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1 Introduction

Chiral algebras such as the Virasoro and current algebras play a central role in the con-
formal field theory (CFT) in two dimensional space-time. This theory is a quantum field
theory (QFT) of massless particles, in other words, a (massive) QFT at a critical point
(renormalization-group fixed point)[[]. Perturbing CFT’s suitably, we get integrable mas-
sive QFT’s [, B, A]- In these theories, the Virasoro algebra does not exist any longer.
In many cases the quantum affine Lie algebra plays a crucial role instead of the Virasoro
algebra[ff]. This quantum algebra is, for a large part, at the origin of the integrability.
Moreover it can almost determine the S-matrix of the theory, e.g. sine-Gordon model[f].

The Wess-Zumino-Novikov-Witten (WZNW) model is a fundamental example of
CFT’s; many CFT’s can be realized through a coset construction of WZNW models. The
WZNW model has been studied based on the representation theory of the affine Lie alge-
bra. Correlation functions of this model, which are vacuum expectation values of vertex
operators, satisfy certain holomorphic differential equations, what is called, Knizhnik-
Zamolodchikov (KZ) equations[f, []. We expect that “¢-WZNW model”, which has a
symmetry of the quantum affine algebra, is certain massive deformation of the WZNW
model. Correlation functions of the ¢-WZNW model satisfy g-difference equations (¢-KZ
equations)[§, f]. Connection matrices of solutions for ¢-KZ equations are related to ellip-
tic solutions of the Yang-Baxter equations of RSOS models [[J]. An application of g-vertex
operators based on U, (sly) was performed in diagonalization of the XXZ spin chain[[[0].

Free field realizations of the Virasoro and affine Lie algebras were useful for studying
representation theories[[1]] and calculating correlation functions[[3, [3]. It is expected
that this is also the case for the quantum affine algebras. In fact, the integral formula
for correlation functions of the local operators of the XXZ spin chain was found by using
the free boson realization of U,(sly) and bosonized g-vertex operators[[d, [[§]. To study
higher rank versions of the XXZ spin chain, sine-Gordon model, etc., we need free field
realizations of the quantum affine algebras.

In this paper we construct a free boson realization of the quantum affine algebra
U,(sly) with an arbitrary level k. In the ¢ — 1 limit, it becomes the bosonized version
of the Wakimoto realization of sly[[d, [, [§]. Free field realizations of Uq(s/lj\v) with
level 1 were constructed in [[[9). Free field realizations of Uq(S/\lg) with an arbitrary level
were constructed by several authors[R0, BT, 9, B3] and that of Uq(S/\lg) was obtained by
the present authors [B4]. We construct a free boson realization of U,(sly) by affinizing
the Heisenberg realization (g-difference operator realization) of U,(sly)[R5 and prove it
by the OPE (operator product expansion) technique. The screening currents and the
vertex operators(primary fields) are also constructed. They are necessary ingredients

for calculating correlation functions. Certain integral of the screening current commutes



with Uq(s/l-]\\[) and the vertex operator creates the highest weight state of Uq(s/l-]\\[) from the
vacuum state of the boson Fock space.

This paper is organized as follows. In section 2 we fix our notations and recall the
definition of U, (sly). We construct a free field realization of U,(sly) in section 3, and the
screening currents and the vertex operators in section 4. Section 5 is devoted to discus-
sion. The grading operator is also bosonized. In Appendix A we present the Heisenberg
realization of U,(slx). In Appendix B ¢-difference expressions of our free field realization

are given. In Appendix C,D we give useful formulas and some details of calculations.

2 Notations

Throughout this paper, complex numbers ¢ and k are fixed. ¢ is assumed to be a generic

value with |¢| < 1. We will use the standard symbol [z],

def ¢ —q° "

[z] = = (2.1)
and Y"1« Ly, | © 1 Let &y, A; (1 <i <N —1), (aij)i<ij<n-1, be the simple
roots, fundamental weights, the Cartan matrix of sl respectively. (-,-) is the symmetric
bilinear form; (&;, a;) = a;j, (A, @;) = d;;. g stands for the dual Coxeter number of sly,
ie., g= N.

The g¢-difference operator with a parameter « is defined by[R(]

def flq%z) — f(q_az)‘

0. f(z 2.2
) (¢—q")z (22)
The Jackson integral with parameters p € C (|p| < 1) and s € C* is defined by
[ Gy S s p) 3 fs (2.3)
0 nez
These operations satisfy the following property:
/ 00.f(2)dyz =0 for p = ¢**. (2.4)
0
The deformed commutator with a parameter p € C is
[A,B], ¥ AB — pBA. (2.5)

The quantum affine algebra Uq(s/lj\v) is the associative algebra over C with Chevalley
generators ef, invertible ¢; (i = 0,1,---, N — 1), and the following relations|26]*:

)

[ti, ;] =0, (2.6)

4For the grading operator d, see section 5.




tiejtti_l = ¢ et (2.7)

t; — ;!
+ -1 _ i Y
le; , €; ] dij P (2.8)
and
« gft ]_ - a@-ﬂt ext
S | e ey =0 29)
r=0 r

where (afft)ogi’jg ~_1 is the Cartan matrix of the extended Dynkin diagram of sl and
)% e )t T )

RGO r=1

U,(sly) is isomorphic to the associative algebra over C with Drinfeld generators £
(n € 7), H: (n € 7 — {0}), invertible K; (i = 1,2,---, N — 1), invertible 7, and the
following relations[R7]:

v : central element, (2.10)
[Ki, H)) = 0, KE;7K;' = ¢ i E", (2.11)
) ) 1 n __ ~—n

(H:, HY) = E[am”q_—lmmvo, (2.12)
[Hy En] = £ [agn)y T2 EL, (2.13)

i g 8" $(n—m), i —g5(n—m) i
[En’ 7EJm7 ] = q— q_l (72 +.n+m v —,n—i—m)? (214>

and

[Eﬁib Erjﬁ’j]qi“ij + [Er:::@ila Erjf’i]qi“ij =0, (2.15)
[EE EEI) =0 for aj; = 0, (2.16)

[EE (B B ] + [ED [ER BP0 =0 fora; = —1. (2.17)
Here v)%, ,, are defined by the following equation:
>t K ep(Hg - Y Hy). (2.18)
neZ +n>0
Let H{ be defined by
K = exp((q — g3 Hy), (2.19)
then eqs.(R-11)-(B-13) hold for H! (n € Z)}. Eq.(R:1)) is derived from eqs.(R13),(2:13).
Defining the fields H'(z), E*(z) and v (2) as

Hi(z) € S Hiz™ ' EH()E Y B i) € Y ¢l 2", (2:20)
nez, nez, nez

5 In the case of n = 0, %* should be understood as lim,,_q %* For example, lim,,_.q %[n] = qQ_lzgf{,
. n__.—n . 1 . . . .
lim,, s %[aijn] 'Yq_q'y,l = 0, lim,,_o %[aijnh12|n‘ = qQ_k;gf{ a;;. In the following, this convention is

assumed.



the above relations can be rewritten as formal power series equations:

[0 (2), ¢ (w)] =0, (2.21)
(z = ¢"y " w)(z — ¢~ *yw) ()¢ (w)

= (2 — q"w)(z — ¢y W)l (w)(2), (2.22)
(z — gy Frw)l (2) B (w) = (6592 — 7 F2w) EXI (w)gh (2), (2.23)
(= = = ) B () (0) = (507 = 7 )bt () B (), (2.24)
(B (a1 B 0] = o (50w () = 8o o)) 229

and
(2 = = w) X (2) B (w) = (¢5* 2 — w) B (w) B (2), (2.26)
EF(2)EF (w) = B (w)EF(2)  for a;; =0, (2.27)

B (20) B (2) B (w) — (g + ¢~ EF (20) B (w) B ()
+E5(w) B (2) E¥(29) + (veplacement : 2 <+ 25) =0 for a;; = —1,(2.28)

where §(z) is given by

5(z) €3 2, (2.29)

nez

Correspondence between Chevalley generators and Drinfeld generators are [27]:

ti = K; (i=1,---,N—1), (2.30)
ef — Eyt (i=1,---,N—1), (2.31)
to = yK{' Ky, (2.32)
ef = (BN ESY T (Bt B g e KT Ky (2.33)
eg — KKyl [EN ES?y - ESN 0 ESN Y, (2.34)

Uq(gj\v) has the Hopf algebra structure. We take its coproduct A as

Aty) = t; @t (2.35)
Alel) = ef @1+t ®@ef, (2.36)
Ale]) = e @t  +1®e;, (2.37)

and its antipode S is

Sti) =t7" S(ef)=—t"ef, Sley)=—e

3 3 3

Tt (2.38)

An explicit coproduct formula for all the Drinfeld generators has not been obtained.



Let V(\) be the Verma module over Uq(s/l—]\\f) generated by the highest weight state
|A), such that

H\) = EFA\) =0 (n>0), (2.39)
E7' I\ = 0, (2.40)
HyA) = £1N), (2.41)

where the classical part of the highest weight is A = SV F7A,;
Next we will introduce boson fields. For a set of bosonic oscillators a, (n € 7), and

zero modes p,, ¢, whose commutation relations are

[ana a’m] = npa(n)5n+m,0a ag = mpaa (242)
[ﬁaa (ja] = Pa; [am (ja] =0 (n 7& 0), (243)
where p, is a constant and p,(n) satisfies
, B , [ 2logq \?
O O = (244)

we define free boson fields a(z; ) and ax(z) as follows:

a(z; a) déf —Z n g P 4 G+ P log 2, (2.45)
n#O
ar(z) € + (q—q > anz" + palogq) (2.46)
+n>0
= 2(g—¢ (X anz"+ day). (2.47)
+n>0

We abbreviate a(z;0) as a(z) o a(z;0). In the ¢— 1 limit a(z; o) becomes the free chiral
boson field ¢(z) used in the string theory and CFT (but the meaning of z is different).

Correspondence between a(z;a) and ¢(z) = & — v/=1plogz + V=13, 2, 27" is
CL(Z;O()—) \% _1\/m¢(2)7 an%mam ﬁa_> paAu qAa_> \% -1 paj- (248>
Moreover let us define boson fields with parameters L, M as follows:

a(L17 LT;MD MT‘Z; Oé)

def Lln [Lrn] An  _aln| — Ly---L, . .
- ¢ T e (da ol , (24
S VA T G A o+ ulog ), (249)
ar(Ly, -, Ly My, -+, M,|2)
def -1 [Lin] - --[L.n] o Ly L,
+((q - ) Ly L
((q q )i;o [Mm]"'[MTn]a 2+ Ml"'Mrp ogq)
- Lyn]---[L.n] _ Ly L,
~Ha-a - w2 dag). )
(@=a7) %O [Mn] Mo T Ml-.-MﬁaO) (2.50)



We abbreviate these as

Ll L2 Lr . dif . .
(MEMTG')(Z7Q) - a’(LlaL27'"7LT7M17M2a"'7MT|Z7a)7 (251)
L, L L, o
(ﬁllﬁzMrai)(Z) d:f a':l:(LlaLQa'"aLT’;MlaM2>"'aMT’|Z)‘ (252)
Normal ordering prescription : : is defined by

{move ay (n>0)and p, to right, (2.53)

move a, (n <0)and ¢, to left.

For example,
: exp(a(z; a)) = exp(— Z:O %(q_o‘z)_") edo zPa exp(— Z:O %(qo‘z)_"). (2.54)

For multicomponent a (a!,, ', ¢¢), we treat them similarly; [al, a? ] = np¥(n)dnim.0

n'm

etc. We can easily verify the following:

[ Z Z —npalw aﬁz 5 aﬁm} = _mafm (255)

1,J neZ

where p; 1% (n) is an inverse of p%(n), i.e., 3y pif(n)p; 1% (n) = §.

3 Free Boson Realization of U,(sly)

To construct the Drinfeld Uq(sf/lj\v) generators of level k in terms of free boson fields, we
need N? — 1 free boson fields a’ (1 < i < N —1), % and ¢ (1 <i < j < N). Their

commutation relations are

1

[@mafn] = E[(k_'_g)n][aijn]én—l—mﬁa [ﬁé,dé] = (k_'_g)aiju (3.1)
1 YA YY)

.0 = [P0 6 o, (B0 = 076 (32)

oy 1 oy Ly oy

k%%]z#ﬁww%mm b, Ge”] = 0" 6%, (3.3)

and the remaining commutators vanish.

Let us define fields H'(z), 1% (z) and E*i(2) (1 <i < N — 1) as follows®:
, 1
Hi(z) ¥ ——

) (g—q71)z

i

(LB (g 7) = W (g7))

J=1

6 These operators are well-defined on the boson Fock space that will be defined in the next section.
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tal (qF2) + Y0 (B (g5 2) — b (gF L))
J=i+1
—(replacement : x4 (¢“2) — x_(q”%z) for x = a,b), (3.4)

i k def : i i— i i
L(gF22) E exp (Yo (0T (g T2) — b (0 )2))
j=1
i ke Y i3 £(k+j) i+1,5 0, +(k+j—1)
+al (52 2) + D (B (¢F)z) — b (g ) (35)

iy def 1 )
Fe) (g —a7)2
X Z:l : exp((b + c)j’i(qj_lz))
><( eXp(bﬂii—‘rl(qj—lz) _ (b + C)j,i—l—l(qu))
_ eXp(b]jH(qj—lZ) _ (b + C)j,i+l(qj—2z)))

xexp( (5 (¢ 2) — 8 (0")) (36)
i) def —1
E7) (g —a7)z
X <z_: : exp((b + c)j’i“(q_(’”j)z))

X( eXp(—bj_’Z(q (k—l—y)z) (b+c>j,i(q—(k+j_1)z)>

—d )+ Z bze —(k+£) ) — bi_—i—l,é(q—(k-i—é—l)z))):
{=i+1

(b + C)Z z+1(q—(k+i)z))

(
X exp(a +ZZ (b" (g~ * 0 z) — bi_H’g(q_(kH_l)z))) :
1+1
(
(

—exp((b+c)" ZH(qu ))

cexp(ah (¢50) + 3 ((q") B (1))
=i+1
— Z exp( b+c)i’j(qk+j_1z))

Jj=i+2
X( eXp(szJ(qu—lz) —(b+ C)i-i—l,j(qk—l—jz))



—exp(b (@) = (b o) (¢ 22)))
N
xexp(al (g5 2) + S0 (¢2) — 05 12) ), 3)
l=j

def def def
where b = 0, ¢ = 0 and (b+ ¢)”? = b + ¢, These expressions are guessed from free

boson realizations of U, (sl5)[B0], U, (sls)[E4] and the Heisenberg realization of U, (sly)[EH]
(Appendix A). g-difference expressions of these fields are given in Appendix B. In the ¢—1
limit, egs.(B.4),(B.6) and (B.7) become the bosonized version of the Wakimoto realization
of sly with level k[I8, [7, [J.

From eqs.(B-4) and (B19), H: and K; are

)

H; _ Z(b]l-i-l —(5+i-Dlnl _ b7 q_ +j)\n|)

j=1
. g N .. k . i1 k i1
+a’nq_5‘"| + Z (b’rﬂq_(ﬁﬂ)l"‘ — b+ Jg(Hi- ”"‘)’ (3.8)
j=i+1
K = g @ =+ S 6 -0, (3.9)

We obtain the following proposition:

Proposition 1 H' ¢, E*" in egs. ([3.4)-(B-1) satisfy the relations egs.(B-10)-(2.13) with
v =q", eq.([2-28), and the following relations:

ET(2) B~ (w) ~ 'E"j(w)EJ“i(z)

) 1 ; %w _ ; k&
~ e+ e (T ) — ), (310)
(£ ) B B4 () ~ (75 — ) B ) B g (311
EX(2)EF (w) = EF(w)E*(2) ~ reg.  for a;; = 0, (3.12)

where the symbol ~ and ~ mean equality in the OPE sense (in other words analytic

continuation sense), and ~ means equality modulo reqular parts.

Proof. A straightforward but tedious OPE calculation shows this proposition. We give
the useful formulas in Appendix C and how the poles cancel each other in Appendix D.
For eq.(2:28) some explanation is needed. Let us denote OPE of each term of E+¢(z) as

follows (see Appendix D for notation):
EX N () ERIB) (w) ~ [P (2, w0) : B (2) BFIB) (w) . (3.13)

For ¢ = j there are three cases:

e o and fiP(w,z) = g (3.14)

) = d'



qj:2z .

PPz w) = ¢ m and [ (w, 2) = ¢', (3.15)
HWAB (2 w) = ¢' and fiPA w,z) = C_Igzjﬂ_wiq;z, (3.16)
where ¢ € 7 depends on i, j, A, B, +. For a;; = —1 there are two cased]:
PPz, w) = qm% nd 7w, 2) = ¢", (3.17)
TAB (2 w) = ¢™ and fIPA(w, 2) = qm%, (3.18)

where m € 7, depends on i, j, A, B, . These OPE equations can be translated to formal

power series equations:

EE D () EEIB) (w) = g7 (2, w) : R W () ERIB) (w) ;. (3.19)
Eqgs.(B.14)-(B.1§) are translated to
1 wy\n
itAB _ A, - 277
gL (zw) = q'(z w)zg(q -)
1 N\
and P w,2) =g (w—2)= > (=), (3.20)
w SN w
iAB et o1 +2 W iiBA e
927" (zw) = q'(¢77= w)ZZ(q Z) and gt” " (w, 2) = ¢, (3.21)
n>0
1 Z\N
GgiAB (2, w) = ¢ and g7 w, 2) = ¢ (¢FPw — 2)— Z(qﬁ—) : (3.22)
w SN w
g1 (z,w) = ¢" Z(q ) and g1"(w, 2) = ¢, (3.23)
n>0
) i m 1 Z\n
92" (zw) = " and g™ (w, 2) = ¢" (¢ w — 2)— Z(qﬂa) : (3.24)
n>0

respectively. A product of three E’s can be expressed as

E:I:,il(Al)( 1)E:|:,i2(A2)( )E:I:,i3(A3)(23)

— gzlzzAlAz (Zla )g:EZBAlAB( )giﬁZBAZAB (ZQ, 23)
x 1 FEOAD (5 ) pEi(A2) (5 pEisds) (40 (3.25)

We remark that this is a consequence of the bosonic realization. Using this fact, we obtain
E:I:,z’(Al)(Zl)E:I:,i(Ag) (22)E:|:,j(B)(w) . (C] + q—l)E:I:,i(Al) (Zl)E:I:,j(B)(w)E:I:,i(Ag)(Z2)
+Ei7j(B)(w)Ei,i(A1)( )Ei’i(AQ)(ZQ)

= g2 (21, 2) (927 (21, w) g2 (22, w) — (g + 792 (21, w) g1 P2 (w0, 20)

P w0, 20) AP (w0, 22)) x 2 BRI (2) B9 () BRI ) - . (3.26)

7 For E~, there are extra poles. However, we can discard them because they cancel each other.

10



In each case, this coefficient is antisymmetric with respect to z; and z,. Therefore eq.(R.2§)
holds. O

We remark that eqs.(B.I0), (B-11), (B-19) imply eqs.(2:27), (B-29), (B-27) respectively.

Therefore we obtain our main statement:

Corollary 2 H' o, B in egs. (54)-(3-7) realize the quantum affine algebra Uq(s/lj\v) in
the Drinfeld realization with v = q*.

4 Screening Currents and Vertex Operators

To calculate correlation functions and investigate the irreducible representation, we need
screening operators, which commute with Uq(sf/lj\v). Let us define the screening currents
Si(z) (i=1,---,N —1) as follows:

5') s e = ()5 550) 50 (41)
szlil exp( b+ )t (g 2))
X exp(=b (N 2) = (b+ o) (g 2))
—exp(=bY (¢V2) = (b+ ) (¢V 7 12)))
xexp(él (BN ) — B (V) - (42)

We remark that S’(z) is nothing else but E+~(z) with replacement b’ — — bN+1 BN+~

(b+c)4 s (b+ ¢)N*T1=3N+1=i These screening currents have the following properties.

Proposition 3 S, 5% in egs.([§1),([F3) and H', E** in egs. (54)-(B1) satisfy the follow-

ing relations:

Y

[Hrlwsj(z)] = 0, (4.3)
Et(2)S (w) ~ S7(w)E™(2) ~ reg., (4.4)
B~ (2)S (w) ~ ST (w)E~(z)

~ reg. + 0" 1y 4O <Z; : exp(—(

of ) (w; —E£2)) ) (4.5)

—w k+g
and
(z — ¢ % w)S(2)S7 (w) ~ (¢"% 2 — w)S? (w) S (2) ~ reg., (4.6)
S(2)S8% (w) = S (w)S'(2) ~ reg.  for a;; = 0. (4.7)

11



Proof. Straightforward (see Appendices C,D). O
Egs.(.3)-(f.5) can be expressed in the commutator form.

Corollary 4

[, 87(2)] =0, (4.8)
(B8] = 0, (49)
(B, 87(2)] = 6440 <z" : exp(—(k—igaj)(% =) ) (4.10)

From this we get the desired property of the screening charges.

Corollary 5 If the Jackson integrals of the screening currents eq. (1),
/ S'(2)dyz,  p=q", (4.11)
0

are convergent, they commute with Uq(S/Z—]\V> generated by eqs.(B-4)-(B-1)-

Next we will construct the vertex operators(primary fields), which create the Uq(s/l-]\\[)
highest weight states from the vacuum state of the boson Fock space. The vacuum state
of the boson Fock space, |0), is defined by

al|0) = b7|0) = c7|0) =0 (n >0). (4.12)

Let |pa, po, pe) be
—1

N-1
e i Qg ij ~ij ij i
popnpd S ep( X v a3 ow/(CDa+ X plad)lo),  (413)

ij=1 1<i<j<N 1<i<j<N

then |p,, pp, pe) is the highest weight state of the boson Fock space, i.e.,

!\ |Pas Pos Pe) = b |Das Dby De) = €| Pay Doy pe)y =0 (n > 0), (4.14)
Dh|Das Doy De) = Do|Das Doy De)s D2 |Pay Doy Pe) = D [Pas Do De) (= b, ¢). (4.15)

The boson Fock space F'(pa,ps, pe) is generated by oscillators of negative mode on the
highest weight state |pa, py, pe). EX? change p, — p. only, S¢ changes p, and p, — p., H’

n

does not change p4, pp, Pe. |Pa, 0,0) has the following property:

Proposition 6 H', EX in egs.([F4)-(31) act on |p,,0,0) as follows:

Xn|pa70’0> = O (TL > 07X - HiaE:bi)a (416)
Eq"|pa,0,0) = 0, (4.17)
H|pa,0,0) = pi|pa;0,0). (4.18)

12



Proof. Straightforward. X, (n > 0) annihilate |p,, py, p.) with py + p. = 0, and E;"
annihilate [p,, 0, 0). O
This property is just the highest weight state condition of Uq(gj\v).

Corollary 7 Using the highest weight state |p,,0,0) = [(¢%, -+, (N=1),0,0), we get the
highest weight left module of Uq(s/l-]\\[), V(N),
V= @ F((, - ), ), (4.19)

reg N =1)/2

where the classical part of the highest weight is X = (*Ay+- - -+0V 1 Ay_y = (04, - (N7,

As is well known in CFT, this module is reducible.
Let us define the vertex operator with a weight A = (¢!, ---,/N~!) and a parameter a,

> (z; ), as follows:

hY e Nl gl 1 Z,N— Xi7' .
Nz a) & eXp(i;I(/{:—i-gmn]if ) Inla ( j)a])(z;a)) - (4.20)

The highest weight state of U,(sly), [(£%, - --,¢Y=1),0,0), is created from the vacuum |0)

by this operator with any parameters a and £,
|(€1aa€N_l)aO>0> = hII(l)QS;\(qBZ, Oé)|0> (421)
zZ—r
Moreover this vertex operator has the following properties.

Proposition 8 ¢* in eq.([[-20) and H', EX in egs.(B4)-([B2) satisfy the following rela-

tions:

[H;, (2;0)] = [fz A C (4.22)
(B, Mz 0)] = 0, (4.23)
and
(2 — " w) B (2)6Mw; —552) = ("2 — w)eMw; —E) B (=) ~reg. (4.24)
Proof. Straightforward. We use the g-analogue of the inverse of the Cartan matrix:
NoL .
5 o) i Yt 0], .

O
We remark that eq.(£.24) can be rewritten as

(Bt M —150)] o = =20z -5, B (4.26)

From gb;‘(qﬁz;a) with appropriate a and 3, we can construct the g-vertex operator
®(2)[[], which has an intertwining property. We will discuss this problem in the next
section.
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5 Discussion

In this paper we have constructed a free boson realization of Uq(ﬂj\v). We can also bosonize

the grading operator d. d is defined by the property for the Chevalley generators,
[d,t;] =0, [d ef] = +dpef, (5.1)
or equivalently, for the Drinfeld generators,
[d,H!] =nH!, [d EF]=nE. (5.2)

Using egs.(.57) and (f.27), let us define the g-analogue of the Virasoro Ly operator[[[7, [[§]
as follows:

_ e .. _ 1
L et %N 1 Z s n? [min(z, j)n|[(N — max(i, j))n] gt Nz:l 5 ai; p
Pt [n][(k + g)n] [Nn][n] 9o kg
2
n? . i
1<z'<j<NneZ 1<i<j<N
n2

TR S SR JUFRE ) (5.9

1<i<j<N neZ [ ] 1<i<j<N

where o' = 1, ie., p = (1,1,---,1) = N1 A; is the half sum of positive roots of sly.
Then d = —Lg satisfies eq.(p.2) on the representation space given in Cor.[]. The Ly
eigenvalue of |(¢1,---,/N=1),0,0) is k+g srgla S0+ 2p7)= k+g ()\ A+ 2p).

We have also constructed the screening currents and the vertex operators. Using
these, we can start the representation theory and calculation of correlation functions.
Like as <;l]\\[ B8, B9, it is expected that the projection from the boson Fock space to the
irreducible Uq(s/l-]\\[) representation space can be done by BRST cohomology technique. In
fact, recently, this procedure has been worked out for Uq(sf/l\g)]. The BRST operator is
constructed by using the screening current.

To calculate the Jackson integral formulas for the correlation functions, which are
solutions of ¢-KZ equation, we must first prepare the g-vertex operators ®. We will
restrict ourselves to the type I [IJ] vertex operator ® E gv*(z) V(p) = V() @ V..
‘P\ZEM%VA( ) can be constructed from ¢*(¢%z; a) with appropriate «, 5. From eq.(29), we
choose v = —£2. This choice agrees with refs.[BT] (Uq(g\l2) with an arbitrary level k) and
B (vector representation of Uy(sly) with k = 1). Starting from ¢*(z) & ¢*(z: — ey

we define gbf‘lln(z) as follows:
n—1

r a6 ), Eo"i"}qm, r=0A=Ya,,a,). (5.4)

j=1

14



To determine [, we must the specify finite dimensional representation of Uq(s/lz\v). Re-
sults of refs.[B1l, BY] suggest 8 = k + g. Once the finite dimensional representation is
obtained and [ is determined, we can construct the g-vertex operator <I> V*( ) from
our (;3“7___,2” (¢°2). Then, we can calculate correlation functions of the g- Vertex operators
in standard way. These problems are now under investigation.

To extend our results to arbitrary quantum affine Lie algebras, it may be important
to consider the geometrical interpretation of the free boson realization. For ¢ = 1 case,
the B-v system is suitable for the geometrical interpretation[[[q]. For q # 1 case, we define
the quantum S-v fields, 85, (2) (o = £1), v9(z), as follows:

def —1 +1
Pre(z) = m : exp(bi(z) —(b+)(q z)):, (5.5)
def —1 +1
fo14(2) = CErE : exp(—bjF(z) —(b+¢)(q z)):, (5.6)
v(z) = sexp((b+0)(2))s, (5.7)

where we suppress the superscript ij. They are not free fields any longer. They satisfy

(2 = ") Bac(2)Barc (W) = ("2 =) fare(W)Bac(z) (6,6 =%), (5.8)
Bi1,+(2)Br14(w) = Bx1+(w)Bi1+(2), (5.9)

(z = 7 w)Brre(2)y(w) = (672 —w)y(w)Bire(2), (5.10)

(2 = ¢ w)y(2) B s (w) = (72 — w)Berz(w)y(2), (5.11)
V(@) (w) = y(w)y(z2). (5.12)

Our free boson realization of Uq(sf/lj\v) is reexpressed by these quantum [-v fields. In
the ¢ — 1 limit, B, 1(2) — fa—(2) and ~y(z) become usual [(z) and 7(z) respectively.
These [+, v fields are the affinization of g-oscillator(aa’ — ¢*'afa = ¢™V); a — 7,
a' = Bat — Ba— (see Appendix A). We expect that our realization in terms of the
quantum (- system acts on the g-deformed semi-infinite flag manifold[[[7).

Our free boson realization may be also useful to analyze the g-analogue of the Virasoro

and W algebras by the Hamiltonian reduction, and the representation at the critical level
k= —g.
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Appendix A

For the reader’s convenience, we give the result of [R5, the Heisenberg realization of

Uy(sly) with the weight A; € C. Let us consider variables z;; and derivatives 52~ (1 <
ij
i < j < N). Their commutation relations are
[ai, zi/j/} = 0;#0j;7, others=0. (A.1)
Tij
Standard Chevalley generators of U,(sly), e, t; = ¢" (i = 1,--+, N — 1), are realized as
follows:
< N
hi = =Y (Vi1 —Y50) + X — Y (0ij — Vigay), (A.2)
Jj=1 J=i+1
. i 1 — . .
ef & > aji——[05imla” e=1 i1 =Pes), (A.3)
j=1 Jyit1
i—1 .
€; def ij i+1 ! [ﬁj,i]quzﬂrlwe’i+1_195,1')—)‘2"’_257:2#1(19i'e_19i+1'e)
j=1 Lji
N
@i X — Y (Uie — Vigre)]
(=it+1
N
1 SN (9,
. Z xi,j—wi-i-lg]q)\l Ze:j(ﬂz/ 191+1,z)’ (A4)

j=it2  Litlj
Where ﬁij déf Z'ij%, Tii déf 1, ’19“ d:Of O
ij
Our free field realization of U,(sly) is obtained by the following replacement with
suitable argument:

z = ettIE) (A.5)

9 dbi(2), (A.6)

A= das(z), (A7)
AL _ GA-(2)

[A(z)] = (A.8)

Appendix B

In this appendix, we reexpress eqgs.(B4),(B-0),(B-7]) and (f)) by using the g-difference
operator. These expressions are not unique and we give one of them.
Using the following formulas

- a1 (q%z) —a_(q %2)) = 10.a(z; ) = a,q 1
e ()~ a(7D) = 0.a(sia) = 3 ang By
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1

: (exp(be () — (b+ 0)(42)) — exp(be(2) — (b + )(g7'2))) :

(¢—q71)z
=:10: (exp(—c(2))) - exp(—b(z; F1)) (B.2)
1 -«
e (exp(a4(q°2)) — exp(+a_(g~°2))) :
=: 0. (exp(i—(%a)(z; a))> : exp(ip(%a)(z; a— M)) : (B.3)
1 -«
o (ep(b(a) —exp(blg2) :
=m0, exp((%b)(z))) -exp((Mj\; ab) (z)) : (B.4)
(S0)(2) (%b)(z; tat1)= (O‘]\j; L) (=), (B.5)
eqs.(B4),(B-9),(B.7) and (f1]) are rewritten as follows:
H'(z) = 18z(i:(bj’i+l(z; Erj—1) -0zt +))
+a'(58)+ 3 055+ -5+ - 1), (B.6)
Eti(z) = —i:l : exp((b + c)j’i(qj_lz))
%10, (exp(—c " (g7 712)) ) - exp(=b (g7 2z 1)
cexp(S (1) <1 (02) - (B.7)
B (z) = —Zz::l : exp((b + C)j’”l(q_(k“)z))
x10; (exp(—¢’ (g~ "7)2))) - exp(—b7i (g~ 2; 1))
cexp( 32 (1 (g D) — (g 0+02)
l=j+1
R 3 () - B 0D )
+ 1 pygO- (exp (:i;(b )i,i+1)(z) + (%4'9 )(z; k—;’g)
al 1 +1
+£§1((k—gb Ykt ) = (b ek n)))
coxp((f5 0+ 7)) = (o) (=5

17



N 1

> ((,{;Jrgbi’é)(Z;f—g)— (%Mb"“’e)(w—g—l))):

+ > exp((b + c)i’j(qk”_lz))

j=i+2
%10, (exp(_cz’—i-l,j(qk—i-j—lZ))) . exp(—bi+1’j(qk+j_lz; _1))

N
i ok i i —
x exp(al (¢ 2) + (0 (¢ 12) — b (1)) ¢, (B.8)
=j

Si(z) = —:exp(—( ! ai)(z;k—;’g))

k+g

x > exp((b+c)i+1’j(qN_jz))

j=it1
X 10, (exp(—ci’j (qN_jz))) . exp(—bi’j (qN_jz; 1))

xexp( Y (B (N ) b (V) (B.9)

(=j+1

These expressions are adequate for taking the ¢ — 1 limit, because there is no de-

nominator ¢ — ¢~'. In this limit ,d,, (]\L4—11 e ]@—:a)(z; a), (J‘L/[—l1 e J‘L/[Tai)(z) become a0,

ﬁa(z), 0 respectively. Eqs.(B-4),(B-4) and (B1) become the bosonized version of the

Wakimoto realization of sly with level k[, [, [§; 8% (z) and 7" (z) are expressed in
terms of b (z) and ¢¥(z) with ¢ = 1 as follows[B]]:

B(z) = —: 0, <exp(—cij(z))> -exp(—bij(z)) :, (B.10)
Y(z) = sexp((b+0)7(2)) : . (B.11)

Appendix C

In this appendix we give useful formulas.

First we give formulas for a boson a in section 2 (see the footnote below eq.(E.19)).

[A, B] commute with A, B = [A, "] = [A, Ble®, (C.1)

eleB = A BleBeA (C.2)

[Lan] - - [Lyn]

[am (L L ai)(z)} — +0(Fn > 0)(g— g V) npa(n)2", (C.3)

M1 MT [Mln] tee [Mrn]
L, L, Lin|---|L,n| n —alnl n

18



Ll Lr Lll L/s
G 3z (g e )]
[Lln] .. [Lrn] [L’ln] c. [L’sn]

=—(q— q‘1)2 Z [Min]--- [Myn] [M{n]---[M'n

n>0 s

[(]\LJ—E"'Z\L/;TQ)(Z; a), (%...féa_)(w)]

=(g—q ) [Lan] - -~ [Lyn] [Lin]---[Lin] n ) _Cm(%)n

rea(m) ()" (C5)

[Myn] -~ [Myn] [M{n] -~ [Mn] [n]”

n>0
L---L, L’l...L/
S 1 .
LT T (C.6)
L, L L L,
[(ﬁll o)) (ﬁll ) (w a)] — eq.(C.6), (C.7)
Ly L, Ly L
(3G, g+ ) s )]

e L] [L) [ [E] n
=~ 2 (W]~ (Vo] (W]~ (V] o]

~pa(n)g~ @O (%)"

n#0
Ll"'Lr L/lL/ w
_ * o log . C8

where 6(P) is a step function, §(P) = 1(0) when the proposition P is true(false). These
are formal power series equations.
Next we give specific formulas often used in proofs. For calculation of [H!, %],

a, a4(2)] = +0GEn > 0)(q — ¢ )Lk + ghnllagn)", (C9)
i ( kigaj)(z; )] = Zlasgnlglzn (C.10)
b b2(2)] = F0GEn > 0)(g — g7 - 2" (C.11)
b, )] = —ln" (©12)

where we suppress the superscript of b. For OPE calculation,
exp (ab+(z)) exp (5b_(w))

2q_2w)>aﬁ exp(ﬁb_(w)) exp(ab+(z)), (C.13)

N (z —w)

N ((z — ¢w)(z —

zZ — qw

exp(ab+(z)) :exp(ﬂb(w)) = ( >aﬁ : exp(ﬁb(w)) :exp(ab+(z)), (C.14)
: exp(ab(z)) : exp(ﬁb_(w)) ~ (qz — w>aﬁ exp(ﬁb_(w)) : exp(ab(z)) :

- (z — qw)aﬁqag cexp(ab(z) + Bb_(w)) :, (C.15)

qz —w

qz —w
Z—quw
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k+

exp (ai (¢ = z)) exp (aj_ (q_%w))

z—q%w z—q 2y kg

z — q_aijw z — qaij_2(k‘+g) eXp( ‘ (q_Tw)) exp(ai(qTZ))7 (C16>

) ktg 1 j +g .
exp (a2 - (o) s 40

12

z — g% —(k+9) 4y

exp(—(Laj)(w; %)) : exp(aﬂr(q%z)), (C.17)

= Qi z — q—(k'f‘g)w k+g
: exp(— (k—igai) (z; %)) : exp(aj_(q_%w))

éi;;??;fZ:ii;eXP(ai<q‘E%gw>):exp(—(z;ifgaﬁ(z;@ga>);

z @i 1 i . ktg
B q%iz — q_(k+g)wq o exp(— (k—+ga )(z, k;g) +al(g w)) 5 (C.18)

12

where « and 3 are parameters and ~ means equality in the OPE sense (analytic contin-
uation sense).

exp(b + ¢)’s commute each other because py(n) + pe(n) = 0.

Appendix D

In this appendix we give how poles cancel each other in OPE of E*¥(z) and E~(w),
E~(2) and E~(w), E*¥(2) and S7(w). Let us denote each term of eqs.(B-8), (1), (1)
as followsf]:

.

Eti(z) = SYETED(2) + EH0D(2), (D.1)
j=1
' i—1 o o
Ei(z) = (E—,Z(J,l)(z) + E—J(Jﬂ)(z))
j=1
FEON(:) £ B 1 S (BO0(:) + BO(), (D)
J=i+2
. N Ry Ry
Siz) = 3 (SO (2) + 5162 (2)). (D.3)
j=it1

I. EY(2)E~(w).
For i = j, OPE E™¥(2)E~J(w) has poles at z = ¢*w and 2z = ¢ *w. They come from
EH0D(2)E=902) (w) and B2 (2) E=I0D (w) respectively.

8 For example, ET0:2)(z) = ﬁ : exp((b + c)j’i(qj_lz)) x (—=1) exp(bjfﬂ(qj_lz) - b+
) (g=22) ) x exp (012 04 (0 12) — 0 (a2)) ) -
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Some terms of E™(z)E~7(w) have other poles but all these poles cancel in pairs. We
give these poles(z = ¢®w) and pairs (E+A)(2) E=7B) (w) and ETC) () E=7P) (w)).

a (4) (B) () (D)
i) j=1 —k—2¢ (¢, 1) (¢,2) ((+1,2) (£+1,1)
1<e<i—1
(i) j=i+1 —k—20+1 (£,1) (¢,2) (¢,2) (¢,1)
1<i<q
(i) j=i—1 k+1 i—1,1) (j+2,1) (4,1) 7,2)
k+1 i—1,1) (j+2,2) (4,2) 7,2)

( ( ( (
( ( ( (
k+1 (4,1) (j+2,2) (4,2) (j+2,1)
(iv) j<i—2 k+i—j (J ( (J (
k+i—j ( ( (
k+i—j ( ( (
I1. E~(2)E~7 (w).
E~"(2)E~(w) has poles at 2 = ¢ “w. Some terms of this OPE have extra poles.
But these extra poles (z = ¢®w) cancel in the following pairs (E—4)(2)E=7®)(w) and
E— O () E=I D) (w)).

a (4) (B) (C) (D)
i) j=i—-1 2k+i+j (1—1,2) (5,2) (i,1) (j+2,2)
(i) j<i—2 2k+i+j (4,2 (i,1) (G+1,1) (i+1,2)
2k+i+j (4,2) (1,2) (1+1,2) (:+1,2)
2k+i+j (7+1,2) (i,1) (J+1,1) (52).

II1. B (2)S7 (w).
Poles (z = ¢®w) cancel in the following pairs (B4 (2)S7B) (w) and B+ (2)S570)(w)).

o (A) (B> (©) (D)
(i) j=i N—i—j (1,1) (J+1,2) (i,2) (J+1,1)
i) j<i—1 N—i—j (4,1 @ﬂ) (j+1,2) (i+1,1)
N—i—j (4,1) (i+12) (4,2 (i+1,1)
N—i—j (4,2) (i,2) G+1,2) (i+1,2).

IV. E7(2)S7(w).
For i = j, OPE E~(2)S7(w) has poles at z = ¢**9w and z = ¢~**9w. They come from
E— WD () SIN2) () and B~ (2)S70+LD (1) respectively.

Some terms of E~%(2)57 (w) have other poles but all these poles cancel in pairs. Poles(z =
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¢“w) and pairs (E—"4)(2)S7B) (w) and E~4)(2)S7P)(w)) are

a (4)  (B) (& (D)
(i) j=i k—N+2i+2 (4,2) (j+1,2) (i+2,2) (j+2,1)
k—N+2¢0 (¢,1) (¢,2) (+1,2) (£+1,1)
i+2<(<N-1
(i) j=i+1 k—N+20—1 (¢£,1) (4,2 (¢,2) (¢,1)
i+1<I<N
(iii) j<i—1 —k—g+i—j (4,1 (@+1,1) (G+1,1) (i1
—k—g+i—-j (j,2) (i,1) (4:1) (i,2)
—k—g+i—j (7,2) (+1,1) (G+1,1) (42).

~—
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