+m.—1<n2> (3.3)
Po(Mm) Prnsi(Mm) +++ Prsm—1(m)

Then we have the following theorem.

Theorem 1 [Christoffel] (Theorem 2.7.1 in [1]) S,.(n)’s are the monic polynomial of degree
n in n and they are orthogonal polynomials with respect to the weight function ®(n)w,(n).

Remark 1 If the zero n; has multiplicity » > 1, the RHS of (3.2)-(3.3) are replaced as
follows: the corresponding rows of the determinants by derivatives of order 0,1,...,r —1 at
;-
Remark 2 A theorem concerning the extension of ®(n) from a polynomial to a rational
function of n was obtained by Uvarov. See Theorem 2.7.3 in [1].

For the orthogonal polynomials in §2, we rewrite the formula (3.2). Let us define ¢, ()
(n € Zso), z; (j =1,2,...,m) and ®(z; X) as follows:

Po(a;X) = ca(N) P (3 X) = cu(N) P (n(a; X); X) = P (s A); A), (3.4)
n(xi; A) = nj, (3.5)
(s A) = (n(s A);A) = ) [T (0w ) = (a5 1), (3.6)



where we omit writing the A-dependence of 7; and x;. We remark that x; satisfying (3.5)

may not be unique, but we fix one value for ;. Then (3.2) is rewritten as

ch()\) det (Pn+k—1 (%’5 A)) 1<j,k<m+1 |xm+1:l‘
Crnam(N) det (Pn+k71(xj; A)) 1<j,k<m

D(; M) S (n(; X); A) = (n € Zx). (3.7)

The property of the determinant gives

det(vnHk(xj, 1<]k<m HP j; A) X Dipletnl(X), (3.8)

where n, (), € Z>( and Dfrt em)()\) is defined by

DELZLZQ ..... ) (A) def det <Pn+€k (xj’ A)) ) (39)
IAETRY) 1<j,k<m
The determinant of the denominator of RHS of (3.7) is expressed as
det( tk—1(ZT53 A) 1<] k<m H (A DT(LO,l ..... m—l)()\)_ (3.10)

=1

Expanding the determinant of the numerator of RHS of (3.7) in the (m + 1)-th row, we

obtain the following expression:

det (Pn+k—1 (@3 )‘)) 1<, k<m+1

Tm+1=2T
= [T PulesiX) % 37 Pl ) (=) F Db (), (3.11)
j=1 k=0
where (0,1, .. .,lvf,...,m) o (0,1,...,k—1,k+1,...,m). Then (3.7) is rewritten as
. cq)()\) m .
(2 X)S, (n(; A); A) = PG D kN Bir(z: ) (n € Zsy), (3.12)
n—+m k=0
where a, x(A) is given by
. DT(Lo,l ..... k,...,m) A
anp(A) & (—1)m* ), (3.13)

Dg(),l ..... m_1)<A)
4 Difference Relations

In this section we present some difference relations for the orthogonal polynomials in §2 by
combining the forward shift relations in §2 and the Christoffel’s theorem in §3 with some

®(n). In the following we consider the orthogonal polynomials in (2.11) except for cqHe.
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Let us define a function ®(z; X) as follows:

B(z; X) E K (s N 2p(e — 2 N)p(n + % MV (@ AV (3 N). (4.1)
By using explicit forms of V' (z; A), ¢(x;A), v and x (see §4.1 and Appendix A), a direct

calculation shows the following proposition.

Proposition 1 The function ®(x; X) (4.1) is a polynomial of degree m inn = n(x; ), (3.6),

:cH, W, AW, cqJ, cqH
: cdH, cdgH

: MP, ASC, cqLL, gMP
: cbgHe

(4.2)

— N W o

Remark 3 For cqHe, ®(z;\) (4.1) becomes a constant, ®(z; A) = 1.

This ®(x) relates ¢o(x) with different parameters in the following way.
Proposition 2 ®(z) and ¢o(x) satisfy the following relation.:
D (5 X) o5 X)? = o5 A + 28)°. (4.3)

Proof: By using explicit forms of ®(x; A) and ¢o(x; A), a direct calculation shows (4.3).

The square of the ground state wavefunctions, ¢o(z; A)? and ¢o(x; A+28)?, are the weight
functions of the orthogonal polynomials, P, (x; A) and P, (x; X +26), respectively. Therefore
the orthogonal polynomial .S, (n(x; A); )\) in Theorem 1, (3.12), is given by

Sn(n(z; A); A) = Pl (25 X+ 28) = cu(A +28) 7' Py X + 26). (4.4)
Then Theorem 1, (3.12), gives the following theorem.

Theorem 2 We have the following relations,
O(; A) Py (23 A+ 28) = Bu(A) Y k(A Pk X)) (n € Zno), (4.5)

where o, k() is given by (3.13) and B,(X) is given by

d:ef Cq) A CH(A + 26)

ﬁn<)‘) cn+m<)\) :

(4.6)

Eaplicit expressions of ®(z;X), anix(X) and B,(N) are given in §4.1 and Appendiz A.



Remark 4 For MP, this formula is obtained explicitly in [7] (eq.(21) in [7]). For its explicit
form, see § A.1.2.

This theorem relates Pn(a:)’s with the parameters A and A 4+ 28. By using the forward
shift relation, let us obtain some relation among P, (x)’s with X only. From the forward shift

relation (2.15), we have
FA+8)FN) Baga(3X) = frsa(A+8) fura(N) Pala; X+ 25). (4.7)
Explicit form of the forward shift operator (2.18) gives the following proposition.

Proposition 3 The product of F(X+ &) and F(X) is expressed as

FA+0)F(A)

_ 1 (bt act = ETEEN oy 2B
p(x; A) p(x; A)

p(x — 13 A)p(z + i3 A)
Proof: First we remark ¢(z; A 4+ ) = ¢(z; A). By using explicit forms of ¢(z; A) and v, we

(4.8)

have

oz —iLA) + (@ + i1 ) = (k2 + K57 2)p(a; A). (4.9)

A direct calculation using this relation and (2.18) shows (4.8). 0
Combining (4.7), Proposition 3, Theorem 2 and (4.1), we obtain the following theorem.

Theorem 3 We have the following difference relations for P,(z;X)’s,

K o(z M)V (a; }\)V*(x,)\)((m + k7 2) (2 N) Popa(z; A)
—o(x+i M) Poya(z — i3 A) — @(x — i3 X) Paga(z + i X)) (4.10)
= BrN) Y kN Pasil(a:A) (0 € Zo),

where (3 () is given by

def

Br (N = furt(A+ 8) fura(X)Ba(N). (4.11)

From Proposition 2, we have the following property.

Theorem 4 Multiplying by 1/ P(z; N) is a surjective map from Hxyos to Hy,

O(z;A) : Hazos — Ha, Imy/®(x; ) = Hy. (4.12)

9



Proof: By using (2.4), (4.3) and (4.5), we obtain

(x; X+ 29)

V 8(@ A) 6u(@; X +28) = @(z; /\)(ﬁ%ﬂ  Go(w; X+ 28) Py (w; A+ 20)
= (3 ) D (; X) B (5 X + 26)

= ¢o(z; A)Bn(A) Z W 1e(A) (3 ) (4.13)
= Bn(A) Z k(AP (7; A) € Ha

By setting 1, (x; A) = 1/ ®(2; X) ¢ (z; X + 28), this relation is expressed as a matrix form,

Yo(z; A) Bocxop -+ Pottom Po(z; A)
V(s A) | = broag -+ froa, Pr(x; A) | (4.14)

where we omit writing the A-dependence of «,; and f3,. The diagonal elements of this
matrix are (3,040, and we can check that they do not vanish for the physical XA. So this
matrix has an inverse. Thus ¢,(x; A) can be expressed as a linear combination of ¥, (z; \).

U
Remark 5 Since the elements of Hy are expressed as > c,é, (x5 A) = ¢o(2;X) 3 Pu(z; N),
n=0

n=0

H. is essentially characterized by ¢o(x; A). Any polynomial can be expanded by other poly-
nomials, e.g. P,(2; XA +28) = 3 1 Pe(2; X). So multiplying by
k=0

1 do(x; A)
= 4.15
/<i>(:17; ) do(x; A+ 29) ( )
is also a surjective map from Hy 95 to Hy,
1 .
———=0n(@; A+ 28) = do(x; A) Po(x; X + 26)
(x5 A) n n
= ¢o(x; A) cmkpk(:p;)\) = Cnk®r(2; X) € Hy. (4.16)
k=0 k=0
. . n+m .
In the same sense, ®(x;X)P,(7; A + 28) is expanded as }_ ¢, Pr(7; X). Therefore, The-
k=0
¢o(z;A+26)2

orem4 is shown by Proposition 1 and Proposition 2 (namely, 0@ is a polynomial in
n(x; A)) without using Theorem 2.
Remark 6 This Theorem4 holds only for physical A. On the other hand, (2.15)—(2.16),

Theorem 2 and Theorem 3 hold for any A, because they are algebraic relations.
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4.1 Explicit expression : AW case

As an illustration, we present explicit expressions of various quantities for AW case. For
other cases, see Appendix A.

A set of parameters X is

¢ = (a1, a9, a3,a4) (a; €C), {a},a} a3, a}} = {a,as, a3 a4} (as a set), (4.17)

and b; (j =1,2,3,4) are defined by (please do not confuse these b; and b, () in (2.16))

def def def def
b1 E a, b2 = E a;ag, b3 = E a;aiar, b4 = a1020a304. (418)

1<j<k<4 1<j<k<i<4

The basic data of the idQM system of AW type are as follows [8]:

Lmin = 07 Tmax = T, 7V = log q, (419>

n(z) =cosx, @(r)=2sinz, K=q "' §=1(33 3 L, (4.20)

(1 —a1e™)(1 — aze™)(1 — aze™)(1 — ase™)
(1 _ 62iz>(1 _ qe2iz)

EAN) = (" =D)L =big" "), fuA) =gq3(g" =11 - q N, ba(A) =7, (422)

(€%, e ) 27 (baq" " @) (049”5 @)oo

V(A = : (4.21)

(a3 A)* = o ha(A) = (4.23)
H? (@€, a;e™: q) o (" @)oo H1<z<j<4<a a;q"; q)oo
Po(z;A) = Po(n(2); X) = pa(n(x); a1, as, as, asq)
. n —-n b n—1 (% —ix
_ (a1a2,a1a37,la1a4,q) 4¢3<q , 04aq™ —, a1€7, 1€ q,q), (4'24)
ay a1z, a1G3, A1G4
en(X) = 2"(baq" 5 @, (4.25)

where p,(1; ay, as, as, aslq) is the Askey-Wilson polynomial [2]. We remark that B, (z;\)
is invariant under the permutations of a;’s, and P,(—x;X) = P,(z; ). The physical X is
laj] <1 (j=1,2,3,4).

From (4.1), we have

4
H(l —a;e™)(1 —aje™™), m=4, c*(\)=16by, (4.26)

Jj=1

/@<

B

>
|

which is a polynomial in 7(z) = cosx by (1 — ae™®)(1 —ae™™) = 1+ a® — 2acosx. The zeros
n; and z; (j =1,2,3,4) are
a; + aj_l

2 s eimj = CLj’ (427)

n; =

11



! also gives the same

where we choose one value for z; as mentioned below (3.6) (e = a;
nj). The expression (4.24) gives pn(xl;)\) = aj;"(a1a9,a1a3,a1a4;q), and the symmetry

under the permutations of a;’s gives

- i, (a5 9)
Pu(as; N) = a;" [[(agan; @) = 2222200 Ln (5 1.9 3, 4). (4.28)

T aj(a%; q)n

#

ke
S

By direct calculation, we can obtain D" B 4)(}\) (k=0,1,2,3,4), (3.9). Here we write
down D (A) and api(A) (k = 0,1,2,3,4) (3.13) (DL P(N) (k = 0,1,2,3) are
obtained as (—1)**a, s (A) D (X)),

DY) = ] (a5 — a1 = ajang™) - b (0ag™, bag™ ;. q)s, (4.29)
1<j<k<4

apa(A) =1, (4.30)
1 —byg>*° —1 2 n+2 n+1 2 3n+6

C(mg()\) = —W b4 (bg — (1 +q+q )(bl — bgq )b4q — b1b4q ), (431)

(1 _ b q2n+3 1— b q2n+6 B . " .

ana(A) = (1= bti”“;El — biq%”; bt (bz(l — bag? ) (1 + byg® ) (1 — byg® )
4 (1 + q 4 q2)(b§ 4+ b%bz;)(l + b4q2n+3)q2n+2
— (14 q)(gbibs + (1 + ¢*)ba) (1 + b3¢"%)q"
— (L +q)(q(1 +q)?briby — (1 + q2)264)b4q3”“>, (4.32)

(1 _ b4q2n+5>(1 _ b4q2n+6)
an1(A) = — 1 —a;arg™™) -
e 1§];£§4( ) (1= bag?)(1 — bag®*?)
x by (bl —(1+q+¢*)(bs — bibag"")q" - b3b4q3n+3), (4.33)
(b4q2n+4; Q)3 1
no(A) = arq™: q)g - a3 g, 4.34
ano(A) H (ajarq™; q)2 b q)s (4.34)

1<j<k<d
The constant 3,(A) (4.6) and 57 () (4.11) are

by

b4q_n_% ("1, bag" 5 q)2
(b4g?"*3;q)s” '

(bag®+3;q)4

Pn(X) = Br(A) = (4.35)

4.1.1 shift with only one parameter

In order to obtain Theorem 3 for AW case, we have shifted all a;’s by 1 in Theorem 2. But
we can consider shifting only one a; by 1 and obtain theorems similar to Theorem2 and

Theorem 4. Such one a; shift was considered for Wilson polynomial in [10].
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For each j (j = 1,2,3,4), let us define 6Y) and dU) (x; \) as follows:

80 = (4,0,0,0), 8® %(0,4,0,0), 8% (0,0,1,0), 8 (0,0,0,%), (436
O (z; X) oof (1 —aje™)(1 —aje”™), (4.37)

where we assume a} = a; for the reality of dW(z; X) (®U)(2;A) € R for 2 € R). Then we
have

D (; A) = 0 (n(x); N), m=1, *7'(A) =2, (4.38)

and
V) (; N) o (3 A)* = o5 A+ 269)). (4.39)

This relation implies that the orthogonal polynomials S, (n(z); A) in Theorem 1, (3.12), are
given by

Sn(n(x); A) = Pmomie(z: X+ 28Y)) = ¢, (A + 26Y) 1P, (2 X 4 201). (4.40)
The zeros of ) (23 X), 51 and 2, and B, (29); A) are
! =mj 2 =, Pa(aliA) = Pu(ay; N, (4.41)

Then Theorem 1, (3.12), gives the following relations:

D (23 ) Py (23 A +209) = BOA) D" 0L (A) Posr(z: X)) (n € Zsy), (4.42)

n

where agi()\) and @(lj)()\) are given by

ai(A) =1, (4.43)
(1) 5 (4) 4 n
ofyx) = -2 N _pwy = Ll ) Ll Zdedd) oy
’ DV (N) P (z%; A) a;(1— ajq")
‘ ; (N + 2860 —a.
) = @ (A 2T) o (4.45)

Cnt1(A) T 1- big®"

Note that the relations (4.42) hold for a; € C. As in Theorem 4, multiplying by 1/®@ (z; )

is a surjective map from Hy .56 to Hx for physical A,
DU (z;A) : Hy 50 — Ha,  Im /@6 (z;X) = Hi. (4.46)

13



We remark that ®(z; A) is expressed as

4 4
=2V, =] 0. (4.47)
=1 =1
and ®)(z; X) has the following property,

O (m; A+ 6W) = W (25 N) (k # j), (4.48)
because @) (z; X) does not depend on a;, (k # j). So, Theorem?2 and Theorem4 can be
obtained by repeated use of the relations (4.42) and (4.46) respectively. For example, by
expressing ®(x; A) as

(z; A) = O (2; M) (2; X + 26M) D) (2; X + 2612)dW) (2, X 4 2812Y),
(602 &5 4 5@ 5029 &L 50 4 52 4 5O (4.49)

k(X)) and B,(A) are expressed in terms of ozg; 1;0‘) and gy )()\) as follows:

apa(X) =1, (4.50)
ana(A) = als(N) + als(A) + al () + aP (A > (4.51)
ana(A) = @l (ANl (A) + all < Jarli(A) + ayl,(alh ()
+aL (N () +aZ (NaP ) +aP (a)ad (v, (4.52)
a1 (A) = G (Na (Nad () + &;llwa;llw D)
+ai (VAP N)EP ) +a@NaP (A)ad (v, (4.53)

ano(A) = aP(A)a@(n)ad (nald(n), (4.54)
Ba(A) = BN BEL (A +26D) 8% (X 4 2612) 80 (A 4 2612), (4.55)

where @ )()\) are given by

alD(A) = alh(N), (4.56)
(1) by

a®(a) ¢ (A +26 1>)§(”1)—(()\)), (4.57)
n+1

def BY (A A+ 26

aP(A) = o) (A+2007) T(Lj)l( ) B (1)) (4.58)

n+2(A) n—l—l(A + 25 )
(2) (3) (12)
&514) ()\) 42)()\ + 26(123)) 6n+2(A> Bn+1 (>‘ + 26 ) 571 ()‘ + 26 ) (459)

BilaN) BLa(x + 260 57 (A + 2802)
It is straightforward to check that (4.50)—(4.55) (with (4.44)—(4.45) and (4.56)—(4.59)) are
equal to (4.30)—(4.35), respectively, by direct calculation.
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5 Differential Relations

In this section, by the same method in §4, we present some differential relations for the
orthogonal polynomials described by ordinary quantum mechanics (0QM). Explicit forms of
various quantities are given in §5.1 and Appendix B.

As in idQM, the dynamical variables of 0QM are the real coordinate x and its conjugate

momentum p, and the Hamiltonian is

det  d* o dof (dw(z)\2 ~ d*w(x)

"= i Ule) = A4, Ulz) = ( dx ) T (5.1)
at d  dw(z) i d dw()
da dr ' A= dx de ' (5:2)

where w(x) is the prepotential and the ground state wavefunction is ¢o(z) = €*@®. The
following five polynomials [2] are studied by the oQM formulation [3, 11]: Hermite (He),
Laguerre (L), Jacobi (J), Bessel (B) and pseudo Jacobi (pJ). Their sinusoidal coordinates

are
He:n(x) =z, L:n(x) =2 J:n(x)=cos2z, B:n(r)=e" pJ:n(z)=sinhz. (5.3)

We have (2.3)—(2.9) with the following replacement [3]

~ d? dw(z) d d? d
2.6 = —-2———(=-4 — —4 — ).
(26) = % dx? dr dx ( Cz(n)dn2 1) dn)

(5.4)
Note that ¢;(n) may depend on X (c1(n; A)) but cz(n) does not depend on A (please do
not confuse these ¢;(n) (j = 1,2) and ¢,(A) in (3.4)). These oQM systems also satisfy the
shape invariance condition (2.12) with k = 1. We have (2.13)—(2.22) with the following

replacements [3, 11],

(2.18) = F = cf<dz(;)>1% (: cfd%), (5.5)
220)  BO) =~ (B2 b aas(1@)i3)) (=~ (ealn) -+ e 0)). (5

where ¢ is a constant. Note that F does not depend on A.

Let us define a function ®(x) as follows:
X ef 1
b(e) Loy (n(a)). 5.7)

Note that ®(z) does not depend on X. By using explicit forms of cy(n) and ¢, a direct

calculation shows the following proposition.
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Proposition 4 The function ®(x) (5.7) is a polynomial of degree m in n = n(x), (3.6),

2 :J,B,pJ
m:{l o po (5.8)

Remark 7 For He, ®(z) (5.7) becomes a constant, ®(z) = 1.

This ®(z) relates ¢o(z) with different parameters in the following way.
Proposition 5 ®(z) and ¢o(x) satisfy the following relation.:
D(x)do(z; N)? = ¢o(z; X + 6)*. (5.9)

Proof: By using explicit forms of ®(x) and ¢o(x; A) = @A a direct calculation shows

(5.9). 0
Remark 8 The shift of A in (5.9) is 8, which differs from the shift 24 in (4.3).

By the same argument as in §4, we obtain the following theorems.

Theorem 5 We have the following relations,
O(2) P XA+ 8) = Ba(A) Y (X Pagr(z3A) (0 € Zo), (5.10)

where a, k() is given by (3.13) and B,(N) is given by

of 5Cn(A+0)
By(\) & e AT 5.11
( ) Cn-‘rm()‘) ( )
Eaplicit expressions of ®(x), anx(X) and B,(N) are given in §5.1 and Appendiz B.
Theorem 6 We have the following differential relations for P,(n; X)’s,
4 d P
C—CQ(U)d—nPnH(n; A) = B7 A kN Pasi(ms A) (n € Zsp), (5.12)
g k=0
where 5 () is given by
BIO) € fu(N)Ba(N). (5.13)

Theorem 7 Multiplying by \/Ci)(x) 1s a surjective map from Hxis to Hy,

\/@:HAM—)HA, Im\/%:H)\. (5.14)

Remark 9 This Theorem 7 holds only for physical A. On the other hand, (2.15)—(2.16) with
(5.5)—(5.6), Theorem 5 and Theorem 6 hold for any A, because they are algebraic relations.
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5.1 Explicit expression : J case

As an illustration, we present explicit expressions of various quantities for J case. For other
cases, see Appendix B.
A set of parameters X is

A=(g,h) (9.h €R), (5.15)

and the standard parametrization [2] is (a, 8)¥#%d = (g — 2 h — 1). The basic data of the
oQM system of J type are as follows [3, 11]:

ZTmin = 0,  Tmax = 57 (516>
n(r) =cos2z, k=1, §=(1,1), (5.17)
-1 —1
w(x; A) = glogsinx + hlogcosx, U(x; )\) glo—1) N 5 ) (g+h)?,  (5.18)
sm T cos?
ca(mA) =h—g—(g+h+1)n, cn) = cr = —4, (5.19)
En(A)=4dn(n+g+h), fu(A)=-2(n+ ) bn(A) = —2(n+ 1), (5.20)
¢o(z; A)? = (sinz)¥(cosz)*" =2797"(1 = n(2))’ (1 + n(z ))h, (5.21)
r T (n+h+
h(A) — gyl 3) (5.22)
2n!(2n+g+h)I'(n+g+h)
11 + 1) —n,n+g+h|1—n
P,(n:\) = P9 2h2) () = (g 2% R ’ ‘ - 5.23
() = PUbt B = S an (0 ). (5.23)
(n+g+h)n
n(A) = ——F 5.24
ey = I (5.24)
where P () is the Jacobi polynomial [2]. The physical X is g, h > :.
From (5.7), we have
i L 2 - 2 ® 1
O(x) = 4_1(1 —n(z)?) = (sinzcosz)?, m=2, = T (5.25)
and the zeros n; and z; (j = 1,2) are
1 (=1 0 (j=1
w={t VTt (5.20
-1 (j=2) 5 (=2
The expression (5.23) and the parity property Pn(—n; (g, h)) =(-1)"P, (77; (h, g)) give
g+ 3)n (1),
Pamin) = D p gy - 2 (5.27

17



By direct calculation, we can obtain D" B 2)()\) (k=0,1,2), (3.9). Here we write down
DY) and a, 1 (A) (k= 0,1,2) (3.13),

oAy 2mtgth+l
DY) = - === (5.28)
ana(X) =1, (5.29)
(gt gth+2)
N = Ty gt h D) (5-30)
 (ntg+3)n+h+3)2n+g+h+3)
nolA) == (n+1)22n+g+h+1) (5.31)
The constant 8,(A) (5.11) and 37 (X) (5.13) are

(2n+g+h+2)’ 2n+g+h+2),

6 Summary and Comments

The quantum mechanical formulation is a useful tool to study the orthogonal polynomials
in the Askey scheme. The quantum mechanical systems associated with the orthogonal
polynomials in the Askey scheme have the shape invariance property, which relates the
Hilbert spaces Hy and Hy s, and as its consequence the forward and backward shift relations
for the orthogonal polynomials hold. For idQM systems, the function ®(z; X) (4.1) satisfies
Proposition1 and 2. Then the Christoffel’s theorem gives Theorem 2 and their explicit
expressions are given in §4.1 and Appendix A. By combining it with the forward shift
relations, we obtain the difference relations for the orthogonal polynomials, Theorem 3. The
function CTD(J:; A) relates the Hilbert spaces Hy and Hj o5, Theorem 4. For oQM systems, we
obtain the differential relations for the orthogonal polynomials, Theorem 6, and their explicit
expressions are given in §5.1 and Appendix B. The function ®(x) (5.7) relates the Hilbert
spaces Hy and Hy s, Theorem 7.

For oQM (L, J, B and pJ), each explicit forms of Theorem 5 and 6 are not so complicated.
So such specific expressions may exist in the literature, but we think that the universal
expression is new. For idQM, an explicit form of Theorem 2 for MP case is given in [7], and
one a; shift is considered for W case in [10]. But we think that Theorem 2 (for most cases),
its universal expression and Theorem 3 are new results. These new results are obtained based
on the Christoffel’s theorem (Theorem 1), the shape invariance and Proposition 2 or 5. The

shape invariance of the quantum mechanical systems (oQM, idQM and rdQM) gives the
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forward and backward shift relations for all orthogonal polynomials in the Askey scheme.
To obtain Theorem2 and 3 for idQM (Theorem 5 and 6 for oQM), we need Proposition 2
(Proposition 5). However, for rdQM, which describes orthogonal polynomials of a discrete
variable such as ¢-Racah polynomial, we do not have the property like Proposition2 or 5
related to the shape invariance. So we do not have new results for rdQM.

Another type of forward and backward shift relations are discussed in [11]. For example,
for AW case, the ratio ¢o(z; A — 28)2/¢o(x; X)? has a form (a + bn(z))(c + dn(z))/((a' +
b'n(z))(¢ + d'n(x)), namely it is a rational function of n(x). So we can apply Uvarov’s
theorem, see Remark 2. It is an interesting problem to write down the explicit expressions
and to combine them with another type of forward shift relations.

The exceptional and multi-indexed orthogonal polynomials are a new type of orthogonal
polynomials [12, 13, 14, 15]. They satisfy second order differential or difference equations
and form a complete set of orthogonal basis in spite of the missing degrees, by which the
restrictions of the Bochner’s theorem and its generalizations [1, 2] are avoided. The de-
formed quantum systems describing the case-(1) multi-indexed orthogonal polynomials have
the shape invariance property and the case-(1) multi-indexed orthogonal polynomials satisfy

” means that the set of missing de-

the forward and backward shift relations. Here “case-(1)
grees is {0,1,...,/—1}, where / is a positive integer. The case-(1) multi-indexed orthogonal
polynomials Ppm(:v;)\) of a continuous variable are constructed for oQM: Jacobi and La-
guerre types [13], and for idQM: Askey-Wilson, Wilson [15], continuous Hahn and Meixner-
Pollaczek types [16]. The weight function for Pp,(x; ) is ¢p(z; ) and this 1p(x; A) is
expressed in terms of ¢g(z; A) (with shifted parameters) and the denominator polynomial
Ep(z;A). The ratio of ¥p(z; A 4 28)? and p(z; X)? for idQM and that of ¢p(x; X + §)?
and ¥p(z; A)? for oQM are rational functions of n(x). Hence we can apply Uvarov’s theorem
(Remark 2). Then, by combining it with the forward shift relation, we obtain some difference

or differential relations for Ppm(x; A). It is an challenging problem to obtain their explicit

expressions.
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A Explicit Expressions : idQM case

In this appendix, data for the orthogonal polynomials described by idQM are provided. We
present basic data for the polynomials [8] and results data for §4. Data for AW case is given
in §4.1.

We remark that the standard parametrizations [2] are

cH - (a,b, ¢, d)standard — (al,ag,a’{,az), MP - ()\’gb)standard — (a7¢)7
W, AW : (a,b,c,d)**™™ 9 = (a), a5, a3,a4), cdH,cdgH : (a,b,c)* ™™ = (a;, ay,a3),
ASC : (a,b)*™9d — (g) ay), cqH : (a,b,c,d,d)*™ ¥ = (a1, ay, a1, a, @), (A.1)

and some polynomials are symmetric under the permutations of the following parameters:
W, AW : (a1, a9,as3,a4), cdH,cdgH : (a1, az,a3), cH, ASC,cqH : (aq,as). (A.2)
Al (i) nx) ==
Tmin = —0O0, Tmax = 00, 7=1 77@) =7z, ()O(ZL‘) = 17 k=1 (A?))

A.1.1 continuous Hahn (cH)

Basic data :
A=(a1,a2) (a;€C), =(}1), (as,a) = (a},a3), by:(4.18), (A.4)
V(z; N) = (aq + iz)(ag + ix), (A.5)
2 4 o [T, T D(n + a; + a)

. 2 — 1—‘ . ) . F —q = J=1 k=3 ] A
Pl A) E (@ + ) g (= i) ) = o by — D+ by — 1) T
pn(x7 A) = pn(‘ra ay, ag, as, a4)

i"(aq + as,a; + aq)y —n,n+b —1, a +ix
= F. 1 A.
n! ’ 2( a; + as, a; + aq ‘ )7 ( 8>
-1
Cn()\) = mj (AQ)

n!

where p,(x; a1, ag, as, as) is the continuous Hahn polynomial [2]. The physical A is Rea; > 0

(1 =1,2).
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Results data :

2 4
Dz A) = H(aj +iz) - H(aj —ix), m=4, c*A) =1, (A.10)
j=1 Jj=3
T
o 6ol e ra  G-12
m=ag=q 0 U PlapA) = = . (A11)
—ia; (j =3,4) (— )"
H Q; + ak 3, 4)
k=1
2 4
(0,1,2,3) B B (b1 + 2n)3(by + 2n + 2)3
Dy (A) = (a1 — a2)(az — ay) HH (a; +a+n) - CFSNCES IO (A.12)
7j=1k=3
ana(A) =1, (A.13)
Oémg(A) = —i(al — a9+ as — CL4)(CL1 —as — as + CL4) bl T2n 45 <A14)

(n+4)(by +2n +2)’

~ (br+2n+3)(by +2n +6)

 (n+3)a(by +2n+ 1),
+ (n+1)2(2n + 3)(by +n +2) — (n + 1)3 — 6b3 + b3(3by + 4n + 6) + 4b,

+2((b1 +n)2 —4(n+ 1) (b1 +n+1) + n(n+1))by

((zn 4+ 3)(by + 1) — (n+ 120+ 1) (b + 1+ 1),

— (af + a3)(as + as) — (a1 + a2)(aj + af) — (ai + a3)asas — araz(a3 + aj)
+4(af + a3)(a3 + ai) + (2n + 3)((af + a3)(as + as) + (a1 + a2)(a3 + a3))
+2(n+ Dafar + ) (as + as) ), (A.15)

(bl + 2n + 5)2

am()\) = i(al — Q9 + as — a4)(a1 — ag — a3z + a4)

2 4
< [T]](as + ar+n+1), (A.16)
o i
- by +2n +4
Qno(A U U aj +ap+n); - (n(+1 ;;4(7;11 2)731)3’ (A.17)
(n+1), Fony (Db +n+ 1)
Ba(X) (by + 2n + 3) B (A) = (b1 +2n 4+ 3)4 (A.18)
A.1.2 Meixner-Pollaczek (MP)
Basic data :
A=(a,¢) (a,9€R), 6=(3,0), (A.19)
V(s A) =279 (a + ix), (A.20)
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En(X) =2nsing, fu(A)=2sin¢, by(A)=n-+1, (A.21)
_ 2nT(n+ 2a)

do(z; N)? = ™D (q + ix)T(a —iz), ha(X) = W 2sm o) (A.22)
. 2 n ing —n, . iy

Po(w; X) = P (x;0) = %F( S F R ] (A.23)
ca(X) = @SIHL,W, (A.24)

where P\ (x;¢) is the Meixner-Pollaczek polynomial [2]. The physical A is a > 0 and
0<op<m.
Results data :

d(z;A) = (a +ir)(a —iz), m=2 c*(A) =1, (A.25)
2a),,em? .
~Jia =1 P e ) — ( ?n! =1 A96
ng =2; = _ia —9 ) n($ja ) (2a)n67in¢ B ) ( : )
n!
DOD(X) = —2isin ¢2ai—;¢7 (A.27)
2a +n+1 2a +
ana(A) =1, au1(A) =—2cos qﬁ%, A o(A) = %, (A.28)
_ (n+1), Finy
Bn(X) = @sng) (A) = (n+1),. (A.29)
A2 (ii) n(x) = z?
Tmin =0,  Tmax =00, =1, 77(‘77) = xza QO(LL’) =2z, k=1 <A30>
A.2.1 Wilson (W)
Basic data :
A= (a,a2,a3,a4) (a; € C), {aj, a3, a3,a3} ={a1,a2,a3, a4} (as a set),
6=1(33.3.5), bj:(418), (A.31)
(a1 +ix)(as +ix)(as + ix)(ay + ix)
Viw;A) 2iz(2iz + 1) ! (4-32)
EA)=nn+b—1), fuA)=-nn+b —1), by(A)=-1, (A.33)
IT;-: T(a; +ix)T(a; — ix)
;A = A.34
Po(; A) T(2ix)0(—2iz) (A.34)
B\ = 2l (n+b1 — D [licjopes D0+ a; + ay) (A.35)

F(2n+ bl) ’
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pn(‘r7 A) = WTL('T27 ai, a2, as, a4)

—n,n+b —1, a +1ix, ay —ix
= (a1 + as, a1 + as,a; + a nF( ’1), A.36
(1 2 8 4) s ai + ag, a1 +as, a; + aq ( )

(X)) = (=1)"(n+ b1 — 1)y, (A.37)

where W, (n; a1, ag, as, a4) is the Wilson polynomial [2]. The physical X is Rea; > 0 (j =
1,2,3,4).
Results data :

4

O(x; A) = [[(a; +iz)(a; —iz), m=4, *(A)=1, (A.38)
j=1
nj=—a;, x;=ia; (j=1,2,3,4), (A.39)
4 4
Pu(a;i2) = ] [(a; +ai)n = H’“:E(QZ’.T W (j=1.2,3,4), (A.40)
= ’
DN = T (a5 — a)(a; + ax +n) - (by +2n)3(by + 2n + 2)3, (A.41)
1<j<k<4
ana(A) =1, (A.42)
b1 +2n+5
n3(A) = _m((bl +n+1)5+ (3n® + 12n + 11)by + 3(n + 1)5 — 2b1by + 4b3),
(A.43)
(b1 +2n +3)(by +2n + 6) 9
n2(A) = 3n2 +9n 4 7)(b
n.2(N) CESTES) ((n+ n+7)(by+n)y
+ (b3 + (2n 4+ 3)(2b2 — 1)) (b1 + n)3
+3(n+1)(n® + 5n* 4+ 10n + 7)) (b1 + n),
+ (2(2n +5)bs + (5n(n + 1) — 6by)bs — 2(n + 1)by(2by — 2n* — 3n — 4)
+ (n+1)(6n° + 28n” + 53n + 36)) (by + n)
+2(n + 2)(n + 4)by + b3 (6bs + 6nby — n(n + 1)(n — 4)) (A.44)
+ (4 V)by((n — 4)by + 2(3n% + 5n +4)) + (n+ 1)(Tn® + 320 + 57n + 36)),
(b1 +2n +5),
A1 (A) = — (a; +ar+n+1)-
! 19-1154 7 (by + 2n)(by + 2n + 2)
X (3(n+1)(by + n)2 4+ (3n+ 1)by +n(n+ 1)(n +5) + 2b1by — 4bs), (A.45)
(bl —|— 27’L —|— 4)3
Ano(A) = (a; +ap +n)g ———————, (A.46)
0 13-1}64 7 2 (by + 2n)3
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ﬁn(A) =

(bi+2n+3), "

(n+1,b1 +n+ 1),

1
() = (bi +2n + 3),

A.2.2 continuous dual Hahn (cdH)

Basic data :

A= (a,a2,a3) (a; € C), {aj,a3,a5} ={a1,a2,a3} (as aset), = (%, %, %),

(a1 +ix)(ag + ix)(as + ix)

Vi(r;A) =
En(A) = m,

¢0(9€; >\)2 =

pn(175 A) = Sn(372; ai, as,a3) = (ay + az, a; + as), 3F2<

2ix(2iz + 1) ’
fo(X) = =n, ba(X) = —1,
+ i) (a; — ix)

H?:1 I'(a
2

J
. . Y
ix)[(—2ix) \<iines
—n, a1 + 1T, a1 —1x

a1 + ag, a1 + as

N = (1),

ha(A) =2mn! [ T+ a;+ ap),

)

(A.47)

(A.48)
(A.49)

(A.50)

(A.51)

(A.52)
(A.53)

where S, (n; a1, as, ag) is the continuous dual Hahn polynomial [2]. The physical A is Rea; >

0(j=12,3).
Results data :

[ +ix)(a; —iz), m=3, *(A)=1,

j=1

ﬁ(

s

>
Il

n; =—a3, x;=ia; (j=1,2,3),

3 3
» . _ _ Hk:l(aj + ak)n .
Pn(xﬁ A) - H(aJ + ak)n - (2aj)n (j - 17273)7
k=1
iy
DO =~ [ (45— ax)(a; + ar+n),
1<j<k<3

Oén’g(A)
Wna(X) = —(ba+ (b1 +n)a+ (2n + 5) (b1 + n+ 1) + n+2),

1,

anaN) = ] (@j+a+n+1)- (26 +3(n+1)),
1<j<k<3
anoN) == [ (a;+ar+n),
1<j<k<3

BaX) =1, Br(A) = —(n+1)s

where by = a1 + a9 + a3 and by = ajas + ajas + azas.
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(A.54)
(A.55)

(A.56)

(A.57)

(A.58)
(A.59)
(A.60)

(A.61)

(A.62)



A.3 (iii) n(x) = cosx
Tmin =0, Tmax =7, 7v=1logq, n(x)=-cosz, ¢(r)=2sinz, k=q¢ . (A.63)
A.3.1 continuous dual g-Hahn (cdgH)

Basic data :

Q= (a1,a2,a3) (a; € C), {aj,a3, a5} = {ai,a2,a3} (as aset), = (%, %, %), (A.64)
(1 —a1e™)(1 — aze™®)(1 — aze™)

‘) = . . A.
V('T7 ) (1 _ 622:v)(]_ _ q€21a;) ) ( 65)
EN) =" =1, fuAN) =¢3(g" 1), bu(N)=¢"F, (A.66)

(6212 721:27 q) 27T
do(z; A)? = , ha(A) = (A.67)
’ H? ((ae™, aje™™; q)o (@™ @)oo H1§j<k§3(ajakqn§ ?)oo
. a1ay, 4103 ; n’ a eix7 a e—ix
Po(2; ) = pu(cos x; a1, as, aslq) = (3102, 010330)n d)z( ' ' q, q>, (A.68)
ay aiQz, @103
n(A) =27, (A.69)

where p,(n; a1, as,az|q) is the continuous dual g-Hahn polynomial [2]. The physical X is
la;] <1 (j=1,2,3).

Results data :
3

O(x;A) = [[(1 = ae™)(1 —aje™), m=3, c®(A)=—8bs, (A.70)
j=1
. -1 ‘
n; = %, e =a; (j=1,2,3), (A.71)
3 3
5 Hkﬂ(ajak; Dn .
P, (x;; (ajar;q — (1 =1,2,3), (A.72)
’ H e az (a2 q)n
k#j
DO = ] (a5 — a1 = ajarq™) - b3?, (A.73)
1<j<k<3
amg(}\) = 1, (A74)
an2(A) = =3 (ba — (1 + q)bibsg" ' + (1 + ¢ + ¢*)b3¢>"+?), (A.75)
anaN) =[] (1= ajaeg™™) b5 (br — (14 q + ¢*)bsq™), (A.76)
1<j<k<3
anoN) == [ (ajanq"9)2- 5", (A.T7)
1<j<k<3
Bu(A) = —bs,  BI(A) = —bsg "2 (¢" 1), (A.78)

where b1 =a; + as + as, bQ = a10a9 + ai1a3 + asas and bg = a1020a3.
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A.3.2 Al-Salam-Chihara (ASC)

Basic data :

> = (ay,ay) (a; € C), {aj,a3} ={ai,as} (as aset), 6= (%, %),
(1 — a1e™)(1 — age™)
Vie: A\) = : :
(l’, ) (1 _ 62150)(1 _ quZx) ’
EN=¢"=1, fuAN)=¢(@"—1), b(N)=q¢"F,
(€2iac’ —2m7q> 277'
do(x; N)? = . ha(A) =
oY [T (a56, aje%; q)n ) (¢"*1, a1a24™; @) o
» . _ . (al(lg, ) na aleixa alei'
Pn(l’, )\) = Qn(COSl’7a17CL2|Q) 3¢2( ayay, 0 q,Q)>

Cn(X) =27,

where Q,,(n; a1, as|q) is the Al-Salam-Chihara polynomial [2].

(1 =1,2).
Results data :

€ =a; (j=1,2),

2
Pu(ziA) = a;" [ [(ajar; 0)n = a; " (ara2;9)n (5 = 1,2),

k=1
k)
D(Ovl)()\) _ (a1 —ag)(1 — a1a2qn)’
a1a9

1-— n+1
Oén’Q(A) = 1’ an,l(A) - (al + ag)( a1asq )7

a1az

Ba(A) = aras,  BL(A) = arasg " 2 (¢"; q)o

A.3.3 continuous big g-Hermite (cbgHe)

Basic data :

> =a (a €R), 5:%,
1 — ae™

(1 _ 621'95)(1 q62m)’
EAN =" =1, fuX)=q2(g" — 1),

V(z;A) =
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(A.79)
(A.80)
(A.81)

(A.82)

(A.83)
(A.84)

The physical A is |a;| < 1

(A.85)

(A.86)

(A.87)

(A.88)

(A.89)

(A.90)

(A.91)
(A.92)

(A.93)



2ix ,—2ix. 27T
a2 = e ) ho(A) = — A.94
Po(z:4) (ae, ae™™: q)uo’ ) (¢"t1;q) ( )
. n7 aeia:’ ae—ix
Pu: A) = Hy(cos zsalg) = a6z ( 0.0). (A.95)
0,0
() = 2, (A.96)

where H,(n; alq) is the continuous big ¢-Hermite polynomial [2]. The physical X is |a| < 1.
Results data :

d(z;A) = (1 —ae™)(1 —ae™™), m=1, c®A\)=—2a, (A.97)
m=2 +2“_1, 6" = a, Py(ziA) =a", (A.98)
DY) =1, (A.99)
i A) =1, anoA) =—at, (A.100)
Ba(A) = —a, By (A) = —ag "2 (¢" 1 q) (A.101)

A.3.4 continuous g-Hermite (cqHe)

Basic data :
A :none, 9 :none, (A.102)
1
‘) = . . Al
V(I‘, ) (1 - 62193)(1 . qezlx)7 ( 03)
EAN=¢"=1, fu(A)=¢3(q"=1), bA)=q "7, (A.104)
] —2ix 27
Go(2; A)? = (€7, 6727 Q)os,  hn(A) = 0 (A.105)
» ] —n’ 0 n _—2ix
(33 X) = Hy(cosalg) = %00 (17 | q,q7e ), (A.106)
() =27, (A.107)
where H,(n|q) is the continuous ¢-Hermite polynomial [2].
Results data : none
A.3.5 continuous g-Jacobi (cqJ)
Basic data :
A=(,B) (o, €R), &= (1 1) (A.108)
1 — Lo+ l) iy (1 — 1 g+ ) iz 1 Lg+3) ix

(1 62150)(1 q62m) ’
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q%(a-l—%)q—n(l _ qn+a+,3+1)
(1 —}-q%(a-i-ﬁ-i-l))(l + %(a+5+2) )
ba(A) = g 3D gt (gt X q )
" q"" (g -1+ g (a+p+1) La+B+2)
a J(1+g7 ), (A.110)

(€%%, €% @)oe

Ea(A) = (g7 = 1)(1 — ") () =

do(z;A)? = ——
(g3t Deic ghlete—ia _g3(B+Dein g3+ e-ia, g3) (A.111)
ha(A) = 21 gt (1 — go+i+1) (o, gP+, gz atB+d). On T
(1 - @rratBrl)(g, qotA+l —gz(ethfrD). o)
(q2F+D 20543 g)
] (g, g, gfFt, —g2(oth+D) | _g3(atb+2), 0y 7 (A.112)
Pu(z;A) = Péa’ﬁ)(cosx]q) T
— W—5‘1)n4¢3(qn, grrotBtl gzlaty)ein gzlatsy)e—ia
(q1§ Q)nl qett, —q%(a+5+1)7 _q%(a+6+2) 4, Q>7 (A.113)
en(A) = 2”q§(a+§)n(qn+a+,8+1; D
’ (A.114)

_ (et Ly
(q, —q3a+B+D) | _gz(a+B+2), o)

where Péa’ﬂ)(mq) is the conti
tinuous g-Jacobi pol i .
ynomial [2]. ' .
Results data [2]: The physical A is &, f > —.

é(l’,A = %(0‘+%) iz i(at+d) —iz 1 1y
) (q e, qz 2/e ’_q2(6+2)ezx’_q%(g+%)€,m;q%)2’
m = 4’ C(b(}\) — 16qa+6+2
_ o i e ’ (A.115)
= mr;), (€7, €7, € i) = (q2lota), galota), —ga(Pt) _ga(Pra)) (A.116)
- . (qa+1; " 3 o [P ) ) .
an,(xl, A) = (q.—q)Q)7 Pn(l'4’ A) _ ( ]_) qz( B—-1) (qﬁJrl’q)n 1+ q%(a+ﬁ+1)+n
q‘"7( L ) (¢ D 1 4 galatpD)
5 ) 2(q*T; 3(atB+1)+n
Py(asn) = L4 Dnlt e b o (—1)"gz =P (g1 q)
(¢:9)n 14 gzlathty) n(w33 A) = Dn (A.117)
(1= #)2(q3 + g¥)2(g3 + 20 (20D + g37)
(1-— qa+n+1>(1 — qﬁ+n+1)(q%(a+ﬂ)+n+1 q%(a+,3)+n+2. q%)
n ’ ! 3
N (}\) . (1 —( +1)3(1 — qn+2)2(1 _ qn+3)(1 + q%(a+ﬁ+1)+n>2 ’ (AllS)
n,4 =1,
—l(ﬁ—i-l 1 1, A119
an3(A) = q° )(1 + QQ)(CI% - Q%’B)(l + q%(a+ﬂ)+n+3)(1 . q%(a+ﬁ+7)+n) ( )
(1 — qn+4)(1 — galatPni2) ; (A.120)
— 1
i a(A) = q 6(1 — qg(a+5+5)+n)<1 . q%(a+5)+n+4)
(q3; q)(qz OB, g3),
1
x (14 q)g2 @711+ 2 L(a+B)+nt+2 _ 1(a
7°)q (1 4 geletfesrim)2)
1,1 1
+q2(q2* — ¢2”)*((1 + 3(a+p)+n+2 1
q)qz 5 (a+B45)+n
(10 H 4 " )2)>, (A.121)
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g0 P 1+ q2)(q2® — ¢27)(1 — ¢*T"F2)(1 — P +2)(1 4 g3t +n+2)

an,l()‘) = = 1
("2 q)s(q2 @ttt ),
> (q%(a-i—ﬂ-&-?)-&-n;q%)z, (A.122)
oo(N) = qozfﬁfl(anrnJrl’ qﬂ+n+1; q)Q(q%(a-‘rﬁ)-i-n-H’:; qé)g (A.123)
™ o L(a n 1 ’ )
(" @)a(qz Tt g,
1 1
A) = ("5 q)a(—q2 @t g2),  » N = M@ 9@ ), A 124
Bn( )_ —B—n—1 l(a+ﬁ+5)+n 1y 7 ﬁn( >_ l(a+ﬁ+5)+n 1 . ( 12 )
qoP=r1(q> 142 )4 (g2 142 )4
A.3.6 continuous g-Laguerre (cqL)
Basic data :
A=a (xeR), §=1, (A.125)
1 1\ - 1 3y
1— s(a+3) piz 1 — s(a+2) iz
V(z;A) = ( gz T=e”)( gz 2e) (A.126)

(1 _ 622‘33)(1 _ q€2ix) ’
EN) =g =1, fu(A) =@ Dg by (A) =g 2@ (g — 1), (A127)

(em’ e—Zicc; q)oo o q(a+§)n(qa+1; Q)n

do(x; N)? = : : . ha(XN) = , A.128
oY (grlet2lem, g2+ Demiv; g2) N = G @ g (A.128)
. at+l . ) —n %(a+%)€ix %(a+%)e4x
Po(a:A) = P _ @59 (¢ g ) (a2
('Iu ) n (COS$|q> (q,q>n 3¢2 qa—i—l’ 0 Q7q I ( )
on %(a-‘,—%)n

where Péa)(vﬂq) is the continuous g-Laguerre polynomial [2]. The physical A is v > —3.
Results data :

d(z;A) = (q%(a%)e”,q%(a*%)e’m; q%)g, m=2, c®(A)=4¢""", (A.131)
(¢“ "5 q)n .
w O G=1) “wo. Y7V
np=n(r;), € =9"1 5 " . Pz ) =4 000 . (A.132)
gzt (j=2 (@0 g ()
(4 @)n
1 — 1 1 — a+n+1
pov(y) = Lm A=) (A.133)
q§(1 _ qn—l-l)
1 % 1— atn+2 a+n+1.
s\ = 1, aps(A) = — L) L ) o) = u (A.134)
g2 (1 —q"*?) 72 (¢"™; )2
1 1
Ba(X) = "2 (q" 5 )2, B (A) =" 2 (¢ ). (A.135)
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A.4  (iv) n(x) = cos(x + ¢)

Tmin = —T, Tpmax =T, 7= lOg q,

n(x;X) = cos(z + @), o(z;A) =2sin(z +¢), k=g " (A.136)
A.4.1 continuous g-Hahn (cqgH)

Basic data :

¢ = (a1,a2,¢%) (a; €C,¢p €R), {a} a3} ={a1, a2} (asaset), &= (310), (A.137)
(1 _ aleiz><1 _ a2€m)(1 _ alei(”w))(l _ a2ei(x+2¢)>
(1 _ e2i(m+¢))(1 — qui(m+¢)) ’

n+l

(" = 1)(1—afa3q" ), fu(X) =¢3(¢7" = D)1 —ajazq"™"), bu(A)=q 7,
(A.139)

V(r;A) =

(A.138)

30
R
||

621(x+¢>)’6—2@'(x+¢); -
ol N)? = — ( %) , (A.140)

Hj:l (ajeiac7 aje—iar7 ajei(m+2¢), aje—i(ac—l—Zqﬁ); Q)oo
2 2n.

b\ — A (aiasq" " )n (07034 @)oo A4l
n( ) T (ol ,20m 42m n n 2i¢ 4m —2ipn. ? ( ’ )
(q ,a1q”, asq”, a102q”, a1a2q™, A1G2€7°7q, A1A2€ q-, q)oo

P(z; ) = pn (cos(z + @); ar, as, ar, az; q)

a2, a1as, a1a2e%? ; q), g ", a2a2q" Y, a et g e
:( 1, a1 2n1inj> ) 4¢3< 1 22 1 I 1 q,q), (A.142)
aje ai, a1az, ajase
cn(X) = 2"(afa3q" ™ @), (A.143)

where p,,(n; a1, az, as, as; ) is the continuous g-Hahn polynomial [2]. The physical A is |a;| <
1(j=1,2).
Results data :

2
é(m; )\) = H(1 _ &jem)(l _ ajefm)(l _ ajei(x+2¢))<1 _ aje—i(x+2¢))’
j=1
m=4, ®(\)=16a2d2, (A.144)
m =0l X), (€2, e, €)= (a1, as, a1, aze™ ), (A.145)
P(z;\) = (a1, a102, a102¢"%; ), Dy(z2;A) = (a3, araz, a1a2€*?; q),
n\4t1, a?ei”‘ﬁ ) n\4t2, ageimﬁ ,
. 2 —2i¢. . 2 —2i.
Pn(ZE3;A) — (a17a1a27a1a'26 aQ)n7 Pn<1’4,A) _ (a2,a1a2,a1a’26 7Q)n7 (A146)
aye=n ale~ind

D;0’1’273)()\) = 4sin%¢ (alag)_5(a1 —az)*(a; — a262i¢)(a1 — age” %)

x (1— a%q”)(l — agq")(l — alagq”)Q(l — alagezi‘bq")(l — alage_m’q")
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x (atayq™, atazg®™ " q)s, (A.147)

3 (A.148)
~2cos ¢ (a1 +a)(1 — aia3q® ) (a1a2q™ 5 q)s

aras(1 — a3a3q?n+2)

an,4(>\)

Oémg(A) =

, (A.149)
o p() = (ABE5 o026 )
" ata3(aia3q®™ ' q)s

X (a1a2(—a1a2q"+1; 0)2(2(1 + aja3¢*"®) cos 2¢ — (1 + ¢)(1 + ¢*)ara2q")

+ (a1 + as)? <1 — (14 )" (1 + 2cos 2¢)aras(1 + aja3¢®™ ) (A.150)

+ ataiq®" (2q +2(1 + ¢*)(1 + cos 2¢) + a%agq%ﬂ))) ,

\) = 2080 (a1 + a5)(a7a3q”" ™ g)a(a1a2q"; ¢)3(1 — arazg™)?
an,l()—— 2.2(72,2,2n. 42
ataz(atazq®; ¢*)s
X (1 —a2¢"™) (1 — a2¢"™) (1 — a1a2€*?¢" ™) (1 — ayage™ 29 ¢™ ), (A.151)
_ (afa3q® ™ q)s(arazq™; 9)3(aiq", a3q", araze®@q", araze*%q"; q)
ano(A) = 2 20 2 2 on. ; (A.152)
atas(aiazq®™; q)3
a2a? a2a2q—n—g(qn+17 a2a2q"t: q)s
BN = s P (A) = L (A.153)
(afa3q $q)a (afa3q 1 Q)4
A.4.2 g-Meixner-Pollaczek (gMP)
Basic data :
¢* = (a,¢°) (0,6 €R), §=(3,0), (A.154)
. B (1 _ CLGix)(l _ aei(x+2¢>))
Vi) = (1 = c2ierd) (1 — geditato)y’ (A.155)
—n _n _ntl n
EAN)=¢"~-1, fuN)=q"2, bA)=q¢ = (1-¢""), (A.156)
2i(z+¢) 6—2i(x+¢). ) o
S\ CT Gl D)o ha(X) = . (A7
¢0 ([E, ) (aezx, ae~ie, aez(x+2¢)7 ae—z(w+2¢); Q)oo’ ( ) (q, q)n(q’ a2qn; Q)oo ( )
5 (a®; q)n g ", ae'@t29) ge=iw
Pz \) = p, calq) = —— 2 dn ( ) A.158
(3 X) = pn(cos(z + ¢); alq) e (g g 302 a2, 0 4, q ( )
27l
cn(A) = : (A.159)
) (¢ 0)n

where p,(n; alq) is the ¢-Meixner-Pollaczek polynomial [2]. The physical A is 0 < a < 1.
Results data :

Sz A) = (1 — ae™®)(1 — ae™@) (1 — ae’@F29)) (1 — ae 1@+29)),
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m=2, c®(\)=4d’ (A.160)

n; = n(xj’ A)7 (eixla eimg) = (CL, ae—%(b)a (A161)
Py(x1;A) = (92;—(1)", Py(w2;A) = (a.Q;—Q)n, (A.162)
anezn¢(q; q)n ane—znqb(q; Q)n
2isin ¢(1 — a*q™)
DO (N — Al
n () d—gr) (A.163)
_ _ 2cosg(l —a*g"tt) _ (d®q"9)2
Oén’2<)\) = 1, Q1 (A) == a(l — qn+2> 3 Oén,()(A) == m, (A164)
Ba(N) = (@5 q)2, BIA) = a* g2 (g ) (A.165)

B Explicit Expressions : oQM case

In this appendix, data for the orthogonal polynomials described by oQM are provided. We
present basic data for the polynomials [3, 11] and results data for §5. Data for J case is
given in §5.1.
We remark that the standard parametrizations [2] are
astandard =g— %7 J: (Oéjﬁ)standard — (g . %7 h — %)7

B: astandard — _9h — 1’ pJ . (N, V)standard — (h o %’ _Iu)’ (B].)
and h of pJ is a continuous parameter.

B.1 Hermite (He)

Basic data :
Tmin = —00, Tmax = 00, A :None, (B.2)
n(z) =z, k=1, J:none, (B.3)
w(z;A) = —12*, Uz A) = 2% — 1, (B.4)
ca(mA) =—3m ) =1, c=1 (B.5)
EaN) =2n, fo(A)=2n, b, (A =1, (B.6)
do(z; A2 = e =17 h(X) = 2"nly/T, (B.7)
(3]
_n _n-l 1 2 (_1)k(2n)n—2k

P.(mA) = Hu(n) = 2n)" R 2 2 |—=)=nl B.

W1 X) = Ho(n) = (20)" 2F (720 5) =" > o (B
cn(A) =27, (B.9)
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where H,,(n) is the Hermite polynomial [2] and [z]| denotes the greatest integer not exceeding

x.

Results data : none

B.2 Laguerre (L)

Basic data :

ZL‘mmZO, Tmax = 00, A:g (QER),

n(w)=2* k=1 d=1,
—1

w(z; A) = —12° + glog , U(x;)\)::BQ—i—g(g—Q)—Qg—l,
x

amA) =g+3—n cam)=n c=2,

T 1
do(w; A)* = 2" = n()?e "), hy(X) = (n—£g|+ 2.
n.
1
oy 7 0—3) 9+ 3)n -n

FalpA) = Lo 200 = 7 1F1<g+% )

(="
en(A) = n!

where L%a)(n) is the Laguerre polynomial [2]. The physical X is g > 3.
Results data :

g+ 3)n
771_07 Pn(nh)\) ‘2)7
n.
n+g-+;
DON =1, a, N =1 a,o\)=——""2
n() ) a,l() ’ O‘,O() n+1’

BaX) = =(n+1), B7(A) =2(n+1),
B.3 Bessel (B)

Basic data :

Tmin = — OO, Tmpax — OO, A=~h (]’L - R),
77(55) = 6x7 k=1, = _17
w(z;A) = —he —e™®, U A) = e 2 — (2h +1)e™ + 17,
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dey(mA) =2+ (1 —2h)n, 4ex(n) =102, cr =1, (B.25)

ExA) =n(2h—n),  fu(A) =—=3n(2h —n), by(X) = -2, (B.26)
ulas A2 = e gy e () = SEE (B.27)
Pl ) = w0 —2h = 1) = (=1)"n) () "L 2™
—n, n — 2h n n\" —n 2
=R (T 2g) = 2ma(5) B (g 41 o | ;)’ (B.28)
cn(A) = 27" (n — 2h),, (B.29)

where y,,(n; a) is the Bessel polynomial [2]. The physical A is h > 0 and ¢,,(x; A) is normal-
izable for n = 0,1,...,[h]’, where [z]' denotes the greatest integer not equal or exceeding
T.

Results data :

d(z) =nx)?=e*, m=2 *=1, (B.30)
m =0 (double zero), P,(ni;X) =1, P,(m; ) = 3n(n— 2h), (B.31)
DD (X) = QZ(;—% (B.32)
ana(A) =1, ana(A) = —%, ano(A) = ZZ:—%’ (B.33)
BN = g N = 2, (B.34)

where P (n; A) = %Pn(n; A). Since ®(n) has a double zero, we use Remark 1 of Theorem 1,

and (3.13) is replaced with

Poio,(m; X)) Poye,(n; XN)
Po(ni; ) Po(m; A)

0,k,2
o DD ()

i) = (=1 , D/b)()) B.35
K=V my s P T p i) Py | P
Pr(m; A) Pr(m; A)
B.4 Pseudo Jacobi (pJ)
Basic data :

Tmin = —00,  Tmax = 00, A= (h,u) (h,p €R), (B.36)
n(z) =sinhz, k=1 4&=(-1,0), (B.37)
w(z; A) = —hlogcoshz — ptan™ ' sinh z, (B.38)
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—h(h+1) + p*+ p(2h + 1) sinh L2

U(z; ) = 5 : (B.39)
cosh” z
dey(m; A) = (1 — 2h)n — 2u, 4dea(n) =1+n0% cr =1, (B.40)
Ex(A) =n2h—n), fu(A)=n, by(A)=2h—n—1, (B.41)
¢0(£L’,)\)2 _ (COSh x)thefQ,utan’l sinhz __ (1 + n<x>2)_h€72utan*1n(az)’ <B42)
27n! 2272 (2h — 2
ha(A) = i [(2h —2n) —, (B.43)
(2h —2n+1),I'(h —n+ 5 —ip)I'(h —n+ 5 +ip)
—20)"n! _(“h—l i —h—liin),.
P . = P S _ 1y (—Pn 2 W 2 T
w(m: A) = B —p, b — 3) (= 20), (i)
—21)(—h+ 35 —1)n —n,n— —m
_ (=20)"(=h+ 5 —ip) ( 2h‘1 )
N (n—2h), Py Lol 2
_ n —n,h-i—%—i—w—n‘ 2
=+ 2F1( 2h +1—2n 1—@'77)’ (B.44)
cn(A) =1, (B.45)

where P, (n;v,N) is the pseudo Jacobi polynomial [2]. The physical A is h,u > 0 and
¢n(z; A) is normalizable for n = 0,1,...,[h]".
Results data :

d(z) =1+n(x)* =cosh’z, m=2, *=1, (B.46)

mo=i, = —i, Pa(di;A) = (imn((n_f ;jni W (B.47)

DI = 5" (B.48)

na(A) =1, ani(X) =~ L;Z(ihm_(:h_—lgn —3) (B.49)

oA = 2 pro ;)2_((12)?(;}}211 ;nl)_z Sf“ ) (B.50)

BaA) =1, BI(A)=n+1. (B.51)
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