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Abstract

Orthogonal polynomials of a continuous variable in the Askey scheme satisfying
second order difference equations, such as the Askey-Wilson polynomial, can be stud-
ied by the quantum mechanical formulation, idQM (discrete quantum mechanics with
pure imaginary shifts). These idQM systems have the shape invariance property, which
relates the Hilbert space Hλ (λ : a set of parameters) and that with shifted parameters
Hλ+δ (δ : shift of λ), and gives the forward and backward shift relations for the orthog-
onal polynomials. Based on the forward shift relation and the Christoffel’s theorem
with some polynomial Φ̌(x), which is expressed in terms of the quantities appeared
in the forward and backward shift relations, we obtain some difference relations for

the orthogonal polynomials. The multiplication of
√

Φ̌(x) gives a surjective map from
Hλ+2δ to Hλ. Similarly, for the orthogonal polynomials in the Askey scheme satisfying
second order differential equations, such as the Jacobi polynomial, we obtain some

differential relations, and the multiplication of
√
Φ̌(x) in this case gives a surjective

map from Hλ+δ to Hλ.

1 Introduction

The Askey scheme of (basic) hypergeometric orthogonal polynomials is a classification of the

orthogonal polynomials satisfying second order differential or difference equations allowed by

the Bochner’s theorem and its generalizations [1, 2]. These polynomials can be studied by

the quantum mechanical formulations: ordinary quantum mechanics (oQM) and two kinds

of discrete quantum mechanics (dQM), dQM with pure imaginary shifts (idQM) and dQM

with real shifts (rdQM) [3]. The Schrödinger equation for oQM is a (second order) differential

equation and that for dQM is a (second order) difference equation. The coordinate x for

oQM and idQM is continuous and that for rdQM is discrete.
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The eigenfunctions of the quantum systems associated with the orthogonal polynomials

in the Askey scheme, ϕn(x) (n ∈ Z≥0) (n ∈ {0, 1, . . . , N} for finite rdQM systems), have the

following forms [3]:

ϕn(x) = ϕ0(x)P̌n(x), P̌n(x)
def
= Pn

(
η(x)

)
. (1.1)

Here ϕ0(x) is the ground state wavefunction, η(x) is the sinusoidal coordinate and Pn(η) is

the orthogonal polynomial of degree n in η with respect to the weight function ϕ0(x)
2. These

quantum mechanical systems have the shape invariance property, A(λ)A(λ)† = (constant)×
A(λ+ δ)†A(λ+ δ) + (constant), where A(λ) is some operator and λ = (λ1, λ2, . . .) is a set

of parameters contained in the system and δ is its shift. This is a sufficient condition for the

solvability. The shape invariance combined with the Crum’s theorem and its generalizations

[4, 5, 6] gives the relation between the Hilbert space Hλ and that with shifted parameters

Hλ+δ, and gives the forward and backward shift relations for the orthogonal polynomials.

Recently, Ismail and Saad studied the Meixner-Pollaczek polynomial P
(a)
n (x;ϕ) (change

of notation : λ → a) and obtained various relations [7]. We consider eq.(21) in [7], which

is a relation for P
(a+1)
n (x;ϕ) and P

(a)
n+k(x;ϕ) (k = 0, 1, 2), derived from the Christoffel’s

theorem (Theorem 2.7.1 in [1]). In idQM formulation (λ = (a, ϕ), δ = (1
2
, 0), η(x) = x,

ϕ0(x;λ)
2 = e(2ϕ−π)xΓ(a+ix)Γ(a−ix)), the ratio of ϕ0(x;λ+2δ)2 and ϕ0(x;λ)

2 is a polynomial

in η(x), and the Christoffel’s theorem can be applied. This fact (the ratio of ϕ0(x;λ+2δ)2 and

ϕ0(x;λ)
2 is a polynomial in η(x)) holds for all idQM systems associated with the orthogonal

polynomials in the Askey scheme, and this ratio is expressed in terms of the quantities

appeared in the forward and backward shift relations. From the Christoffel’s theorem, we

can write down a relation for P̌n(x;λ+2δ) and P̌n+k(x;λ) explicitly. Moreover, by combining

this relation with the forward shift relation, we obtain some difference relation for P̌n(x;λ).

Similar calculation can be applied to oQM systems. But in this case, the ratio of ϕ0(x;λ+δ)2

and ϕ0(x;λ)
2 is a polynomial in η(x).

This paper is organized as follows. In section 2, we recapitulate the quantum mechanical

formulation, idQM. In section 3, we recall the Christoffel’s theorem. Section 4 is a main part

of this paper. We write down the Christoffel’s theorem and obtain some difference relations

for the orthogonal polynomials in idQM explicitly. Their explicit forms are given in § 4.1 for

the Askey-Wilson polynomial and in Appendix A for other polynomials. We also provide

other properties. In section 5, some differential relations for the orthogonal polynomials in

oQM are obtained explicitly. Their explicit forms are given in § 5.1 for the Jacobi polynomial
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and in Appendix B for other polynomials. Section 6 is for a summary and comments.

2 Quantum Mechanical Formulation

In this section we recapitulate the quantum mechanical formulation: the discrete quantum

mechanics with pure imaginary shifts (idQM) [8, 3]. Explicit forms of various quantities are

given in § 4.1 and Appendix A.

The dynamical variables of idQM are the real coordinate x (xmin < x < xmax) and its

conjugate momentum p = −i∂x, which are governed by the following factorized positive

semi-definite Hamiltonian:

H def
=

√
V (x) eγp

√
V ∗(x) +

√
V ∗(x) e−γp

√
V (x)− V (x)− V ∗(x) = A†A, (2.1)

A def
= i

(
e

γ
2
p
√
V ∗(x)− e−

γ
2
p
√
V (x)

)
, A† = −i

(√
V (x) e

γ
2
p −

√
V ∗(x) e−

γ
2
p
)
. (2.2)

Here the potential function V (x) is an analytic function of x and γ is a real constant. The ∗-
operation on an analytic function f(x) =

∑
n anx

n (an ∈ C) is defined by f ∗(x) =
∑

n a
∗
nx

n,

in which a∗n is the complex conjugation of an. The symbol
√

is the square root as a

complex function, with the appropriate branch chosen. An exponential function of p, eαp (α :

constant), is a shift operator eαpf(x) = f(x− iα). The Schrödinger equation Hϕ(x) = Eϕ(x)
is an analytic difference equation with pure imaginary shifts. The inner product of two wave

functions ϕ(x) and ψ(x) is given by (ϕ, ψ)
def
=

∫ xmax

xmin
dx ϕ∗(x)ψ(x) and the norm of a wave

function ϕ(x) is ||ϕ|| def
=

√
(ϕ, ϕ).

The idQM systems corresponding to the orthogonal polynomials in the Askey scheme

have an infinite number of square-integrable eigenstates ϕn(x) with discrete energy levels En:

Hϕn(x) = Enϕn(x) (n ∈ Z≥0), 0 = E0 < E1 < E2 < · · · . (2.3)

The eigenfunctions ϕn(x) can be chosen ‘real’, ϕ∗
n(x) = ϕn(x), and the groundstate wavefunc-

tion ϕ0(x) is determined as the zero mode of the operator A, Aϕ0(x) = 0. The eigenfunctions

ϕn(x) have the following factorized form:

ϕn(x) = ϕ0(x)P̌n(x), P̌n(x)
def
= Pn

(
η(x)

)
(n ∈ Z≥0), (2.4)

where η = η(x) is the sinusoidal coordinate and Pn(η) is a polynomial of degree n in η and

P−1(η)
def
= 0. The second order difference operator H̃ acting on the polynomial eigenfunctions
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is square root free:

H̃ def
= ϕ0(x)

−1 ◦ H ◦ ϕ0(x), (2.5)

→ H̃ = V (x)(eγp − 1) + V ∗(x)(e−γp − 1), (2.6)

H̃P̌n(x) = EnP̌n(x) (n ∈ Z≥0). (2.7)

Since the Hamiltonian H is a hermitian operator, we have the orthogonality relations,

(ϕn, ϕm) = hnδnm (n,m ∈ Z≥0), 0 < hn <∞. (2.8)

This gives the orthogonality relations for the polynomials,∫ xmax

xmin

dx ϕ0(x)
2P̌n(x)P̌m(x) = hnδnm (n,m ∈ Z≥0), (2.9)

and ϕ0(x)
2 is regarded as the weight function. For the hermiticity of H, see [8, 9]. The

systems contain a set of parameters λ = (λ1, λ2, . . .). The range of λ is restricted by the

hermiticity of H. We call the range of parameters for which H is hermitian the physical

parameter range of λ or physical λ. The parameter dependence is expressed as f = f(λ)

and f(x) = f(x;λ). The parameter q is 0 < q < 1 and qλ stands for q(λ1,λ2,...) = (qλ1 , qλ2 , . . .),

and we omit writing q-dependence.

The following thirteen polynomials [2] are studied by the idQM formulation [8]: con-

tinuous Hahn (cH), Meixner-Pollaczek (MP), Wilson (W), continuous dual Hahn (cdH),

Askey-Wilson (AW), continuous dual q-Hahn (cdqH), Al-Salam-Chihara (ASC), continuous

big q-Hermite (cbqHe), continuous q-Hermite (cqHe), continuous q-Jacobi (cqJ), continuous

q-Laguerre (cqL), continuous q-Hahn (cqH) and q-Meixner-Pollaczek (qMP). These polyno-

mials are classified by the four types of sinusoidal coordinates. The sinusoidal coordinate

η(x), the auxiliary function φ(x) (∝ η(x− iγ
2
)− η(x+ iγ

2
)) and the constant γ are [8]

(i) : η(x) = x, φ(x) = 1, γ = 1,

(ii) : η(x) = x2, φ(x) = 2x, γ = 1,

(iii) : η(x) = cos x, φ(x) = 2 sin x, γ = log q,

(iv) : η(x;λ) = cos(x+ ϕ), φ(x;λ) = 2 sin(x+ ϕ), γ = log q,

(2.10)

and the polynomials are classified as follows:

(i) : cH,MP,
(ii) : W, cdH,
(iii) : AW, cdqH,ASC, cbqHe, cqHe, cqJ, cqL,
(iv) : cqH, qMP.

(2.11)
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These idQM systems satisfy the shape invariance condition [8, 9, 3]:

A(λ)A(λ)† = κA(λ+ δ)†A(λ+ δ) + E1(λ), (2.12)

where κ is a real positive constant (κ = 1 for (i), (ii), and κ = q−1 for (iii), (iv)) and δ is the

shift of the parameters. This condition combined with the Crum’s theorem [5] allows the

wavefunction ϕn(x) and energy eigenvalue En of the excited states to be expressed in terms

of the ground state wavefunction ϕ0(x) and the first excited state energy eigenvalue E1 with
shifted parameters. As a consequence of the shape invariance, we have

A(λ)ϕn(x;λ) = fn(λ)ϕn−1(x;λ+ δ) (n ∈ Z≥0), (2.13)

A(λ)†ϕn−1(x;λ+ δ) = bn−1(λ)ϕn(x;λ) (n ∈ Z≥1), (2.14)

where fn(λ) and bn−1(λ) are some constants satisfying fn(λ)bn−1(λ) = En(λ). These rela-

tions can be rewritten as the forward and backward shift relations for the polynomials:

F(λ)P̌n(x;λ) = fn(λ)P̌n−1(x;λ+ δ) (n ∈ Z≥0), (2.15)

B(λ)P̌n−1(x;λ+ δ) = bn−1(λ)P̌n(x;λ) (n ∈ Z≥1). (2.16)

Here the forward and backward shift operators F(λ) and B(λ) are defined by

F(λ)
def
= ϕ0(x;λ+ δ)−1 ◦ A(λ) ◦ ϕ0(x;λ), (2.17)

→ F(λ) = iφ(x;λ)−1(e
γ
2
p − e−

γ
2
p), (2.18)

B(λ) def
= ϕ0(x;λ)

−1 ◦ A(λ)† ◦ ϕ0(x;λ+ δ), (2.19)

→ B(λ) = −i
(
V (x;λ)e

γ
2
p − V ∗(x;λ)e−

γ
2
p
)
φ(x;λ), (2.20)

and satisfy H̃(λ) = B(λ)F(λ). Let us define the Hilbert space Hλ as follows:

Hλ
def
= Span

[
ϕn(x;λ)

∣∣ n ∈ Z≥0

]
. (2.21)

The images of the operators A(λ) : Hλ → Hλ+δ and A(λ)† : Hλ+δ → Hλ are

ImA(λ) = Hλ+δ, ImA(λ)† = Span
[
ϕn(x;λ)

∣∣ n ∈ Z≥1

]
. (2.22)

3 Christoffel’s Theorem

In this section we recall the Christoffel’s theorem about a modification of a measure.
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Let pn(η) (n ∈ Z≥0) be the monic orthogonal polynomials of degree n in η with respect

to the weight function wη(η) (ηmin < η < ηmax), and Φ(η) be a polynomial of degree m in η,

which is nonnegative in (ηmin, ηmax). We factorize Φ(η) as follows:

Φ(η) = cΦΦmonic(η), Φmonic(η) =
m∏
j=1

(η − ηj), (3.1)

where cΦ is a positive constant. We assume that ηj’s are mutually distinct. Let us define

Sn(η) (n ∈ Z≥0) as follows:

Cn,mΦ
monic(η)Sn(η) =

∣∣∣∣∣∣∣∣∣∣∣

pn(η1) pn+1(η1) · · · pn+m(η1)
pn(η2) pn+1(η2) · · · pn+m(η2)

...
...

...
...

pn(ηm) pn+1(ηm) · · · pn+m(ηm)
pn(η) pn+1(η) · · · pn+m(η)

∣∣∣∣∣∣∣∣∣∣∣
, (3.2)

Cn,m =

∣∣∣∣∣∣∣∣∣
pn(η1) pn+1(η1) · · · pn+m−1(η1)
pn(η2) pn+1(η2) · · · pn+m−1(η2)

...
...

...
...

pn(ηm) pn+1(ηm) · · · pn+m−1(ηm)

∣∣∣∣∣∣∣∣∣ . (3.3)

Then we have the following theorem.

Theorem 1 [Christoffel] (Theorem 2.7.1 in [1]) Sn(η)’s are the monic polynomial of degree

n in η and they are orthogonal polynomials with respect to the weight function Φ(η)wη(η).

Remark 1 If the zero ηj has multiplicity r > 1, the RHS of (3.2)–(3.3) are replaced as

follows: the corresponding rows of the determinants by derivatives of order 0, 1, . . . , r− 1 at

ηj.

Remark 2 A theorem concerning the extension of Φ(η) from a polynomial to a rational

function of η was obtained by Uvarov. See Theorem 2.7.3 in [1].

For the orthogonal polynomials in § 2, we rewrite the formula (3.2). Let us define cn(λ)

(n ∈ Z≥0), xj (j = 1, 2, . . . ,m) and Φ̌(x;λ) as follows:

P̌n(x;λ) = cn(λ)P̌
monic
n (x;λ) = cn(λ)P

monic
n

(
η(x;λ);λ

)
= Pn

(
η(x;λ);λ

)
, (3.4)

η(xj;λ) = ηj, (3.5)

Φ̌(x;λ)
def
= Φ

(
η(x;λ);λ

)
= cΦ(λ)

m∏
j=1

(
η(x;λ)− η(xj;λ)

)
, (3.6)
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where we omit writing the λ-dependence of ηj and xj. We remark that xj satisfying (3.5)

may not be unique, but we fix one value for xj. Then (3.2) is rewritten as

Φ̌(x;λ)Sn

(
η(x;λ);λ

)
=

cΦ(λ)

cn+m(λ)

det
(
P̌n+k−1(xj;λ)

)
1≤j,k≤m+1

∣∣
xm+1=x

det
(
P̌n+k−1(xj;λ)

)
1≤j,k≤m

(n ∈ Z≥0). (3.7)

The property of the determinant gives

det
(
P̌n+ℓk(xj;λ)

)
1≤j,k≤m

=
m∏
j=1

P̌n(xj;λ)×D(ℓ1,ℓ2,...,ℓm)
n (λ), (3.8)

where n, ℓk ∈ Z≥0 and D
(ℓ1,ℓ2,...,ℓm)
n (λ) is defined by

D(ℓ1,ℓ2,...,ℓm)
n (λ)

def
= det

(
P̌n+ℓk(xj;λ)

P̌n(xj;λ)

)
1≤j,k≤m

. (3.9)

The determinant of the denominator of RHS of (3.7) is expressed as

det
(
P̌n+k−1(xj;λ)

)
1≤j,k≤m

=
m∏
j=1

P̌n(xj;λ)×D(0,1,...,m−1)
n (λ). (3.10)

Expanding the determinant of the numerator of RHS of (3.7) in the (m + 1)-th row, we

obtain the following expression:

det
(
P̌n+k−1(xj;λ)

)
1≤j,k≤m+1

∣∣∣
xm+1=x

=
m∏
j=1

P̌n(xj;λ)×
m∑
k=0

P̌n+k(x;λ)(−1)m−kD(0,1,...,k̆,...,m)
n (λ), (3.11)

where (0, 1, . . . , k̆, . . . ,m)
def
= (0, 1, . . . , k − 1, k + 1, . . . ,m). Then (3.7) is rewritten as

Φ̌(x;λ)Sn

(
η(x;λ);λ

)
=

cΦ(λ)

cn+m(λ)

m∑
k=0

αn,k(λ)P̌n+k(x;λ) (n ∈ Z≥0), (3.12)

where αn,k(λ) is given by

αn,k(λ)
def
= (−1)m−kD

(0,1,...,k̆,...,m)
n (λ)

D
(0,1,...,m−1)
n (λ)

. (3.13)

4 Difference Relations

In this section we present some difference relations for the orthogonal polynomials in § 2 by

combining the forward shift relations in § 2 and the Christoffel’s theorem in § 3 with some

Φ(η). In the following we consider the orthogonal polynomials in (2.11) except for cqHe.
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Let us define a function Φ̌(x;λ) as follows:

Φ̌(x;λ)
def
= κ−1φ(x;λ)2φ(x− iγ

2
;λ)φ(x+ iγ

2
;λ)V (x;λ)V ∗(x;λ). (4.1)

By using explicit forms of V (x;λ), φ(x;λ), γ and κ (see § 4.1 and Appendix A), a direct

calculation shows the following proposition.

Proposition 1 The function Φ̌(x;λ) (4.1) is a polynomial of degree m in η = η(x;λ), (3.6),

m =


4 : cH,W,AW, cqJ, cqH
3 : cdH, cdqH
2 : MP,ASC, cqL, qMP
1 : cbqHe

. (4.2)

Remark 3 For cqHe, Φ̌(x;λ) (4.1) becomes a constant, Φ̌(x;λ) = 1.

This Φ̌(x) relates ϕ0(x) with different parameters in the following way.

Proposition 2 Φ̌(x) and ϕ0(x) satisfy the following relation:

Φ̌(x;λ)ϕ0(x;λ)
2 = ϕ0(x;λ+ 2δ)2. (4.3)

Proof: By using explicit forms of Φ̌(x;λ) and ϕ0(x;λ), a direct calculation shows (4.3).

The square of the ground state wavefunctions, ϕ0(x;λ)
2 and ϕ0(x;λ+2δ)2, are the weight

functions of the orthogonal polynomials, P̌n(x;λ) and P̌n(x;λ+2δ), respectively. Therefore

the orthogonal polynomial Sn

(
η(x;λ);λ

)
in Theorem1, (3.12), is given by

Sn

(
η(x;λ);λ

)
= P̌monic

n (x;λ+ 2δ) = cn(λ+ 2δ)−1P̌n(x;λ+ 2δ). (4.4)

Then Theorem1, (3.12), gives the following theorem.

Theorem 2 We have the following relations,

Φ̌(x;λ)P̌n(x;λ+ 2δ) = βn(λ)
m∑
k=0

αn,k(λ)P̌n+k(x;λ) (n ∈ Z≥0), (4.5)

where αn,k(λ) is given by (3.13) and βn(λ) is given by

βn(λ)
def
= cΦ(λ)

cn(λ+ 2δ)

cn+m(λ)
. (4.6)

Explicit expressions of Φ̌(x;λ), αn,k(λ) and βn(λ) are given in § 4.1 and Appendix A.
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Remark 4 For MP, this formula is obtained explicitly in [7] (eq.(21) in [7]). For its explicit

form, see §A.1.2.

This theorem relates P̌n(x)’s with the parameters λ and λ + 2δ. By using the forward

shift relation, let us obtain some relation among P̌n(x)’s with λ only. From the forward shift

relation (2.15), we have

F(λ+ δ)F(λ)P̌n+2(x;λ) = fn+1(λ+ δ)fn+2(λ)P̌n(x;λ+ 2δ). (4.7)

Explicit form of the forward shift operator (2.18) gives the following proposition.

Proposition 3 The product of F(λ+ δ) and F(λ) is expressed as

F(λ+ δ)F(λ)

=
1

φ(x− iγ
2
;λ)φ(x+ iγ

2
;λ)

(
κ

1
2 + κ−

1
2 −

φ(x+ iγ
2
;λ)

φ(x;λ)
eγp −

φ(x− iγ
2
;λ)

φ(x;λ)
e−γp

)
. (4.8)

Proof: First we remark φ(x;λ+ δ) = φ(x;λ). By using explicit forms of φ(x;λ) and γ, we

have

φ(x− iγ
2
;λ) + φ(x+ iγ

2
;λ) = (κ

1
2 + κ−

1
2 )φ(x;λ). (4.9)

A direct calculation using this relation and (2.18) shows (4.8).

Combining (4.7), Proposition 3, Theorem2 and (4.1), we obtain the following theorem.

Theorem 3 We have the following difference relations for P̌n(x;λ)’s,

κ−1φ(x;λ)V (x;λ)V ∗(x;λ)
(
(κ

1
2 + κ−

1
2 )φ(x;λ)P̌n+2(x;λ)

− φ(x+ iγ
2
;λ)P̌n+2(x− iγ;λ)− φ(x− iγ

2
;λ)P̌n+2(x+ iγ;λ)

)
(4.10)

= βF
n (λ)

m∑
k=0

αn,k(λ)P̌n+k(x;λ) (n ∈ Z≥0),

where βF
n (λ) is given by

βF
n (λ)

def
= fn+1(λ+ δ)fn+2(λ)βn(λ). (4.11)

From Proposition 2, we have the following property.

Theorem 4 Multiplying by
√

Φ̌(x;λ) is a surjective map from Hλ+2δ to Hλ,√
Φ̌(x;λ) : Hλ+2δ → Hλ, Im

√
Φ̌(x;λ) = Hλ. (4.12)
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Proof: By using (2.4), (4.3) and (4.5), we obtain√
Φ̌(x;λ)ϕn(x;λ+ 2δ) = Φ̌(x;λ)

ϕ0(x;λ)

ϕ0(x;λ+ 2δ)
· ϕ0(x;λ+ 2δ)P̌n(x;λ+ 2δ)

= ϕ0(x;λ)Φ̌n(x;λ)P̌n(x;λ+ 2δ)

= ϕ0(x;λ)βn(λ)
m∑
k=0

αn,k(λ)P̌n+k(x;λ) (4.13)

= βn(λ)
m∑
k=0

αn,k(λ)ϕn+k(x;λ) ∈ Hλ.

By setting ψn(x;λ) =
√
Φ̌(x;λ)ϕn(x;λ+ 2δ), this relation is expressed as a matrix form,ψ0(x;λ)

ψ1(x;λ)
...

 =

 β0α0,0 · · · β0α0,m

β1α1,0 · · · β1α1,m

. . . · · · . . .


ϕ0(x;λ)
ϕ1(x;λ)

...

 , (4.14)

where we omit writing the λ-dependence of αn,k and βn. The diagonal elements of this

matrix are βnαn,0, and we can check that they do not vanish for the physical λ. So this

matrix has an inverse. Thus ϕn(x;λ) can be expressed as a linear combination of ψn(x;λ).

Remark 5 Since the elements of Hλ are expressed as
∞∑
n=0

cnϕn(x;λ) = ϕ0(x;λ)
∞∑
n=0

cnP̌n(x;λ),

Hλ is essentially characterized by ϕ0(x;λ). Any polynomial can be expanded by other poly-

nomials, e.g. P̌n(x;λ+ 2δ) =
n∑

k=0

cn,kP̌k(x;λ). So multiplying by

1√
Φ̌(x;λ)

=
ϕ0(x;λ)

ϕ0(x;λ+ 2δ)
(4.15)

is also a surjective map from Hλ+2δ to Hλ,

1√
Φ̌(x;λ)

ϕn(x;λ+ 2δ) = ϕ0(x;λ)P̌n(x;λ+ 2δ)

= ϕ0(x;λ)
n∑

k=0

cn,kP̌k(x;λ) =
n∑

k=0

cn,kϕk(x;λ) ∈ Hλ. (4.16)

In the same sense, Φ̌(x;λ)P̌n(x;λ + 2δ) is expanded as
n+m∑
k=0

c′n,kP̌k(x;λ). Therefore, The-

orem4 is shown by Proposition 1 and Proposition 2 (namely, ϕ0(x;λ+2δ)2

ϕ0(x;λ)2
is a polynomial in

η(x;λ)) without using Theorem2.

Remark 6 This Theorem4 holds only for physical λ. On the other hand, (2.15)–(2.16),

Theorem2 and Theorem3 hold for any λ, because they are algebraic relations.

10



4.1 Explicit expression : AW case

As an illustration, we present explicit expressions of various quantities for AW case. For

other cases, see AppendixA.

A set of parameters λ is

qλ = (a1, a2, a3, a4) (aj ∈ C), {a∗1, a∗2, a∗3, a∗4} = {a1, a2, a3, a4} (as a set), (4.17)

and bj (j = 1, 2, 3, 4) are defined by (please do not confuse these bj and bn(λ) in (2.16))

b1
def
=

4∑
j=1

aj, b2
def
=

∑
1≤j<k≤4

ajak, b3
def
=

∑
1≤j<k<l≤4

ajakal, b4
def
= a1a2a3a4. (4.18)

The basic data of the idQM system of AW type are as follows [8]:

xmin = 0, xmax = π, γ = log q, (4.19)

η(x) = cos x, φ(x) = 2 sin x, κ = q−1, δ = (1
2
, 1
2
, 1
2
, 1
2
), (4.20)

V (x;λ) =
(1− a1e

ix)(1− a2e
ix)(1− a3e

ix)(1− a4e
ix)

(1− e2ix)(1− qe2ix)
, (4.21)

En(λ) = (q−n − 1)(1− b4q
n−1), fn(λ) = q

n
2 (q−n − 1)(1− b4q

n−1), bn(λ) = q−
n+1
2 , (4.22)

ϕ0(x;λ)
2 =

(e2ix, e−2ix; q)∞∏4
j=1(aje

ix, aje−ix; q)∞
, hn(λ) =

2π(b4q
n−1; q)n(b4q

2n; q)∞
(qn+1; q)∞

∏
1≤i<j≤4(aiajq

n; q)∞
, (4.23)

P̌n(x;λ) = Pn

(
η(x);λ

)
= pn

(
η(x); a1, a2, a3, a4|q

)
=

(a1a2, a1a3, a1a4 ; q)n
an1

4ϕ3

(q−n, b4q
n−1, a1e

ix, a1e
−ix

a1a2, a1a3, a1a4

∣∣∣ q, q), (4.24)

cn(λ) = 2n(b4q
n−1; q)n, (4.25)

where pn(η; a1, a2, a3, a4|q) is the Askey-Wilson polynomial [2]. We remark that P̌n(x;λ)

is invariant under the permutations of aj’s, and P̌n(−x;λ) = P̌n(x;λ). The physical λ is

|aj| < 1 (j = 1, 2, 3, 4).

From (4.1), we have

Φ̌(x;λ) =
4∏

j=1

(1− aje
ix)(1− aje

−ix), m = 4, cΦ(λ) = 16b4, (4.26)

which is a polynomial in η(x) = cosx by (1− aeix)(1− ae−ix) = 1+ a2 − 2a cos x. The zeros

ηj and xj (j = 1, 2, 3, 4) are

ηj =
aj + a−1

j

2
, eixj = aj, (4.27)

11



where we choose one value for xj as mentioned below (3.6) (eixj = a−1
j also gives the same

ηj). The expression (4.24) gives P̌n(x1;λ) = a−n
1 (a1a2, a1a3, a1a4; q)n and the symmetry

under the permutations of aj’s gives

P̌n(xj;λ) = a−n
j

4∏
k=1
k ̸=j

(ajak; q)n =

∏4
k=1(ajak; q)n
anj (a

2
j ; q)n

(j = 1, 2, 3, 4). (4.28)

By direct calculation, we can obtain D
(0,1,...,k̆,...,4)
n (λ) (k = 0, 1, 2, 3, 4), (3.9). Here we write

down D
(0,1,2,3)
n (λ) and αn,k(λ) (k = 0, 1, 2, 3, 4) (3.13) (D

(0,1,...,k̆,...,4)
n (λ) (k = 0, 1, 2, 3) are

obtained as (−1)4−kαn,k(λ)D
(0,1,...,3)
n (λ)),

D(0,1,2,3)
n (λ) =

∏
1≤j<k≤4

(aj − ak)(1− ajakq
n) · b−3

4 (b4q
2n, b4q

2n+2; q)3, (4.29)

αn,4(λ) = 1, (4.30)

αn,3(λ) = −1− b4q
2n+5

1− b4q2n+2
b−1
4

(
b3 − (1 + q + q2)(b1 − b3q

n+2)b4q
n+1 − b1b

2
4q

3n+6
)
, (4.31)

αn,2(λ) =
(1− b4q

2n+3)(1− b4q
2n+6)

(1− b4q2n+1)(1− b4q2n+2)
b−1
4

(
b2(1− b4q

2n+2)(1 + b4q
2n+3)(1− b4q

2n+4)

+ (1 + q + q2)(b23 + b21b4)(1 + b4q
2n+3)q2n+2

− (1 + q)
(
qb1b3 + (1 + q2)b4

)
(1 + b24q

4n+6)qn

− (1 + q)
(
q(1 + q)2b1b3 − (1 + q2)2b4

)
b4q

3n+2
)
, (4.32)

αn,1(λ) = −
∏

1≤j<k≤4

(1− ajakq
n+1) · (1− b4q

2n+5)(1− b4q
2n+6)

(1− b4q2n)(1− b4q2n+2)

× b−1
4

(
b1 − (1 + q + q2)(b3 − b1b4q

n+1)qn − b3b4q
3n+3

)
, (4.33)

αn,0(λ) =
∏

1≤j<k≤4

(ajakq
n; q)2 ·

(b4q
2n+4; q)3

(b4q2n; q)3
b−1
4 . (4.34)

The constant βn(λ) (4.6) and β
F
n (λ) (4.11) are

βn(λ) =
b4

(b4q2n+3; q)4
, βF

n (λ) =
b4q

−n− 3
2 (qn+1, b4q

n+1; q)2
(b4q2n+3; q)4

. (4.35)

4.1.1 shift with only one parameter

In order to obtain Theorem3 for AW case, we have shifted all aj’s by 1 in Theorem2. But

we can consider shifting only one aj by 1 and obtain theorems similar to Theorem2 and

Theorem4. Such one aj shift was considered for Wilson polynomial in [10].

12



For each j (j = 1, 2, 3, 4), let us define δ(j) and Φ̌(j)(x;λ) as follows:

δ(1) def
= (1

2
, 0, 0, 0), δ(2) def

= (0, 1
2
, 0, 0), δ(3) def

= (0, 0, 1
2
, 0), δ(4) def

= (0, 0, 0, 1
2
), (4.36)

Φ̌(j)(x;λ)
def
= (1− aje

ix)(1− aje
−ix), (4.37)

where we assume a∗j = aj for the reality of Φ̌(j)(x;λ) (Φ̌(j)(x;λ) ∈ R for x ∈ R). Then we

have

Φ̌(j)(x;λ) = Φ(j)
(
η(x);λ

)
, m = 1, cΦ

(j)

(λ) = −2aj, (4.38)

and

Φ̌(j)(x;λ)ϕ0(x;λ)
2 = ϕ0(x;λ+ 2δ(j))2. (4.39)

This relation implies that the orthogonal polynomials Sn(η(x);λ) in Theorem1, (3.12), are

given by

Sn(η(x);λ) = P̌monic
n (x;λ+ 2δ(j)) = cn(λ+ 2δ(j))−1P̌n(x;λ+ 2δ(j)). (4.40)

The zeros of Φ̌(j)(x;λ), η
(j)
1 and x

(j)
1 , and P̌n(x

(j);λ) are

η
(j)
1 = ηj, x

(j)
1 = xj, P̌n(x

(j)
1 ;λ) = P̌n(xj;λ). (4.41)

Then Theorem1, (3.12), gives the following relations:

Φ̌(j)(x;λ)P̌n(x;λ+ 2δ(j)) = β(j)
n (λ)

1∑
k=0

α
(j)
n,k(λ)P̌n+k(x;λ) (n ∈ Z≥0), (4.42)

where α
(j)
n,k(λ) and β

(j)
n (λ) are given by

α
(j)
n,1(λ) = 1, (4.43)

α
(j)
n,0(λ) = −D

(1)
n (λ)

D
(0)
n (λ)

= −D(1)
n (λ) = − P̌n+1(x

(j)
1 ;λ)

P̌n(x
(j)
1 ;λ)

= −
∏4

k=1(1− ajakq
n)

aj(1− a2jq
n)

, (4.44)

β(j)
n (λ) = cΦ

(j)

(λ)
cn(λ+ 2δ(j))

cn+1(λ)
=

−aj
1− b4q2n

. (4.45)

Note that the relations (4.42) hold for aj ∈ C. As in Theorem4, multiplying by
√

Φ̌(j)(x;λ)

is a surjective map from Hλ+2δ(j) to Hλ for physical λ,√
Φ̌(j)(x;λ) : Hλ+2δ(j) → Hλ, Im

√
Φ̌(j)(x;λ) = Hλ. (4.46)
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We remark that Φ̌(x;λ) is expressed as

Φ̌(x;λ) =
4∏

j=1

Φ̌(j)(x;λ), cΦ(λ) =
4∏

j=1

cΦ
(j)

(λ), (4.47)

and Φ̌(j)(x;λ) has the following property,

Φ̌(j)(x;λ+ δ(k)) = Φ̌(j)(x;λ) (k ̸= j), (4.48)

because Φ̌(j)(x;λ) does not depend on ak (k ̸= j). So, Theorem2 and Theorem4 can be

obtained by repeated use of the relations (4.42) and (4.46) respectively. For example, by

expressing Φ̌(x;λ) as

Φ̌(x;λ) = Φ̌(1)(x;λ)Φ̌(2)(x;λ+ 2δ(1))Φ̌(3)(x;λ+ 2δ(12))Φ̌(4)(x;λ+ 2δ(123)),(
δ(12) def

= δ(1) + δ(2), δ(123) def
= δ(1) + δ(2) + δ(3)

)
, (4.49)

αn,k(λ) and βn(λ) are expressed in terms of α
(j)
n,k(λ) and β

(j)
n (λ) as follows:

αn,4(λ) = 1, (4.50)

αn,3(λ) = α̃
(1)
n+3(λ) + α̃

(2)
n+2(λ) + α̃

(3)
n+1(λ) + α̃(4)

n (λ), (4.51)

αn,2(λ) = α̃
(1)
n+2(λ)α̃

(2)
n+2(λ) + α̃

(1)
n+2(λ)α̃

(3)
n+1(λ) + α̃

(1)
n+2(λ)α̃

(4)
n (λ)

+ α̃
(2)
n+1(λ)α̃

(3)
n+1(λ) + α̃

(2)
n+1(λ)α̃

(4)
n (λ) + α̃(3)

n (λ)α̃(4)
n (λ), (4.52)

αn,1(λ) = α̃
(1)
n+1(λ)α̃

(2)
n+1(λ)α̃

(3)
n+1(λ) + α̃

(1)
n+1(λ)α̃

(2)
n+1(λ)α̃

(4)
n (λ)

+ α̃
(1)
n+1(λ)α̃

(3)
n (λ)α̃(4)

n (λ) + α̃(2)
n (λ)α̃(3)

n (λ)α̃(4)
n (λ), (4.53)

αn,0(λ) = α̃(1)
n (λ)α̃(2)

n (λ)α̃(3)
n (λ)α̃(4)

n (λ), (4.54)

βn(λ) = β
(1)
n+3(λ)β

(2)
n+2(λ+ 2δ(1))β

(3)
n+1(λ+ 2δ(12))β(4)

n (λ+ 2δ(123)), (4.55)

where α̃
(j)
n (λ) are given by

α̃(1)
n (λ)

def
= α

(1)
n,0(λ), (4.56)

α̃(2)
n (λ)

def
= α

(2)
n,0(λ+ 2δ(1))

β
(1)
n (λ)

β
(1)
n+1(λ)

, (4.57)

α̃(3)
n (λ)

def
= α

(3)
n,0(λ+ 2δ(12))

β
(1)
n+1(λ)

β
(1)
n+2(λ)

β
(2)
n (λ+ 2δ(1))

β
(2)
n+1(λ+ 2δ(1))

, (4.58)

α̃(4)
n (λ)

def
= α

(4)
n,0(λ+ 2δ(123))

β
(1)
n+2(λ)

β
(1)
n+3(λ)

β
(2)
n+1(λ+ 2δ(1))

β
(2)
n+2(λ+ 2δ(1))

β
(3)
n (λ+ 2δ(12))

β
(3)
n+1(λ+ 2δ(12))

. (4.59)

It is straightforward to check that (4.50)–(4.55) (with (4.44)–(4.45) and (4.56)–(4.59)) are

equal to (4.30)–(4.35), respectively, by direct calculation.
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5 Differential Relations

In this section, by the same method in § 4, we present some differential relations for the

orthogonal polynomials described by ordinary quantum mechanics (oQM). Explicit forms of

various quantities are given in § 5.1 and Appendix B.

As in idQM, the dynamical variables of oQM are the real coordinate x and its conjugate

momentum p, and the Hamiltonian is

H def
= − d2

dx2
+ U(x) = A†A, U(x)

def
=

(dw(x)
dx

)2

+
d2w(x)

dx2
, (5.1)

A def
=

d

dx
− dw(x)

dx
, A† = − d

dx
− dw(x)

dx
, (5.2)

where w(x) is the prepotential and the ground state wavefunction is ϕ0(x) = ew(x). The

following five polynomials [2] are studied by the oQM formulation [3, 11]: Hermite (He),

Laguerre (L), Jacobi (J), Bessel (B) and pseudo Jacobi (pJ). Their sinusoidal coordinates

are

He : η(x) = x, L : η(x) = x2, J : η(x) = cos 2x, B : η(x) = ex, pJ : η(x) = sinh x. (5.3)

We have (2.3)–(2.9) with the following replacement [3]

(2.6) → H̃ = − d2

dx2
− 2

dw(x)

dx

d

dx

(
= −4c2(η)

d2

dη2
− 4c1(η)

d

dη

)
. (5.4)

Note that c1(η) may depend on λ (c1(η;λ)) but c2(η) does not depend on λ (please do

not confuse these cj(η) (j = 1, 2) and cn(λ) in (3.4)). These oQM systems also satisfy the

shape invariance condition (2.12) with κ = 1. We have (2.13)–(2.22) with the following

replacements [3, 11],

(2.18) → F = cF

(dη(x)
dx

)−1 d

dx

(
= cF

d

dη

)
, (5.5)

(2.20) → B(λ) = −c−1
F

(dη(x)
dx

d

dx
+ 4c1

(
η(x);λ

)) (
= −4c−1

F

(
c2(η)

d

dη
+ c1(η;λ)

))
, (5.6)

where cF is a constant. Note that F does not depend on λ.

Let us define a function Φ̌(x) as follows:

Φ̌(x)
def
=

4

c2F
c2
(
η(x)

)
. (5.7)

Note that Φ̌(x) does not depend on λ. By using explicit forms of c2(η) and cF , a direct

calculation shows the following proposition.
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Proposition 4 The function Φ̌(x) (5.7) is a polynomial of degree m in η = η(x), (3.6),

m =

{
2 : J, B, pJ
1 : L

. (5.8)

Remark 7 For He, Φ̌(x) (5.7) becomes a constant, Φ̌(x) = 1.

This Φ̌(x) relates ϕ0(x) with different parameters in the following way.

Proposition 5 Φ̌(x) and ϕ0(x) satisfy the following relation:

Φ̌(x)ϕ0(x;λ)
2 = ϕ0(x;λ+ δ)2. (5.9)

Proof: By using explicit forms of Φ̌(x) and ϕ0(x;λ) = ew(x;λ), a direct calculation shows

(5.9).

Remark 8 The shift of λ in (5.9) is δ, which differs from the shift 2δ in (4.3).

By the same argument as in § 4, we obtain the following theorems.

Theorem 5 We have the following relations,

Φ̌(x)P̌n(x;λ+ δ) = βn(λ)
m∑
k=0

αn,k(λ)P̌n+k(x;λ) (n ∈ Z≥0), (5.10)

where αn,k(λ) is given by (3.13) and βn(λ) is given by

βn(λ)
def
= cΦ

cn(λ+ δ)

cn+m(λ)
. (5.11)

Explicit expressions of Φ̌(x), αn,k(λ) and βn(λ) are given in § 5.1 and Appendix B.

Theorem 6 We have the following differential relations for Pn(η;λ)’s,

4

cF
c2(η)

d

dη
Pn+1(η;λ) = βF

n (λ)
m∑
k=0

αn,k(λ)Pn+k(η;λ) (n ∈ Z≥0), (5.12)

where βF
n (λ) is given by

βF
n (λ)

def
= fn+1(λ)βn(λ). (5.13)

Theorem 7 Multiplying by
√

Φ̌(x) is a surjective map from Hλ+δ to Hλ,√
Φ̌(x) : Hλ+δ → Hλ, Im

√
Φ̌(x) = Hλ. (5.14)

Remark 9 This Theorem7 holds only for physical λ. On the other hand, (2.15)–(2.16) with

(5.5)–(5.6), Theorem5 and Theorem6 hold for any λ, because they are algebraic relations.
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5.1 Explicit expression : J case

As an illustration, we present explicit expressions of various quantities for J case. For other

cases, see AppendixB.

A set of parameters λ is

λ = (g, h) (g, h ∈ R), (5.15)

and the standard parametrization [2] is (α, β)standard = (g − 1
2
, h− 1

2
). The basic data of the

oQM system of J type are as follows [3, 11]:

xmin = 0, xmax =
π

2
, (5.16)

η(x) = cos 2x, κ = 1, δ = (1, 1), (5.17)

w(x;λ) = g log sinx+ h log cosx, U(x;λ) =
g(g − 1)

sin2 x
+
h(h− 1)

cos2 x
− (g + h)2, (5.18)

c1(η;λ) = h− g − (g + h+ 1)η, c2(η) = 1− η2, cF = −4, (5.19)

En(λ) = 4n(n+ g + h), fn(λ) = −2(n+ g + h), bn(λ) = −2(n+ 1), (5.20)

ϕ0(x;λ)
2 = (sinx)2g(cos x)2h = 2−g−h

(
1− η(x)

)g(
1 + η(x)

)h
, (5.21)

hn(λ) =
Γ(n+ g + 1

2
)Γ(n+ h+ 1

2
)

2n! (2n+ g + h)Γ(n+ g + h)
, (5.22)

Pn(η;λ) = P (g− 1
2
,h− 1

2
)(η) =

(g + 1
2
)n

n!
2F1

(−n, n+ g + h

g + 1
2

∣∣∣ 1− η

2

)
, (5.23)

cn(λ) =
(n+ g + h)n

2nn!
, (5.24)

where P
(α,β)
n (η) is the Jacobi polynomial [2]. The physical λ is g, h > 1

2
.

From (5.7), we have

Φ̌(x) =
1

4

(
1− η(x)2

)
= (sinx cos x)2, m = 2, cΦ = −1

4
, (5.25)

and the zeros ηj and xj (j = 1, 2) are

ηj =

{
1 (j = 1)

−1 (j = 2)
, xj =

{
0 (j = 1)
π
2

(j = 2)
. (5.26)

The expression (5.23) and the parity property Pn

(
−η; (g, h)

)
= (−1)nPn

(
η; (h, g)

)
give

Pn(η1;λ) =
(g + 1

2
)n

n!
, Pn(η2;λ) = (−1)n

(h+ 1
2
)n

n!
. (5.27)
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By direct calculation, we can obtain D
(0,1,...,k̆,...,2)
n (λ) (k = 0, 1, 2), (3.9). Here we write down

D
(0,1)
n (λ) and αn,k(λ) (k = 0, 1, 2) (3.13),

D(0,1)
n (λ) = −2n+ g + h+ 1

n+ 1
, (5.28)

αn,2(λ) = 1, (5.29)

αn,1(λ) = −(g − h)(2n+ g + h+ 2)

(n+ 2)(2n+ g + h+ 1)
, (5.30)

αn,0(λ) = −
(n+ g + 1

2
)(n+ h+ 1

2
)(2n+ g + h+ 3)

(n+ 1)2(2n+ g + h+ 1)
. (5.31)

The constant βn(λ) (5.11) and β
F
n (λ) (5.13) are

βn(λ) = − (n+ 1)2
(2n+ g + h+ 2)2

, βF
n (λ) =

2(n+ 1)2(n+ g + h+ 1)

(2n+ g + h+ 2)2
. (5.32)

6 Summary and Comments

The quantum mechanical formulation is a useful tool to study the orthogonal polynomials

in the Askey scheme. The quantum mechanical systems associated with the orthogonal

polynomials in the Askey scheme have the shape invariance property, which relates the

Hilbert spaces Hλ and Hλ+δ, and as its consequence the forward and backward shift relations

for the orthogonal polynomials hold. For idQM systems, the function Φ̌(x;λ) (4.1) satisfies

Proposition 1 and 2. Then the Christoffel’s theorem gives Theorem2 and their explicit

expressions are given in § 4.1 and Appendix A. By combining it with the forward shift

relations, we obtain the difference relations for the orthogonal polynomials, Theorem3. The

function Φ̌(x;λ) relates the Hilbert spaces Hλ and Hλ+2δ, Theorem4. For oQM systems, we

obtain the differential relations for the orthogonal polynomials, Theorem6, and their explicit

expressions are given in § 5.1 and Appendix B. The function Φ̌(x) (5.7) relates the Hilbert

spaces Hλ and Hλ+δ, Theorem7.

For oQM (L, J, B and pJ), each explicit forms of Theorem5 and 6 are not so complicated.

So such specific expressions may exist in the literature, but we think that the universal

expression is new. For idQM, an explicit form of Theorem2 for MP case is given in [7], and

one aj shift is considered for W case in [10]. But we think that Theorem2 (for most cases),

its universal expression and Theorem3 are new results. These new results are obtained based

on the Christoffel’s theorem (Theorem1), the shape invariance and Proposition 2 or 5. The

shape invariance of the quantum mechanical systems (oQM, idQM and rdQM) gives the
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forward and backward shift relations for all orthogonal polynomials in the Askey scheme.

To obtain Theorem2 and 3 for idQM (Theorem5 and 6 for oQM), we need Proposition 2

(Proposition 5). However, for rdQM, which describes orthogonal polynomials of a discrete

variable such as q-Racah polynomial, we do not have the property like Proposition 2 or 5

related to the shape invariance. So we do not have new results for rdQM.

Another type of forward and backward shift relations are discussed in [11]. For example,

for AW case, the ratio ϕ0(x;λ − 2δ̄)2/ϕ0(x;λ)
2 has a form (a + bη(x))(c + dη(x))/((a′ +

b′η(x))(c′ + d′η(x)), namely it is a rational function of η(x). So we can apply Uvarov’s

theorem, see Remark 2. It is an interesting problem to write down the explicit expressions

and to combine them with another type of forward shift relations.

The exceptional and multi-indexed orthogonal polynomials are a new type of orthogonal

polynomials [12, 13, 14, 15]. They satisfy second order differential or difference equations

and form a complete set of orthogonal basis in spite of the missing degrees, by which the

restrictions of the Bochner’s theorem and its generalizations [1, 2] are avoided. The de-

formed quantum systems describing the case-(1) multi-indexed orthogonal polynomials have

the shape invariance property and the case-(1) multi-indexed orthogonal polynomials satisfy

the forward and backward shift relations. Here “case-(1)” means that the set of missing de-

grees is {0, 1, . . . , ℓ−1}, where ℓ is a positive integer. The case-(1) multi-indexed orthogonal

polynomials P̌D,n(x;λ) of a continuous variable are constructed for oQM: Jacobi and La-

guerre types [13], and for idQM: Askey-Wilson, Wilson [15], continuous Hahn and Meixner-

Pollaczek types [16]. The weight function for P̌D,n(x;λ) is ψD(x;λ)
2 and this ψD(x;λ) is

expressed in terms of ϕ0(x;λ) (with shifted parameters) and the denominator polynomial

Ξ̌D(x;λ). The ratio of ψD(x;λ + 2δ)2 and ψD(x;λ)
2 for idQM and that of ψD(x;λ + δ)2

and ψD(x;λ)
2 for oQM are rational functions of η(x). Hence we can apply Uvarov’s theorem

(Remark 2). Then, by combining it with the forward shift relation, we obtain some difference

or differential relations for P̌D,n(x;λ). It is an challenging problem to obtain their explicit

expressions.
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A Explicit Expressions : idQM case

In this appendix, data for the orthogonal polynomials described by idQM are provided. We

present basic data for the polynomials [8] and results data for § 4. Data for AW case is given

in § 4.1.

We remark that the standard parametrizations [2] are

cH : (a, b, c, d)standard = (a1, a2, a
∗
1, a

∗
2), MP : (λ, ϕ)standard = (a, ϕ),

W,AW : (a, b, c, d)standard = (a1, a2, a3, a4), cdH, cdqH : (a, b, c)standard = (a1, a2, a3),

ASC : (a, b)standard = (a1, a2), cqH : (a, b, c, d, ϕ)standard = (a1, a2, a1, a2, ϕ), (A.1)

and some polynomials are symmetric under the permutations of the following parameters:

W,AW : (a1, a2, a3, a4), cdH, cdqH : (a1, a2, a3), cH,ASC, cqH : (a1, a2). (A.2)

A.1 (i) η(x) = x

xmin = −∞, xmax = ∞, γ = 1, η(x) = x, φ(x) = 1, κ = 1. (A.3)

A.1.1 continuous Hahn (cH)

Basic data :

λ = (a1, a2) (aj ∈ C), δ = (1
2
, 1
2
), (a3, a4)

def
= (a∗1, a

∗
2), bj : (4.18), (A.4)

V (x;λ) = (a1 + ix)(a2 + ix), (A.5)

En(λ) = n(n+ b1 − 1), fn(λ) = n+ b1 − 1, bn(λ) = n+ 1, (A.6)

ϕ0(x;λ)
2 =

2∏
j=1

Γ(aj + ix) ·
4∏

k=3

Γ(ak − ix), hn(λ) =
2π

∏2
j=1

∏4
k=3 Γ(n+ aj + ak)

n!(2n+ b1 − 1)Γ(n+ b1 − 1)
, (A.7)

P̌n(x;λ) = pn(x; a1, a2, a3, a4)

=
in(a1 + a3, a1 + a4)n

n!
3F2

(−n, n+ b1 − 1, a1 + ix

a1 + a3, a1 + a4

∣∣∣ 1), (A.8)

cn(λ) =
(n+ b1 − 1)n

n!
, (A.9)

where pn(x; a1, a2, a3, a4) is the continuous Hahn polynomial [2]. The physical λ is Re aj > 0

(j = 1, 2).
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Results data :

Φ̌(x;λ) =
2∏

j=1

(aj + ix) ·
4∏

j=3

(aj − ix), m = 4, cΦ(λ) = 1, (A.10)

ηj = xj =

{
iaj (j = 1, 2)

−iaj (j = 3, 4)
, P̌n(xj;λ) =


in

n!

4∏
k=3

(aj + ak)n (j = 1, 2)

(−i)n

n!

2∏
k=1

(aj + ak)n (j = 3, 4)

, (A.11)

D(0,1,2,3)
n (λ) = (a1 − a2)(a3 − a4)

2∏
j=1

4∏
k=3

(aj + ak + n) · (b1 + 2n)3(b1 + 2n+ 2)3
(n+ 1)3(n+ 1)2(n+ 1)

, (A.12)

αn,4(λ) = 1, (A.13)

αn,3(λ) = −i(a1 − a2 + a3 − a4)(a1 − a2 − a3 + a4)
b1 + 2n+ 5

(n+ 4)(b1 + 2n+ 2)
, (A.14)

αn,2(λ) =
(b1 + 2n+ 3)(b1 + 2n+ 6)

(n+ 3)2(b1 + 2n+ 1)2

(
(2n+ 3)(b1 + n)3 − (n+ 1)(2n+ 1)(b1 + n+ 1)2

+ (n+ 1)2(2n+ 3)(b1 + n+ 2)− (n+ 1)3 − 6b22 + b3(3b1 + 4n+ 6) + 4b4

+ 2
(
(b1 + n)2 − 4(n+ 1)(b1 + n+ 1) + n(n+ 1)

)
b2

− (a31 + a32)(a3 + a4)− (a1 + a2)(a
3
3 + a34)− (a21 + a22)a3a4 − a1a2(a

2
3 + a24)

+ 4(a21 + a22)(a
2
3 + a24) + (2n+ 3)

(
(a21 + a22)(a3 + a4) + (a1 + a2)(a

2
3 + a24)

)
+ 2(n+ 1)2(a1 + a2)(a3 + a4)

)
, (A.15)

αn,1(λ) = i(a1 − a2 + a3 − a4)(a1 − a2 − a3 + a4)
(b1 + 2n+ 5)2

(n+ 2)3(b1 + 2n)(b1 + 2n+ 2)

×
2∏

j=1

4∏
k=3

(aj + ak + n+ 1), (A.16)

αn,0(λ) =
2∏

j=1

4∏
k=3

(aj + ak + n)2 ·
(b1 + 2n+ 4)3

(n+ 1)4(b1 + 2n)3
, (A.17)

βn(λ) =
(n+ 1)4

(b1 + 2n+ 3)4
, βF

n (λ) =
(n+ 1)4(b1 + n+ 1)2

(b1 + 2n+ 3)4
. (A.18)

A.1.2 Meixner-Pollaczek (MP)

Basic data :

λ = (a, ϕ) (a, ϕ ∈ R), δ = (1
2
, 0), (A.19)

V (x;λ) = ei(
π
2
−ϕ)(a+ ix), (A.20)
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En(λ) = 2n sinϕ, fn(λ) = 2 sinϕ, bn(λ) = n+ 1, (A.21)

ϕ0(x;λ)
2 = e(2ϕ−π)xΓ(a+ ix)Γ(a− ix), hn(λ) =

2π Γ(n+ 2a)

n! (2 sinϕ)2a
, (A.22)

P̌n(x;λ) = P (a)
n (x;ϕ) =

(2a)ne
inϕ

n!
2F1

(−n, a+ ix

2a

∣∣∣ 1− e−2iϕ
)
, (A.23)

cn(λ) =
(2 sinϕ)n

n!
, (A.24)

where P
(a)
n (x;ϕ) is the Meixner-Pollaczek polynomial [2]. The physical λ is a > 0 and

0 < ϕ < π.

Results data :

Φ̌(x;λ) = (a+ ix)(a− ix), m = 2, cΦ(λ) = 1, (A.25)

ηj = xj =

{
ia (j = 1)

−ia (j = 2)
, P̌n(xj;λ) =


(2a)ne

inϕ

n!
(j = 1)

(2a)ne
−inϕ

n!
(j = 2)

, (A.26)

D(0,1)
n (λ) = −2i sinϕ

2a+ n

n+ 1
, (A.27)

αn,2(λ) = 1, αn,1(λ) = −2 cosϕ
2a+ n+ 1

n+ 2
, αn,0(λ) =

(2a+ n)2
(n+ 1)2

, (A.28)

βn(λ) =
(n+ 1)2
(2 sinϕ)2

, βF
n (λ) = (n+ 1)2. (A.29)

A.2 (ii) η(x) = x2

xmin = 0, xmax = ∞, γ = 1, η(x) = x2, φ(x) = 2x, κ = 1. (A.30)

A.2.1 Wilson (W)

Basic data :

λ = (a1, a2, a3, a4) (aj ∈ C), {a∗1, a∗2, a∗3, a∗4} = {a1, a2, a3, a4} (as a set),

δ = (1
2
, 1
2
, 1
2
, 1
2
), bj : (4.18), (A.31)

V (x;λ) =
(a1 + ix)(a2 + ix)(a3 + ix)(a4 + ix)

2ix(2ix+ 1)
, (A.32)

En(λ) = n(n+ b1 − 1), fn(λ) = −n(n+ b1 − 1), bn(λ) = −1, (A.33)

ϕ0(x;λ)
2 =

∏4
j=1 Γ(aj + ix)Γ(aj − ix)

Γ(2ix)Γ(−2ix)
, (A.34)

hn(λ) =
2πn! (n+ b1 − 1)n

∏
1≤j<k≤4 Γ(n+ aj + ak)

Γ(2n+ b1)
, (A.35)
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P̌n(x;λ) = Wn(x
2; a1, a2, a3, a4)

= (a1 + a2, a1 + a3, a1 + a4)n 4F3

(−n, n+ b1 − 1, a1 + ix, a1 − ix

a1 + a2, a1 + a3, a1 + a4

∣∣∣ 1), (A.36)

cn(λ) = (−1)n(n+ b1 − 1)n, (A.37)

where Wn(η; a1, a2, a3, a4) is the Wilson polynomial [2]. The physical λ is Re aj > 0 (j =

1, 2, 3, 4).

Results data :

Φ̌(x;λ) =
4∏

j=1

(aj + ix)(aj − ix), m = 4, cΦ(λ) = 1, (A.38)

ηj = −a2j , xj = iaj (j = 1, 2, 3, 4), (A.39)

P̌n(xj;λ) =
4∏

k=1
k ̸=j

(aj + ak)n =

∏4
k=1(aj + ak)n

(2aj)n
(j = 1, 2, 3, 4), (A.40)

D(0,1,2,3)
n (λ) =

∏
1≤j<k≤4

(aj − ak)(aj + ak + n) · (b1 + 2n)3(b1 + 2n+ 2)3, (A.41)

αn,4(λ) = 1, (A.42)

αn,3(λ) = −b1 + 2n+ 5

b1 + 2n+ 2

(
(b1 + n+ 1)3 + (3n2 + 12n+ 11)b1 + 3(n+ 1)3 − 2b1b2 + 4b3

)
,

(A.43)

αn,2(λ) =
(b1 + 2n+ 3)(b1 + 2n+ 6)

(b1 + 2n+ 1)2

(
(3n2 + 9n+ 7)(b1 + n)4

+
(
b3 + (2n+ 3)(2b2 − 1)

)
(b1 + n)3

+
(
2b4 − (5n+ 6)b3 + b2(b2 − 2(n+ 1)(2n+ 1))

+ 3(n+ 1)(n3 + 5n2 + 10n+ 7)
)
(b1 + n)2

+
(
2(2n+ 5)b4 + (5n(n+ 1)− 6b2)b3 − 2(n+ 1)b2(2b2 − 2n2 − 3n− 4)

+ (n+ 1)(6n3 + 28n2 + 53n+ 36)
)
(b1 + n)

+ 2(n+ 2)(n+ 4)b4 + b3
(
6b3 + 6nb2 − n(n+ 1)(n− 4)

)
(A.44)

+ (n+ 1)b2
(
(n− 4)b2 + 2(3n2 + 5n+ 4)

)
+ (n+ 1)(7n3 + 32n2 + 57n+ 36)

)
,

αn,1(λ) = −
∏

1≤j<k≤4

(aj + ak + n+ 1) · (b1 + 2n+ 5)2
(b1 + 2n)(b1 + 2n+ 2)

×
(
3(n+ 1)(b1 + n)2 + (3n+ 1)b1 + n(n+ 1)(n+ 5) + 2b1b2 − 4b3

)
, (A.45)

αn,0(λ) =
∏

1≤j<k≤4

(aj + ak + n)2 ·
(b1 + 2n+ 4)3
(b1 + 2n)3

, (A.46)
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βn(λ) =
1

(b1 + 2n+ 3)4
, βF

n (λ) =
(n+ 1, b1 + n+ 1)2

(b1 + 2n+ 3)4
. (A.47)

A.2.2 continuous dual Hahn (cdH)

Basic data :

λ = (a1, a2, a3) (aj ∈ C), {a∗1, a∗2, a∗3} = {a1, a2, a3} (as a set), δ = (1
2
, 1
2
, 1
2
), (A.48)

V (x;λ) =
(a1 + ix)(a2 + ix)(a3 + ix)

2ix(2ix+ 1)
, (A.49)

En(λ) = n, fn(λ) = −n, bn(λ) = −1, (A.50)

ϕ0(x;λ)
2 =

∏3
j=1 Γ(aj + ix)Γ(aj − ix)

Γ(2ix)Γ(−2ix)
, hn(λ) = 2πn!

∏
1≤j<k≤3

Γ(n+ aj + ak), (A.51)

P̌n(x;λ) = Sn(x
2; a1, a2, a3) = (a1 + a2, a1 + a3)n 3F2

(−n, a1 + ix, a1 − ix

a1 + a2, a1 + a3

∣∣∣ 1), (A.52)

cn(λ) = (−1)n, (A.53)

where Sn(η; a1, a2, a3) is the continuous dual Hahn polynomial [2]. The physical λ is Re aj >

0 (j = 1, 2, 3).

Results data :

Φ̌(x;λ) =
3∏

j=1

(aj + ix)(aj − ix), m = 3, cΦ(λ) = 1, (A.54)

ηj = −a2j , xj = iaj (j = 1, 2, 3), (A.55)

P̌n(xj;λ) =
3∏

k=1
k ̸=j

(aj + ak)n =

∏3
k=1(aj + ak)n

(2aj)n
(j = 1, 2, 3), (A.56)

D(0,1,2)
n (λ) = −

∏
1≤j<k≤3

(aj − ak)(aj + ak + n), (A.57)

αn,3(λ) = 1, (A.58)

αn,2(λ) = −
(
b2 + (b1 + n)2 + (2n+ 5)(b1 + n+ 1) + n+ 2

)
, (A.59)

αn,1(λ) =
∏

1≤j<k≤3

(aj + ak + n+ 1) ·
(
2b1 + 3(n+ 1)

)
, (A.60)

αn,0(λ) = −
∏

1≤j<k≤3

(aj + ak + n)2, (A.61)

βn(λ) = −1, βF
n (λ) = −(n+ 1)2, (A.62)

where b1 = a1 + a2 + a3 and b2 = a1a2 + a1a3 + a2a3.
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A.3 (iii) η(x) = cosx

xmin = 0, xmax = π, γ = log q, η(x) = cosx, φ(x) = 2 sin x, κ = q−1. (A.63)

A.3.1 continuous dual q-Hahn (cdqH)

Basic data :

qλ = (a1, a2, a3) (aj ∈ C), {a∗1, a∗2, a∗3} = {a1, a2, a3} (as a set), δ = (1
2
, 1
2
, 1
2
), (A.64)

V (x;λ) =
(1− a1e

ix)(1− a2e
ix)(1− a3e

ix)

(1− e2ix)(1− qe2ix)
, (A.65)

En(λ) = q−n − 1, fn(λ) = q
n
2 (q−n − 1), bn(λ) = q−

n+1
2 , (A.66)

ϕ0(x;λ)
2 =

(e2ix, e−2ix; q)∞∏3
j=1(aje

ix, aje−ix; q)∞
, hn(λ) =

2π

(qn+1; q)∞
∏

1≤j<k≤3(ajakq
n; q)∞

, (A.67)

P̌n(x;λ) = pn(cos x; a1, a2, a3|q) =
(a1a2, a1a3 ; q)n

an1
3ϕ2

(q−n, a1e
ix, a1e

−ix

a1a2, a1a3

∣∣∣ q, q), (A.68)

cn(λ) = 2n, (A.69)

where pn(η; a1, a2, a3|q) is the continuous dual q-Hahn polynomial [2]. The physical λ is

|aj| < 1 (j = 1, 2, 3).

Results data :

Φ̌(x;λ) =
3∏

j=1

(1− aje
ix)(1− aje

−ix), m = 3, cΦ(λ) = −8b3, (A.70)

ηj =
aj + a−1

j

2
, eixj = aj (j = 1, 2, 3), (A.71)

P̌n(xj;λ) = a−n
j

3∏
k=1
k ̸=j

(ajak; q)n =

∏3
k=1(ajak; q)n
anj (a

2
j ; q)n

(j = 1, 2, 3), (A.72)

D(0,1,2)
n (λ) =

∏
1≤j<k≤3

(aj − ak)(1− ajakq
n) · b−2

3 , (A.73)

αn,3(λ) = 1, (A.74)

αn,2(λ) = −b−1
3

(
b2 − (1 + q)b1b3q

n+1 + (1 + q + q2)b23q
2n+2

)
, (A.75)

αn,1(λ) =
∏

1≤j<k≤3

(1− ajakq
n+1) · b−1

3

(
b1 − (1 + q + q2)b3q

n
)
, (A.76)

αn,0(λ) = −
∏

1≤j<k≤3

(ajakq
n; q)2 · b−1

3 , (A.77)

βn(λ) = −b3, βF
n (λ) = −b3q−n− 3

2 (qn+1; q)2, (A.78)

where b1 = a1 + a2 + a3, b2 = a1a2 + a1a3 + a2a3 and b3 = a1a2a3.
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A.3.2 Al-Salam-Chihara (ASC)

Basic data :

qλ = (a1, a2) (aj ∈ C), {a∗1, a∗2} = {a1, a2} (as a set), δ = (1
2
, 1
2
), (A.79)

V (x;λ) =
(1− a1e

ix)(1− a2e
ix)

(1− e2ix)(1− qe2ix)
, (A.80)

En(λ) = q−n − 1, fn(λ) = q
n
2 (q−n − 1), bn(λ) = q−

n+1
2 , (A.81)

ϕ0(x;λ)
2 =

(e2ix, e−2ix; q)∞∏2
j=1(aje

ix, aje−ix; q)∞
, hn(λ) =

2π

(qn+1, a1a2qn; q)∞
, (A.82)

P̌n(x;λ) = Qn(cos x; a1, a2|q) =
(a1a2 ; q)n

an1
3ϕ2

(q−n, a1e
ix, a1e

−ix

a1a2, 0

∣∣∣ q, q), (A.83)

cn(λ) = 2n, (A.84)

where Qn(η; a1, a2|q) is the Al-Salam-Chihara polynomial [2]. The physical λ is |aj| < 1

(j = 1, 2).

Results data :

Φ̌(x;λ) =
2∏

j=1

(1− aje
ix)(1− aje

−ix), m = 2, cΦ(λ) = 4b2, (A.85)

ηj =
aj + a−1

j

2
, eixj = aj (j = 1, 2), (A.86)

P̌n(xj;λ) = a−n
j

2∏
k=1
k ̸=j

(ajak; q)n = a−n
j (a1a2; q)n (j = 1, 2), (A.87)

D(0,1)
n (λ) =

(a1 − a2)(1− a1a2q
n)

a1a2
, (A.88)

αn,2(λ) = 1, αn,1(λ) = −(a1 + a2)(1− a1a2q
n+1)

a1a2
, αn,0(λ) =

(a1a2q
n; q)2

a1a2
, (A.89)

βn(λ) = a1a2, βF
n (λ) = a1a2q

−n− 3
2 (qn+1; q)2. (A.90)

A.3.3 continuous big q-Hermite (cbqHe)

Basic data :

qλ = a (a ∈ R), δ = 1
2
, (A.91)

V (x;λ) =
1− aeix

(1− e2ix)(1− qe2ix)
, (A.92)

En(λ) = q−n − 1, fn(λ) = q
n
2 (q−n − 1), bn(λ) = q−

n+1
2 , (A.93)
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ϕ0(x;λ)
2 =

(e2ix, e−2ix; q)∞
(aeix, ae−ix; q)∞

, hn(λ) =
2π

(qn+1; q)∞
, (A.94)

P̌n(x;λ) = Hn(cos x; a|q) = a−n
3ϕ2

(q−n, aeix, ae−ix

0, 0

∣∣∣ q, q), (A.95)

cn(λ) = 2n, (A.96)

where Hn(η; a|q) is the continuous big q-Hermite polynomial [2]. The physical λ is |a| < 1.

Results data :

Φ̌(x;λ) = (1− aeix)(1− ae−ix), m = 1, cΦ(λ) = −2a, (A.97)

η1 =
a+ a−1

2
, eix1 = a, P̌n(x1;λ) = a−n, (A.98)

D(0)
n (λ) = 1, (A.99)

αn,1(λ) = 1, αn,0(λ) = −a−1, (A.100)

βn(λ) = −a, βF
n (λ) = −aq−n− 3

2 (qn+1; q)2. (A.101)

A.3.4 continuous q-Hermite (cqHe)

Basic data :

λ : none, δ : none, (A.102)

V (x;λ) =
1

(1− e2ix)(1− qe2ix)
, (A.103)

En(λ) = q−n − 1, fn(λ) = q
n
2 (q−n − 1), bn(λ) = q−

n+1
2 , (A.104)

ϕ0(x;λ)
2 = (e2ix, e−2ix; q)∞, hn(λ) =

2π

(qn+1; q)∞
, (A.105)

P̌n(x;λ) = Hn(cos x|q) = einx2ϕ0

(q−n, 0

−

∣∣∣ q, qne−2ix
)
, (A.106)

cn(λ) = 2n, (A.107)

where Hn(η|q) is the continuous q-Hermite polynomial [2].

Results data : none

A.3.5 continuous q-Jacobi (cqJ)

Basic data :

λ = (α, β) (α, β ∈ R), δ = (1, 1), (A.108)

V (x;λ) =
(1− q

1
2
(α+ 1

2
)eix)(1− q

1
2
(α+ 3

2
)eix)(1 + q

1
2
(β+ 1

2
)eix)(1 + q

1
2
(β+ 3

2
)eix)

(1− e2ix)(1− qe2ix)
, (A.109)
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En(λ) = (q−n − 1)(1− qn+α+β+1), fn(λ) =
q

1
2
(α+ 3

2
)q−n(1− qn+α+β+1)

(1 + q
1
2
(α+β+1))(1 + q

1
2
(α+β+2))

,

bn(λ) = q−
1
2
(α+ 3

2
)qn+1(q−n−1 − 1)(1 + q

1
2
(α+β+1))(1 + q

1
2
(α+β+2)), (A.110)

ϕ0(x;λ)
2 =

(e2ix, e−2ix; q)∞

(q
1
2
(α+ 1

2
)eix, q

1
2
(α+ 1

2
)e−ix,−q 1

2
(β+ 1

2
)eix,−q 1

2
(β+ 1

2
)e−ix; q

1
2 )∞

, (A.111)

hn(λ) = 2π q(α+
1
2
)n (1− qα+β+1)(qα+1, qβ+1,−q 1

2
(α+β+3); q)n

(1− q2n+α+β+1)(q, qα+β+1,−q 1
2
(α+β+1); q)n

× (q
1
2
(α+β+2), q

1
2
(α+β+3); q)∞

(q, qα+1, qβ+1,−q 1
2
(α+β+1),−q 1

2
(α+β+2); q)∞

, (A.112)

P̌n(x;λ) = P (α,β)
n (cos x|q)

=
(qα+1 ; q)n
(q ; q)n

4ϕ3

(q−n, qn+α+β+1, q
1
2
(α+ 1

2
)eix, q

1
2
(α+ 1

2
)e−ix

qα+1, −q 1
2
(α+β+1), −q 1

2
(α+β+2)

∣∣∣ q, q), (A.113)

cn(λ) =
2nq

1
2
(α+ 1

2
)n(qn+α+β+1; q)n

(q,−q 1
2
(α+β+1),−q 1

2
(α+β+2); q)n

, (A.114)

where P
(α,β)
n (η|q) is the continuous q-Jacobi polynomial [2]. The physical λ is α, β ≥ −1

2
.

Results data :

Φ̌(x;λ) = (q
1
2
(α+ 1

2
)eix, q

1
2
(α+ 1

2
)e−ix,−q

1
2
(β+ 1

2
)eix,−q

1
2
(β+ 1

2
)e−ix; q

1
2 )2,

m = 4, cΦ(λ) = 16qα+β+2, (A.115)

ηj = η(xj), (eix1 , eix2 , eix3 , eix4) = (q
1
2
(α+ 1

2
), q

1
2
(α+ 3

2
),−q

1
2
(β+ 1

2
),−q

1
2
(β+ 3

2
)), (A.116)

P̌n(x1;λ) =
(qα+1; q)n
(q; q)n

, P̌n(x4;λ) =
(−1)nq

1
2
(α−β−1)n(qβ+1; q)n
(q; q)n

1 + q
1
2
(α+β+1)+n

1 + q
1
2
(α+β+1)

,

P̌n(x2;λ) =
q−

n
2 (qα+1; q)n
(q; q)n

1 + q
1
2
(α+β+1)+n

1 + q
1
2
(α+β+1)

, P̌n(x3;λ) =
(−1)nq

1
2
(α−β)n(qβ+1; q)n
(q; q)n

, (A.117)

D(0,1,2,3)
n (λ) = −q

1
2
α− 5

2
(β+1)(1− q

1
2 )2(q

1
2
α + q

1
2
β)2(q

1
2
α + q

1
2
(β+1))(q

1
2
(α+1) + q

1
2
β)

× (1− qα+n+1)(1− qβ+n+1)(q
1
2
(α+β)+n+1, q

1
2
(α+β)+n+2; q

1
2 )3

(1− qn+1)3(1− qn+2)2(1− qn+3)(1 + q
1
2
(α+β+1)+n)2

, (A.118)

αn,4(λ) = 1, (A.119)

αn,3(λ) =
q−

1
2
(β+1)(1 + q

1
2 )(q

1
2
α − q

1
2
β)(1 + q

1
2
(α+β)+n+3)(1− q

1
2
(α+β+7)+n)

(1− qn+4)(1− q
1
2
(α+β)+n+2)

, (A.120)

αn,2(λ) =
q−β(1− q

1
2
(α+β+5)+n)(1− q

1
2
(α+β)+n+4)

(qn+3; q)2(q
1
2
(α+β+3)+n; q

1
2 )2

×
(
(1 + q)q

1
2
(α+β)−1

(
(1 + q

1
2 )2q

1
2
(α+β)+n+2 − (1 + q

1
2
(α+β+5)+n)2

)
+ q−

1
2 (q

1
2
α − q

1
2
β)2

(
(1 + q)q

1
2
(α+β)+n+2 + (1 + q

1
2
(α+β+5)+n)2

))
, (A.121)
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αn,1(λ) = −q
1
2
α−β−1(1 + q

1
2 )(q

1
2
α − q

1
2
β)(1− qα+n+2)(1− qβ+n+2)(1 + q

1
2
(α+β)+n+2)

(qn+2; q)3(q
1
2
(α+β)+n+1; q)2

× (q
1
2
(α+β+7)+n; q

1
2 )2, (A.122)

αn,0(λ) =
qα−β−1(qα+n+1, qβ+n+1; q)2(q

1
2
(α+β)+n+3; q

1
2 )3

(qn+1; q)4(q
1
2
(α+β)+n+1; q

1
2 )3

, (A.123)

βn(λ) =
(qn+1; q)4(−q

1
2
(α+β+1); q

1
2 )4

qα−β−n−1(q
1
2
(α+β+5)+n; q

1
2 )4

, βF
n (λ) =

qβ−n(qn+1; q)4(q
α+β+n+3; q)2

(q
1
2
(α+β+5)+n; q

1
2 )4

. (A.124)

A.3.6 continuous q-Laguerre (cqL)

Basic data :

λ = α (α ∈ R), δ = 1, (A.125)

V (x;λ) =
(1− q

1
2
(α+ 1

2
)eix)(1− q

1
2
(α+ 3

2
)eix)

(1− e2ix)(1− qe2ix)
, (A.126)

En(λ) = q−n − 1, fn(λ) = q
1
2
(α+ 3

2
)q−n, bn(λ) = q−

1
2
(α+ 3

2
)qn+1(q−n−1 − 1), (A.127)

ϕ0(x;λ)
2 =

(e2ix, e−2ix; q)∞

(q
1
2
(α+ 1

2
)eix, q

1
2
(α+ 1

2
)e−ix; q

1
2 )∞

, hn(λ) =
2π q(α+

1
2
)n(qα+1; q)n

(q; q)n(q, qα+1; q)∞
, (A.128)

P̌n(x;λ) = P (α)
n (cos x|q) = (qα+1 ; q)n

(q ; q)n
3ϕ2

(q−n, q
1
2
(α+ 1

2
)eix, q

1
2
(α+ 1

2
)e−ix

qα+1, 0

∣∣∣ q, q), (A.129)

cn(λ) =
2nq

1
2
(α+ 1

2
)n

(q; q)n
, (A.130)

where P
(α)
n (η|q) is the continuous q-Laguerre polynomial [2]. The physical λ is α ≥ −1

2
.

Results data :

Φ̌(x;λ) = (q
1
2
(α+ 1

2
)eix, q

1
2
(α+ 1

2
)e−ix; q

1
2 )2, m = 2, cΦ(λ) = 4qα+1, (A.131)

ηj = η(xj), eixj =

{
q

1
2
(α+ 1

2
) (j = 1)

q
1
2
(α+ 3

2
) (j = 2)

, P̌n(xj;λ) =


(qα+1; q)n
(q; q)n

(j = 1)

(qα+1; q)n
(q; q)n

q−
n
2 (j = 2)

, (A.132)

D(0,1)
n (λ) =

(1− q
1
2 )(1− qα+n+1)

q
1
2 (1− qn+1)

, (A.133)

αn,2(λ) = 1, αn,1(λ) = −(1 + q
1
2 )(1− qα+n+2)

q
1
2 (1− qn+2)

, αn,0(λ) =
(qα+n+1; q)2

q
1
2 (qn+1; q)2

, (A.134)

βn(λ) = qn+
1
2 (qn+1; q)2, βF

n (λ) = qα−n− 1
2 (qn+1; q)2. (A.135)
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A.4 (iv) η(x) = cos(x + ϕ)

xmin = −π, xmax = π, γ = log q,

η(x;λ) = cos(x+ ϕ), φ(x;λ) = 2 sin(x+ ϕ), κ = q−1. (A.136)

A.4.1 continuous q-Hahn (cqH)

Basic data :

qλ = (a1, a2, q
ϕ) (aj ∈ C, ϕ ∈ R), {a∗1, a∗2} = {a1, a2} (as a set), δ = (1

2
, 1
2
, 0), (A.137)

V (x;λ) =
(1− a1e

ix)(1− a2e
ix)(1− a1e

i(x+2ϕ))(1− a2e
i(x+2ϕ))

(1− e2i(x+ϕ))(1− qe2i(x+ϕ))
, (A.138)

En(λ) = (q−n − 1)(1− a21a
2
2q

n−1), fn(λ) = q
n
2 (q−n − 1)(1− a21a

2
2q

n−1), bn(λ) = q−
n+1
2 ,

(A.139)

ϕ0(x;λ)
2 =

(e2i(x+ϕ), e−2i(x+ϕ); q)∞∏2
j=1(aje

ix, aje−ix, ajei(x+2ϕ), aje−i(x+2ϕ); q)∞
, (A.140)

hn(λ) =
4π(a21a

2
2q

n−1; q)n(a
2
1a

2
2q

2n; q)∞
(qn+1, a21q

n, a22q
n, a1a2qn, a1a2qn, a1a2e2iϕqn, a1a2e−2iϕqn; q)∞

, (A.141)

P̌n(x;λ) = pn
(
cos(x+ ϕ); a1, a2, a1, a2; q

)
=

(a21, a1a2, a1a2e
2iϕ ; q)n

an1e
inϕ 4ϕ3

(q−n, a21a
2
2q

n−1, a1e
i(x+2ϕ), a1e

−ix

a21, a1a2, a1a2e
2iϕ

∣∣∣ q, q), (A.142)

cn(λ) = 2n(a21a
2
2q

n−1; q)n, (A.143)

where pn(η; a1, a2, a3, a4; q) is the continuous q-Hahn polynomial [2]. The physical λ is |aj| <
1 (j = 1, 2).

Results data :

Φ̌(x;λ) =
2∏

j=1

(1− aje
ix)(1− aje

−ix)(1− aje
i(x+2ϕ))(1− aje

−i(x+2ϕ)),

m = 4, cΦ(λ) = 16a21a
2
2, (A.144)

ηj = η(xj;λ), (eix1 , eix2 , eix3 , eix4) = (a1, a2, a1e
−2iϕ, a2e

−2iϕ), (A.145)

P̌n(x1;λ) =
(a21, a1a2, a1a2e

2iϕ; q)n
an1e

inϕ
, P̌n(x2;λ) =

(a22, a1a2, a1a2e
2iϕ; q)n

an2e
inϕ

,

P̌n(x3;λ) =
(a21, a1a2, a1a2e

−2iϕ; q)n
an1e

−inϕ
, P̌n(x4;λ) =

(a22, a1a2, a1a2e
−2iϕ; q)n

an2e
−inϕ

, (A.146)

D(0,1,2,3)
n (λ) = 4 sin2ϕ (a1a2)

−5(a1 − a2)
2(a1 − a2e

2iϕ)(a1 − a2e
−2iϕ)

× (1− a21q
n)(1− a22q

n)(1− a1a2q
n)2(1− a1a2e

2iϕqn)(1− a1a2e
−2iϕqn)
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× (a21a
2
2q

2n, a21a
2
2q

2n+2; q)3, (A.147)

αn,4(λ) = 1, (A.148)

αn,3(λ) = −2 cosϕ (a1 + a2)(1− a21a
2
2q

2n+5)(a1a2q
n+1; q)3

a1a2(1− a21a
2
2q

2n+2)
, (A.149)

αn,2(λ) =
(a21a

2
2q

2n+3; q3)2(a1a2q
n+1; q)2

a21a
2
2(a

2
1a

2
2q

2n+1; q)2

×
(
a1a2(−a1a2qn+1; q)2

(
2(1 + a21a

2
2q

2n+3) cos 2ϕ− (1 + q)(1 + q2)a1a2q
n
)

+ (a1 + a2)
2
(
1− (1 + q)qn+1(1 + 2 cos 2ϕ)a1a2(1 + a21a

2
2q

2n+3) (A.150)

+ a21a
2
2q

2n+2
(
2q + 2(1 + q2)(1 + cos 2ϕ) + a21a

2
2q

2n+4
)))

,

αn,1(λ) = −2 cosϕ (a1 + a2)(a
2
1a

2
2q

2n+5; q)2(a1a2q
n; q)3(1− a1a2q

n+1)2

a21a
2
2(a

2
1a

2
2q

2n; q2)2

× (1− a21q
n+1)(1− a22q

n+1)(1− a1a2e
2iϕqn+1)(1− a1a2e

−2iϕqn+1), (A.151)

αn,0(λ) =
(a21a

2
2q

2n+4; q)3(a1a2q
n; q)22(a

2
1q

n, a22q
n, a1a2e

2iϕqn, a1a2e
−2iϕqn; q)2

a21a
2
2(a

2
1a

2
2q

2n; q)3
, (A.152)

βn(λ) =
a21a

2
2

(a21a
2
2q

2n+3; q)4
, βF

n (λ) =
a21a

2
2q

−n− 3
2 (qn+1, a21a

2
2q

n+1; q)2
(a21a

2
2q

2n+3; q)4
. (A.153)

A.4.2 q-Meixner-Pollaczek (qMP)

Basic data :

qλ = (a, qϕ) (a, ϕ ∈ R), δ = (1
2
, 0), (A.154)

V (x;λ) =
(1− aeix)(1− aei(x+2ϕ))

(1− e2i(x+ϕ))(1− qe2i(x+ϕ))
, (A.155)

En(λ) = q−n − 1, fn(λ) = q−
n
2 , bn(λ) = q−

n+1
2 (1− qn+1), (A.156)

ϕ0(x;λ)
2 =

(e2i(x+ϕ), e−2i(x+ϕ); q)∞
(aeix, ae−ix, aei(x+2ϕ), ae−i(x+2ϕ); q)∞

, hn(λ) =
2π

(q; q)n(q, a2qn; q)∞
, (A.157)

P̌n(x;λ) = pn
(
cos(x+ ϕ); a|q

)
=

(a2; q)n
aneinϕ(q; q)n

3ϕ2

(q−n, aei(x+2ϕ), ae−ix

a2, 0

∣∣∣ q, q), (A.158)

cn(λ) =
2n

(q; q)n
, (A.159)

where pn(η; a|q) is the q-Meixner-Pollaczek polynomial [2]. The physical λ is 0 < a < 1.

Results data :

Φ̌(x;λ) = (1− aeix)(1− ae−ix)(1− aei(x+2ϕ))(1− ae−i(x+2ϕ)),
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m = 2, cΦ(λ) = 4a2, (A.160)

ηj = η(xj;λ), (eix1 , eix2) = (a, ae−2iϕ), (A.161)

P̌n(x1;λ) =
(a2; q)n

aneinϕ(q; q)n
, P̌n(x2;λ) =

(a2; q)n
ane−inϕ(q; q)n

, (A.162)

D(0,1)
n (λ) =

2i sinϕ(1− a2qn)

a(1− qn+1)
, (A.163)

αn,2(λ) = 1, αn,1(λ) = −2 cosϕ(1− a2qn+1)

a(1− qn+2)
, αn,0(λ) =

(a2qn; q)2
a2(qn+1; q)2

, (A.164)

βn(λ) = a2(qn+1; q)2, βF
n (λ) = a2q−n− 3

2 (qn+1; q)2. (A.165)

B Explicit Expressions : oQM case

In this appendix, data for the orthogonal polynomials described by oQM are provided. We

present basic data for the polynomials [3, 11] and results data for § 5. Data for J case is

given in § 5.1.

We remark that the standard parametrizations [2] are

L : αstandard = g − 1
2
, J : (α, β)standard = (g − 1

2
, h− 1

2
),

B : astandard = −2h− 1, pJ : (N, ν)standard = (h− 1
2
,−µ), (B.1)

and h of pJ is a continuous parameter.

B.1 Hermite (He)

Basic data :

xmin = −∞, xmax = ∞, λ : none, (B.2)

η(x) = x, κ = 1, δ : none, (B.3)

w(x;λ) = −1
2
x2, U(x;λ) = x2 − 1, (B.4)

c1(η;λ) = −1
2
η, c2(η) =

1
4
, cF = 1, (B.5)

En(λ) = 2n, fn(λ) = 2n, bn(λ) = 1, (B.6)

ϕ0(x;λ)
2 = e−x2

= e−η(x)2 , hn(λ) = 2nn!
√
π, (B.7)

Pn(η;λ) = Hn(η) = (2η)n 2F1

(−n
2
, −n−1

2

−

∣∣∣ − 1

η2

)
= n!

[n
2
]∑

k=0

(−1)k(2η)n−2k

k!(n− 2k)!
, (B.8)

cn(λ) = 2n, (B.9)
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where Hn(η) is the Hermite polynomial [2] and [x] denotes the greatest integer not exceeding

x.

Results data : none

B.2 Laguerre (L)

Basic data :

xmin = 0, xmax = ∞, λ = g (g ∈ R), (B.10)

η(x) = x2, κ = 1, δ = 1, (B.11)

w(x;λ) = −1
2
x2 + g log x, U(x;λ) = x2 +

g(g − 1)

x2
− 2g − 1, (B.12)

c1(η;λ) = g + 1
2
− η, c2(η) = η, cF = 2, (B.13)

En(λ) = 4n, fn(λ) = −2, bn(λ) = −2(n+ 1), (B.14)

ϕ0(x;λ)
2 = x2ge−x2

= η(x)ge−η(x), hn(λ) =
Γ(n+ g + 1

2
)

2n!
, (B.15)

Pn(η;λ) = L
(g− 1

2
)

n (η) =
(g + 1

2
)n

n!
1F1

( −n
g + 1

2

∣∣∣ η), (B.16)

cn(λ) =
(−1)n

n!
, (B.17)

where L
(α)
n (η) is the Laguerre polynomial [2]. The physical λ is g > 1

2
.

Results data :

Φ̌(x) = η(x) = x2, m = 1, cΦ = 1, (B.18)

η1 = 0, Pn(η1;λ) =
(g + 1

2
)n

n!
, (B.19)

D(0)
n (λ) = 1, αn,1(λ) = 1, αn,0(λ) = −

n+ g + 1
2

n+ 1
, (B.20)

βn(λ) = −(n+ 1), βF
n (λ) = 2(n+ 1). (B.21)

B.3 Bessel (B)

Basic data :

xmin = −∞, xmax = ∞, λ = h (h ∈ R), (B.22)

η(x) = ex, κ = 1, δ = −1, (B.23)

w(x;λ) = −hx− e−x, U(x;λ) = e−2x − (2h+ 1)e−x + h2, (B.24)
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4c1(η;λ) = 2 + (1− 2h)η, 4c2(η) = η2, cF = 1, (B.25)

En(λ) = n(2h− n), fn(λ) = −1
2
n(2h− n), bn(λ) = −2, (B.26)

ϕ0(x;λ)
2 = e−2hx−2e−x

= η(x)−2he−2η(x)−1

, hn(λ) =
n! Γ(2h− n+ 1)

22h+1(h− n)
, (B.27)

Pn(η;λ) = yn(η;−2h− 1) = (−1)nn!
(η
2

)n

L(2h−2n)
n (2η−1)

= 2F0

(−n, n− 2h

−

∣∣∣ −η
2

)
= (n− 2h)n

(η
2

)n

1F0

( −n
2h+ 1− 2n

∣∣∣ 2
η

)
, (B.28)

cn(λ) = 2−n(n− 2h)n, (B.29)

where yn(η; a) is the Bessel polynomial [2]. The physical λ is h > 0 and ϕn(x;λ) is normal-

izable for n = 0, 1, . . . , [h]′, where [x]′ denotes the greatest integer not equal or exceeding

x.

Results data :

Φ̌(x) = η(x)2 = e2x, m = 2, cΦ = 1, (B.30)

η1 = 0 (double zero), Pn(η1;λ) = 1, P ′
n(η1;λ) =

1
2
n(n− 2h), (B.31)

D′ (0,1)
n (λ) =

2n− 2h+ 1

n(n− 2h)
, (B.32)

αn,2(λ) = 1, αn,1(λ) = −4(n− h+ 1)

2n− 2h+ 1
, αn,0(λ) =

2n− 2h+ 3

2n− 2h+ 1
, (B.33)

βn(λ) =
4

(2n− 2h+ 2)2
, βF

n (λ) =
2(n+ 1)(n− 2h+ 1)

(2n− 2h+ 2)2
, (B.34)

where P ′
n(η;λ) =

d
dη
Pn(η;λ). Since Φ(η) has a double zero, we use Remark 1 of Theorem1,

and (3.13) is replaced with

αn,k(λ) = (−1)2−kD
′ (0,k̆,2)
n (λ)

D
′ (0,1)
n (λ)

, D′ (ℓ1,ℓ2)
n (λ)

def
=

∣∣∣∣∣∣∣∣
Pn+ℓ1(η1;λ)

Pn(η1;λ)

Pn+ℓ2(η1;λ)

Pn(η1;λ)

P ′
n+ℓ1

(η1;λ)

P ′
n(η1;λ)

P ′
n+ℓ2

(η1;λ)

P ′
n(η1;λ)

∣∣∣∣∣∣∣∣ . (B.35)

B.4 Pseudo Jacobi (pJ)

Basic data :

xmin = −∞, xmax = ∞, λ = (h, µ) (h, µ ∈ R), (B.36)

η(x) = sinh x, κ = 1, δ = (−1, 0), (B.37)

w(x;λ) = −h log cosh x− µ tan−1 sinh x, (B.38)
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U(x;λ) =
−h(h+ 1) + µ2 + µ(2h+ 1) sinh x

cosh2 x
+ h2, (B.39)

4c1(η;λ) = (1− 2h)η − 2µ, 4c2(η) = 1 + η2, cF = 1, (B.40)

En(λ) = n(2h− n), fn(λ) = n, bn(λ) = 2h− n− 1, (B.41)

ϕ0(x;λ)
2 = (coshx)−2he−2µ tan−1 sinhx =

(
1 + η(x)2

)−h
e−2µ tan−1 η(x), (B.42)

hn(λ) =
2πn! 22n−2hΓ(2h− 2n)

(2h− 2n+ 1)nΓ(h− n+ 1
2
− iµ)Γ(h− n+ 1

2
+ iµ)

, (B.43)

Pn(η;λ) = Pn(η;−µ, h− 1
2
) =

(−2i)nn!

(n− 2h)n
P

(−h− 1
2
−iµ,−h− 1

2
+iµ)

n (iη)

=
(−2i)n(−h+ 1

2
− iµ)n

(n− 2h)n
2F1

( −n, n− 2h

−h+ 1
2
− iµ

∣∣∣ 1− iη

2

)
= (η + i)n2F1

(−n, h+ 1
2
+ iµ− n

2h+ 1− 2n

∣∣∣ 2

1− iη

)
, (B.44)

cn(λ) = 1, (B.45)

where Pn(η; ν,N) is the pseudo Jacobi polynomial [2]. The physical λ is h, µ > 0 and

ϕn(x;λ) is normalizable for n = 0, 1, . . . , [h]′.

Results data :

Φ̌(x) = 1 + η(x)2 = cosh2 x, m = 2, cΦ = 1, (B.46)

η1 = i, η2 = −i, Pn(±i ;λ) =
(±2i)n(−h+ 1

2
± iµ)n

(n− 2h)n
, (B.47)

D(0,1)
n (λ) = −i2h− n

h− n
, (B.48)

αn,2(λ) = 1, αn,1(λ) = − 4µ(2h− n− 1)

(2h− 2n− 1)(2h− 2n− 3)
, (B.49)

αn,0(λ) =
(2h− n− 1)2

(
(2h− 2n− 1)2 + 4µ2

)
4(h− n− 1)2(2h− 2n− 1)2

, (B.50)

βn(λ) = 1, βF
n (λ) = n+ 1. (B.51)
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