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1. Introduction

Conformal field theory has attracted much interest for the last ten years, since it de-
scribes classical vacua of string theory and two—dimensional statistical system at fixed
points of the renormalization group. The representation theory of the Virasoro algebra
plays a central role [BPZ]. However, when the systems have larger symmetries, the Vi-
rasoro algebra must be extended. For example, when supersymmetry exists one will be
led to the super Virasoro algebra [NS, R, GS], while for Zy symmetry what is called
the Wy algebra will be relevant [Z, BS].

In the Wy algebra (or its supersymmetric extension [IMY]), there are (N — 1)
generating currents with spins s = 2,3, ..., N (and their superpartners if supersymmetry
exists). Here s = 2 corresponds to the energy momentum tensor. The peculiar nature
of the algebra is in its nonlinearity, i.e., the singular part of the operator product of
generating currents is not expanded as a linear combination of the generating currents,
and one has to introduce composite fields made of the currents. The occurrence of
such operators implies that the corresponding algebra is not a Lie algebra in ordinary
sense. Indeed, the check of the Jacobi identity gives severe restrictions on the structure
constants.

The situation changes drastically if we take a suitable limit N — oo [B]. The
resulting algebra, called the W, algebra, becomes a Lie algebra [PRS1]. This limiting
procedure is essentially equal to regarding the composite fields needed in the operator
product expansion of lower spin currents, as a new generating current with higher spin.

Great simplification further occurs if we add spin—1 current (u(1) current) to the
Wso algebra [PRS2]. The obtained algebra is named the W o, algebra for this historical
reason. Although there are several types of W infinity—like algebras [BK, FFZ], we may
say, at cost of rigor, that this is the most fundamental one. All other algebras such as
Weso and Wy are obtained by imposing some suitable constraints on it.

The W11 algebra naturally arises in various physical systems. Firstly, in two—

dimensional quantum gravity (the square root of) the generating function of scaling
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operators is identified with a 7—function of KP hierarchy and obeys the vacuum condition
of the Wi+ algebra [FKN, DVV, IM, KS, S, G|. Secondly, in the quantum Hall effect,
edge states satisfy the highest weight condition of the W, algebra, reflecting the
incompressibility of quantum fluid [IKS, CTZ]. Some interesting applications are also
known in higher dimensional physics, such as the construction of gravitational instantons
[T, YC, P]. Furthermore, the W, | o, algebra is known to be closely related to the central
extension of gl(oco) algebra [KR]. The application to the large N two—dimensional QCD
[GT, DLS] seems also intriguing in this context.

The major reason of such generality of the W;, ., algebra is that it is a central
extension of the Lie algebra of differential operators on the circle [PRS1]. Recently,
Kac and Radul gave a general framework on such Lie algebra and classified all the
quasifinite representations [KR]. Since the purpose of this paper is to extend their work
to the system with supersymmetry, it may be instructive to review their main results.

Let G be the Lie algebra of differential operators on the circle; G={2"f(D) | n€ Z},
where f(w) € C[w] (polynomial ring with w indeterminate) and D = z-. Let then
Wit be the central extension of G, and for 2" f(D) € G we denote the corresponding

operator in Wy by W (2" f(D)). The central extension is defined by the following

commutation relations:
W (=" f(D)), W(z"g(D))] =W ([z"f(D), 2"g(D)]) + C¥("f(D),z"g(D)),

where the two—cocycle W is given by

U(z"f(D),z"g(D)) = =¥ ("g(D), 2" f(D))

_ X f=dgn—j)  ifn=-m>0
0 iftn+m#0 or n=m=0.

More symmetrically, it is written as

eTm _ oyn

[W(ZnemD), W(ZmeyD)] _ (6mm . eyn) W(Zn+me(a:+y)D) . C5n+m,0 e‘”"‘y——l

The two—cocycle is shown to be unique up to coboundaries [Li, F].
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The Wi algebra has the following principal gradation:

Wl+oo = @ (Wl-l-OO )n )
neZ,

(Witoo ), = { 2" f(D)| f(w) € Clw] }.
Note that the Cartan subalgebra is given by (Wiiso )y = @aeg CW(D?®). A highest

weight state |A) is thus characterized by the condition
Wit ) |A) =0 (n2>1),
(Witeo ) [A) C CIA).

We introduce the energy operator Ly = —W (D) and call its eigenvalue of state the
energy level. Note that [Lo, W (2= *f(D))] = +kW (2% f(D)).

At each energy level k, there might be infinitely many states, reflecting the in-
finitely many degrees of freedom in the polynomial ring. The quasifinite representation
is obtained if we require that all but finitely many states at each energy level vanish.

More precisely, it is equivalent to saying that the set
Iy ={ f(w) € Clw]| W(=z""f(D))]A) =0}

is different from {0} for any £ > 1. Since I_j is an ideal in C[w], we can introduce
the monic (with unit leading coefficient) generating polynomial by (w); I_ = (bx(w)).
These polynomials {by(w)}r=123, . are called characteristic polynomials.

A surprising result obtained in ref. [KR] is that they are almost uniquely determined
by the first characteristic polynomial b(w) = b;(w). To show this, one has to observe
that (i) bx(w) is divided by £.c.m.(b(w),b(w—1),...,b(w—k+1)), (ii) b(w)b(w—1)...b(w—
k+1) is divided by by (w). These statements are proved by using the null state conditions
of the Wi algebra. Thus, if difference of any two distinct roots of b(w) is not an
integer, then by (w) is uniquely expressed as by (w) = b(w)b(w — 1)...b(w — k + 1).

It is further shown that the generating function A(x) of highest weights:
Alw)=-Y TAD for W(D*)IA) = A®|N)
= s!
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satisfies a simple differential equation:

b(%) (" — 1)A(z) +C] = 0.

To cover all W-like algebras with supersymmetry, the Wi, algebra must be
extended such as to contain supersymmetry. Such extension was first considered in ref.
[MR, UY] in the context of supersymmetric Kadmtsev-Petviashvili hierarchy, and also
in ref. [BAWYV, BPRSS], where explicit form of (anti-) commutation relations are given.
In this paper, we reformulate their work on the super Wi, o, algebra (later denoted by
SWi+oo) and develop the representation theory, on the basis of the analysis by Kac
and Radul for the Wi, algebra. We find that quasifiniteness is again characterized by
polynomials, and that the highest weights are expressed in terms of combined differential
equations.

The present paper is organized as follows. In sect. 2 and sect. 3, we discuss the
general theory of the super Wi, algebra, viewing it as a central extension of the
Lie superalgebra of superdifferential operators on the circle. In sect. 4, we classify the
quasifinite highest weight representations of the super Wi, algebra, and then, in sect.
5, derive the differential equation which determines the highest weights. In sect. 6, we
discuss the spectral flow (two—parameter family of automorphisms) in SWj 1. In sect.
7, we consider the (B, C)-system as an example. Sect. 8 is devoted to conclusion and
discussion. The embedding of SW) ; , into é\l(oo|oo) and null vector condition are given

in Appendices.

2. General Theory of Lie Superalgebra of Superdifferential Operators on the

Circle

2.1. Let A= A©® @ AM be a Z, graded associative algebra and let ¢ : A — A be

a Zo—preserving automorphism of A; o (A(O’l) ) = AOD  We specify the Zs—gradation
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of an element a € A (resp. a € AV) as |a] = 0 (resp. |a] = 1). We then introduce
the twisted Laurent polynomial algebra Alz, 27| over A:

Alz,z7 ] =Clz, 27 1] ®c A

= Z 2" ®an | a, € A, all but finite number of a,,’s vanish
nEZ

with the following *«—multiplication:
(2"®a)* (2" Rb) =" ®0™(a) - b.

Note that the Zo—gradation of A naturally induces that of Alz,271]; [2" ® a| = |a] if
a€ A or AW In what follows, we will denote 2™ ® a by z"a for simplicity.
2.2. Let A, denote the algebra Alz, 27 1] regarded as a Lie superalgebra with respect
to the usual (anti—) bracket:
[2%a,2"b} = (2"a) * (2™b) — (—1)19P1(zb) « (27a)
= 2™ (a) - b — (=1)lelbl e () .
2.3. Fix a linear map str : A — V such that strab = (—1)1?llstrba, where V is a
vector space over C. Then we can define a central extension .»2107 str Of /(U by V, 0 —
V — ./Alg, str — /IU — 0, as follows. First, we notice that the map ¥, «, : ftg X flg -V
defined by
U, str(2"a, 2™D)

= —(—1)'“‘“"‘110, str(2™D, 2" a)

_fstr((Q+o+---+0" 1) (07"(a) b)) it n=-m>0,
— 10 if n+m#0orn=m=0,

satisfies the 2—supercocycle condition:
(1) \I]U,str(AaB) - _(_1)‘A||B|\Ija,str(ByA)7
(2) (=), . ([A, B},C) + cyclic permutation = 0.

Thus, denoting by W (A) the element in /lm str Which corresponds to A € AU, we define
the (anti-) bracket of two elements W (A), W (B) € Ag. g by the following formula:

[(W(A),W(B)} =W([A,B}) + Vs stx(A, B).
Hereafter, we will restrict ourselves to one—dimensional central extensions; V = C.
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3. The Super W, Algebra SW;

3.1. In the rest of the present paper, we will exclusively consider the case where A is

the polynomial algebra over (2 x 2) supermatrices:
= Fow)  [H(w) A A —
A:{ [f‘<w) Py | | 7w) €Chul; A= 0,1, &

(3.1)

Here we assign the Zs—gradation as follows:

A0 — { {fo(()w) fl(()w)} } . Zs—even,

A(l):{{f?w f+éw)H . Zp—odd.

Introducing a basis P4 (A =0,1,+) in A as

10 00
PO:{O 0}’ Pl:{o 1} e AO,

0 1 0 0 (1)
P+:{0 0}’ P_:[l o} €A%

we may denote F' € A as F(w) = f4(w)Pa. Note that the multiplication as matrices

respects the Zo—gradation.

3.2. Following the general prescription given in the previous section, we fix a Zo—

preserving automorphism o : A — A, and define a new Zs—graded associative algebra
Alz, 27 =Clz, 271 ®c A

= Z 2"F,(w) | F,(w) € A, all but finite number of F,(w)’s vanish
nel,

with the following *—multiplication:
(2"F(w)) * (z"G(w)) = "™ ( F(w)) - G(w).

We will set o as o(F(w)) = o(f4(w)Pa) = fA(w + 1) P4, so that we may replace
fA(w) by fA4(D) with D = 20/0z, and * multiplication by the usual multiplication as
matrices.” Note here that f(D)z™ = 2™ f(D 4 m) for any holomorphic function f(w).

T This choice of ¢ is not unique. In ref. [KR], for example, they also consider the case,

o' (F(w)) = F(qu).



3.3. Let A, = swi, o denote the algebra Az, 2~!] regarded as a Lie superalgebra

with the following (anti-) bracket:
[2"F(D),z"G(D)} = [2"f*(D)Pa,2"g®(D)Pgs }
= (z"fH(D)Pa) - (29" (D) Pp) — (=1) "1 (z7 B (D) Pp) - (2" {4 (D) Pa).

3.4. We now introduce a linear map stro : A — C as stroF (D) = strF'(0), i.e.,

D) O oy g
| L0 L] = 0= 1o

We should notice that strg has the following property:
strgF(D)G(D) = (—1)FWINED)lgtr . G(D)F (D).

Thus, we can define a one-dimensional central extension Ay stry, = SWitoeo of A, =

SW1400 through the following (anti—) commutation relation:

[W("F(D)), W(="G(D)) } = W([z"F(D), 2" G(D) }) = CVs six, (2" F(D), 2" G(D)),

(3.2)
where C'is the central charge, and for n = —m > 0, the 2-supercocycle ¥, ., is given
by

Uy stro (2" F (D), 2" G(D)) =strg ((L+ o+ -+ 0" ") (o ™(F(D)) - G(D)))

= fA(=)g"(n —j)str PaPp
j=1

=2 A =0g"(n =)+ fH (=g~ (=)
— (=gt (n—3) = fH(=i)g' (n—j)}.
Note here that

1 if (4,B)=(0,0
str PAPg =< —1 if (A,B)=(—,+) or

N—
Q
=
~—
—~ +

0 otherwise.
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The above (anti-) commutation relations can be rewritten in a simpler form if we

xD

introduce 2"e*P as a generating series for z"D¥:

(W (z"e®P Py), W (z™evP Pg)}
— gTm W(Zn+me(x+y)DPAPB) . (_1)|PAHPB| ey W<Zn+m€(x+y)DPBPA)

CC _ eyn

+ C ex"_y——l 5n+m,0 StI'PAPB.

(3.3)
We remark that the indices n and m need not be integers in this expression.

The bosonic part of this algebra is the direct sum of two Wi, algebras with

central charges C' and —C.

3.5. The principal gradation in SWh~ may be introduced with half-integer labels

a € Z/2 a8 SWiioo = Dpez2 (SWitoo ),s Where

(SWitoo )aen ={ W(2" (fP(D)Po+ fH{(D)PL)) | [ (w) € Clw] },

(SWisoo Jarnirje = | W(z"f+<D>P++z“+1f< )P_) | fE(w) € Clul }.

In fact, one can easily show that [(SW1+OO ) s (SWihoo )B} C (SWiteo )grp With
a, B € Z/2. We notice that the Cartan subalgebra of SWi is given by (SWi1o )y-
3.6. We let 0 be a Grassmann number, and identify

Py P.] [60s 6
P. P T |0y 00|

Then the multiplication (f“(D)P4)- (g2 (D)Pg) as superderivatives corresponds to the

multiplication

as matrices.
The (anti-) commutation relations of superderivatives (with central terms) are now
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easily obtained. For example, setting n > 0, we obtain'
(W (2" f(D)Pa), W (2"g(D)Pa)] =W ([2"f(D)Fa, 2"g(D)Fa])
—-(-n*C Xn: f(=i)g(n = j)0nsmo,  (a=0,1),
{W("f(D)Ps), W(z"g(D)Px)} Zj‘; ({z"f(D)Px, z2"g(D)Ps })

TC Z f(=3)9(n = j)dntm,0-
j=1
Other (anti-) commutation relations have no central terms.

4. Quasifinite Representations

4.1. Let V(XA) be a highest weight module over SWi o with the highest weight
A. The highest weight vector |[\) € V(A) is characterized via the principal gradation
as (SWitoo )y |A) = 0 for a > 1/2 and (SWitee )g|A) C CJA). Explicitly, these
conditions are written as
W (" fADIPA)A) =0 (n=1;7f4(w) € Clu]),
W (f(D)PL)Ix)=0  ("f(w)€Cluw]), (4.1)

W(DP)H)IN)=A®A)  (s>0;a=0,1)

for some functions Aﬁf) of .
It is convenient to introduce the generating functions A,(x) of highest weights
AL (a=0,1): Ag(z) = =302, A,(f)xs/s!. Note that they are formally given as the

eigenvalues of the operators —W (exD P, ):
W (e"PP,)|A) = =Au(z)|]A)  (a=0,1).

4.2. Let U(X) be a subspace of V() which is obtained from the highest weight state
|A) by acting on it SWiio once: U(A) = SWitoo|A). The principal gradation of
SWitoo naturally induces the labeling of U(A): U(A) = @50 U-a(N).

X, Y]=XY -YX,{X,)Y}=XY +YX.
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The SWi 4o module V() is called quasifinite if U_, () is finite dimensional for

each a > 0. This condition is equivalent to the statement that
U4 () = { W f(D)Pa)A) | f(w) € Clw] }

is finite dimensional for each kK > 0 and A = 0,1, £. It is straightforward to see that
the following subsets of C[w] are all ideals of C[w]:
Iy ={ f(w) € Clw]| W (f(D)P-)[A) =0},

I* = { f(w) e Clw] | W (2% f(D)Pa)|A) =0} (k>1; A=0,1,%).
Thus, if U4, (\) is finite dimensional, all of I, and I4, are different from {0}, so that
I, and I4, are generated by some monic polynomials a~(w) and bf}(w), respectively:
Iy = (a”(w)) and I, = (b}(w) ). Conversely, if I; and I?, are generated by monic

polynomials, then U4, (\) become finite dimensional since
dim U4, (\) = dim C[w]/I%}, = deg bj}(w) < .

Thus, we have proved the following theorem:
Theorem. The highest weight module V(X) of SWhio is quasifinite if and only if the

subsets I, and If‘k of Clw] are generated by monic polynomials;
Iy = (a” (w)) I = (b (w)) (k>1; A=0,1,%). (4.2)

We will call ™ (w), bi}(w) the characteristic polynomials for the highest weight module
V(A).

For later convenience, we introduce the symbol

ey =it =[110) e

and further denote b (w) = b{(w), B(w) = Bi(w). In the following discussions, we
will see that a™ (w) and b™ (w) play the central role in the quasifinite representations of

SWitoo.
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4.3. Theorem. Characteristic polynomials a~ (w), b*(w) (A = 0,1,4) are related to

each other in the following manner:
a”(w) | b°(w),
a (w—1) | b (w), (4.3)
a”(w), a”(w—1) | b~ (w),

and

b (w) | 0(w), bl(w),

(w) | a” (W)™ (w), b~ (w),

bl (w) | a”(w—1)b"(w), b~ (w),

b= (w) | a”(w—1b"(w), a”(w)b'(w).

Here fi(w),---, fr(w) | g1(w), -, gs(w) implies that any f;(w) divides all gj(w)’s
Proof .T We start from the identity

r([2 1) (- [ BB o

which holds for arbitrary constants a, 3, v, § and € (A = 0,1, +). Suitably choosing

(4.4)

these constants, we can derive the following equations:

" (i) o] )=
W(_bl(DO+1) ODW 0,

W {(Lioy o) )2 =1 (|50 o] J=0

which assert the first statement, eq. (4.3). The second statement, eq. (4.4), can be

similarly proved, by using the identity

([l O)) (N W) pm=o

and taking a suitable choice of the constants «, 3, v, d and e*. [

T Another proof of Theorems 4.3 and 4.4 is given in Appendix A, resorting to the embedding
of SW 4o into gl(oo|oo).
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4.4. Theorem. Characteristic polynomials bkA(w) for k > 1 are related to each other

in the following manner:

b (w), bp(w—1), by(w), b(w—1) | b ,(w

Y

)
br(w), Op(w—1), by (w), bf(w—1) | by (w),
)
)

(4.5)
bp(w), by(w—1), bf(w), by(w—=1) | by(w),
b (w), Bhw—1), B(w), by(w—1) | by, (w)
and
b o(w) | B (w —Obf (w), b (w— £)bg(w)
bpre(w) | B (w — b (w), b (w— )by (w)
(4.6)
byre(w) | by (w—=0)bf (w), by(w—O)bg(w),
b o(w) | by (w—=0)by(w), by (w — )by (w).

Proof . The first statement, eq. (4.5), is obtained by combining the following two

identities:
[W({ DW(L?bEQD i ))DD}MO
w ([ 2 ]) w (p [oka®) ML) 1))

which hold for arbitrary constants a, 3, v, § and € (A = 0, 1, 4). The second statement,

M

eq. (4.6), is obtained by looking at the identities

(= Lo ool ) ([Se) o)) oo
+ +
(Lo o)) (e o) Bl |) e

Note that if we set by (w) = a~(w), bf (w) = 1 and b(w) = bi(w) = 0, then the
Theorem 4.4 reduces to the Theorem 4.3 with some suitable choices of k and /.

4.5. Iteratively using Theorems 4.3 and 4.4, we obtain the following Corollary:
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Corollary. Characteristic polynomials bkA(w) for k > 1 are related to the polynomials

a” (w) and b+ (w) as

Cem. (0T (w),a” (w—1),bT(w—1),a" (w—2), -, b (w—k+1)) | bf(w), (4.7a)
Cem. (™ (w),b" (w),a™ (w—1),b (w—1),-- -, bF(w—k+1)) | bY(w), (4.7b)
Cem. (b1 (w),a” (w—1),b"(w—1),a" (w—2),- k)) | by(w (4.7¢)

tem. (a” (w),b"(w),a” (w—1),b"(w—1),---,a k)) | by (w), (4.7d)
and

by (w) | bT(w)a™ (w—1)b"(w—1)a" (w—2) - b"(w—k+1), (4.8a)

bp(w) | a” (w)b*(w)a™(w—1)b"(w—1) - " (w—k+1), (4.8)

bp(w) | " (w)a™(w—1)b"(w—1)a"(w—2) - a” (w—k), (4.8¢)

by (w) | a”(w)b"(w)a™ (w—1)b"(w—1) - a” (w— k). (4.8d)

Let o™ (w) = [[25 (w — A;) and bT(w) = H;V L (w = A7) If difference of any two
distinct elements of the set {A;}U{)\j} is not an integer, then a™ (w), b™ (w), a™ (w—1),
bt (w —1), - - are all mutually prime. In this case, the characteristic plynomials b;!(w)
(k>1, A=0,1,+) are uniquely determined due to the above corollary as follows:!

(Tl p | [MiZe (=0 MZa (=0
(gb( @)[Hif_oa—(w—@ [T o (w —e>]

k-1

G P o (w)b* (w) b ()

_<£:1_[1a (w — £)b™( K)){ ~(w)a~ (w — k)bt (w) a‘(w—k)b*’(w)}
1

= e Bw—k+1)-- Blw—1)B(w).

(4.9)

5. Differential Equations for Highest Weights

5.1. The structure of characteristic polynomials automatically determines that of

highest weights. In the following subsections, we derive the differential equations for

Aq(z) (@=0,1). Recall that W (e*P P, ) [X) = —=Aq(z)|N).

T This equation is derived in a simpler way in Appendix.
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5.2. We first note that for arbitrary functions f(w) € C[w], the following equation

TR S

The left-hand side can be rewritten as W ( f(D)a™ (D)(Py+ Py))|\), and thus, by
setting f(D) = exp(xD), we obtain

o <%) [Ao(z) + Ar(z)] = 0. (5.1)

5.3. We then use the identity [W (2G(D +1)),W (27'B(D)) ] |A) = 0 which holds
for arbitrary element G(w) = g (w)P4 € A. If we set g (D) = o exp(xD) and pick up

the coefficient of o (A = 0,1, £), we obtain the following set of differential equations:

b+ (%) (e Ao(x) + Ay (z) — C] = 0,

(5.2a)
© (4 ) 101= ) dafa) + €1 =0 (5.25)
bl(%>[(1—em)A1(x)—C]:O, (5.2¢)
(5.2d)

b (%) [Ao(z) + e® A (z) + C] = 0.

Surprisingly, all of these four equations reduce to the first one if we use eq. (5.1).

To prove this, we first notice that eq. (5.1) can be rewritten as

o (% _ 1) [ Ao(z) + €"As ()] = 0. (5.3)

Since eq. (4.4) implies that b°(w), b'(w) and b~ (w) are all divided by b*(w), we can
replace bt (d/dx) in eq. (5.2a) by b4 (d/dz) (A=0,1,+):

b4 (%) [e*Ag(x) + Ay(z) —C]=0  (A=0,1,4).

As for A =0, Aj(z) can be replaced by —Ag(z), since b°(w) is divided by a™(w). As
for A =1, e*Ag(z) can be replaced by —e®A;(z), since b*(w) is divided by a~ (w — 1)

and so we can use eq. (5.3). Finally as for A = —, e*Ay(x) and A;(z) can be replaced
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by —e®Aj(x) and —Ap(x), respectively, since b~ (w) is divided by both of a™(w — 1)
and a~ (w).

We summarize the results obtained above in the following theorem:
Theorem. The generating functions A,(x) (a = 0,1) of highest weights satisfy the

following differential equations:

o (4 ) 180+ Ma)] =0,

) (5.4)
dx
5.4. We assume that polynomials a~ (w), b (w) have the following form:
M N
o= (w) = [J(w - m)™, b (w) = [w—wy)™, (5.5)
i=1 j=1

where p; # py if ¢ # 4/, and v; # vy if j # j'. Then the differential equations (5.4)

may be solved as

A ( +A1 sz )eri®,

" No(x) + Az Z%

Here p;(z) and g;(z) are, respectively, degree m; —1 and n; — 1 polynomials of x. Since

these equations can be rewritten as

M T N vix
iz Pi@)er ™ + 37 qj(x)e” = C

A =—
o(z) 1 : iy
M (i+1)x N vix ( ) )
Ay(z) = +Zi=1 pi(z)e + 21 ¢ (x)e " = C
1 - eT — 1 )
we obtain four typical representations,
)\x -1 Ar 1
Ao(x ):_C s _1° Al(x):+C’eem_1 ’ (5.7a)
xke)\ac .I‘k€>‘m
No@) == M) =+ (5.70)
)\w A1)z
Ao(z) =—C = _11 Ay(z)=+C < —— L (5.7¢)
k Az k (A +1)z (5.7d)
Do) = -E—, M@=+ B
. 633 —



with k& € Z~¢. Here eq. (5.7a) corresponds to the case where a™ (w) = 1 and bt (w) =
w — A, and eq. (5.7¢) to the case where a™ (w) = w — A and b*(w) = 1. Eq. (5.7b)
corresponds to the special case where a~(w) = 1, b+ (w) = (w—A)¥*1 and C = 0, while
eq. (5.7d) to the special case where a~ (w) = (w—\)¥*1, b+ (w) = 1 and C = 0 [M]. First
two solutions describe the system having no degeneracy in the vacuum (a™~(w) = 1).

On the other hand, in the last two representations, we have several states at level 0.

6. Spectral Flow

6.1. Since SWi, contains two u(1) Kac-Moody algebras as subalgebras, SWi

has a two—parameter family of automorphisms which we will call the spectral flow.

Theorem. There exist the following automorphisms W () — W'(+):

n_x n_x @ ele —1
W (z"e*PP,) = W (2" (DT )Pa)icﬁénm a= {3, (6.1)
W' (:"e*PPL) = W(Zni(kl—ko)em(D+>\a)Pi)’ a=1{},

with arbitrary parameters A* (a = 0,1).

Proof . One can easily show that this new generators W'(-) satisfy the same (anti-) com-

mutation relations as those for the original ones W (-), eq. (3.3). [

6.2. Under the spectral flow, the highest weight state may change although the repre-
sentation space as a set is kept invariant. We illustrate this phenomena by taking the

N = 2 superconformal algebra [SS] as an example (see figure 1).
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| lg,h)

¥
Figure 1. Spectral Flow for the N = 2 Superconformal Algebra

The generators of the N = 2 superconformal algebra consist of .J,, (U(1)—current),

L,, (energy-momentum tensor) and G (supercurrents), and satisfy the following (anti-

) commutation relation:
c
[Ln, Lm] = (TL — m)Lner + —(TL3 — n)5n+m’0,

(L0, GE] = (5 —7) G

{Gj_a Gy } =2Lyys + (r — 8)Jrys + g (TZ - i) Or+5,05
{Gr.Gr =0, (L, Jin ] = =Ty,
[y Jm] = 5M0smos [, GE] = £GE,.,.

Here n € Z, and r € Z + 1/2 for Neveu—Schwarz (N.S) sector or r € Z for Ramond (R)

sector. The highest weight state |g, h) is characterized by
o, L, GG, h) =0 (n>0,r>0,5>0),

JO’Q7h> = qm7h>7

This algebra is invariant under the following transformation with arbitrary param-
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eter \:
Ji = Ju+ A0,
Ly = Lo+ Mo + £\%500,
G = ijfi/\'
When A is an integer (or half-odd integer), the spectral flow maps NS sector to NS
sector and R sector to R sector (or NS to R, R to NS).

We first consider the case of R to R with A\ = 1. For h # ¢/24, |q, h) is no longer the
highest weight state with respect to the new generators, because G7"|h,q) = Gy |q, h)
does not vanish. However, the new state G| |, h ) satisfies the highest weight condition,
and may be identified with the new highest weight state |¢/,h’)’. Here, the new wu(1)

charge ¢’ and the new conformal weight A’ are
¢ =q—1+c¢/3 h'=h+q—1+c/6,

because Jjlq¢', 1) = (Jo + ¢/3)Gq |, h) = (¢ — 1+ ¢/3)Gy g, h) and Lylg',h') =
(Lo + Jo+¢/6)Gylg,h) = (h+q—1+¢/6)Gy |q,h). For h = ¢/24, the new highest
weight state is given by |¢/,h') = |q,h) with ¢ = ¢+ ¢/3 and b’ = h + q + ¢/6.
Similarly, in the case of R to R with A\ = —1, the new highest weight state for
h—q+c/8 # 0is given by |¢/, 1/ ) = GT|q,h) with ¢ = ¢+1—c/3 and I/ = h—q+c/6.
6.3. Let us go back to SWi . We would like to derive the modification of the weights
and the characteristic polynomials under the spectral flow. We restrict ourselves to the
case A' — \Y € Z. Thus, it is sufficient to consider three cases A\' —\? = 0, +1, because,
for example, the flow with \! — A% = 2 is obtained by taking twice the flow with
Al — A0 = 1. We have the following Theorem:
Theorem. Under the spectral flow, the new weights, A (), and the new characteristic
polynomials, a'~ (w) and b’ (w), are given as follows, for generic values of C' and A, (z):
(i) If \' = X0 =0, then

e 1

/ A\
M) = a7 0

a= {3, (6.2)
and o'~ (w) = a= (w — \%), V'T(w) = b (w — A1).
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(i) If \t = XY =1, then

A% N_

1 - ya
e =D YRR T () (6.3)
=1

/ Az —
Al(x) =€ "Ay(z) FC ]
and a'= (w) = b~ (w — A\°), ¥ (w) = a= (w — A\1).
(iii) If \! = A0 = —1, then
N Ny 1

PR N gy, (6.4)

j=1

A;(.ﬁlﬁ) = 6)\(1an(£17) F Ceex——_l

¥
and a'~ (w) = bH(w — A\° + 1), b’ (w) = b (w — A1),

Eq. (6.2) is identical with the formula in the bosonic case [AFMO1].

Proof .

(i) AL =20 =0.

The highest weight state |\ ) with respect to the original generators W is also the highest
weight state |\ )’ with respect to the new ones W’ [N} = |\). Hence, the new weights,

A! (x), are given by eq. (6.2). Since |\ )" = |\ ), we also have the following equation:
W/(a=(D = \)P_)\) = W(a~(D)P_)IX)' =0,
W (z (D = XH)POIN)Y =W (2T (D)PL)|N ) = 0.
Therefore, the new characteristic polynomials are given by @'~ (w) = a~ (w — A\°) and
b (w) = bt (w— A1).
(i) AL — A0 = 1.
In this case |A) is not the highest weight state with respect to the new generators W’.

In generic situations’, the new highest weight state is given by
N_—1
Wy = ] worro, (6.5)
k=0

if a”(w) = Hivz’l(w — ;). To prove it, we first remark that W’ (z"*! f(D)F),
W'zt f(D)Py), W/(z"f(D)Py) and W' ("2 f(D)P_) with n > 0 annihilate |\")’

T When eq. (6.5) is a null state, we must replace the upper bound of the product by a
smaller number.
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in a trivial way. On the other hand, W'(zf(D)P-) annihilates |\ )" since the state

W'(zf(D)P-)|\') can be rewritten in the following form:

W (zf(D)P_)|X') = H W(D*P_) - W(f(D+X°)P_)|\)
_ N_-1

- H W(DFP_)- Y~ e,W(D'P_)|)),
k=0 =0

where ¢, are some constants. In this expression, we have replaced f(D+\") by a polyno-
mial with degree less than N_, making use of the quasifinite condition W (a™ (D)P-)|\)
= 0. This state vanishes because W (D*P_)? = 0.

The weights of this new highest weight state |A\")’ are calculated as follows. First,

we note the following equation:
_W/(exDPa)p\/ >/

- ﬁ W(D*P_)- (—W(e(D“a)xPa) :FC&> A)

e —1
_—1 N_ k—1
+ Z H W(DF2P_) - W (e" P DFP) . T W(DM Po)|)
k=0 ko=k+1 k1=0
" )\“m
:(&%():FC )yX>
_—1 N_ k—1
+ Z H W(D*F2P_) - X" "W (r, (D, z)P-) - [[ W(D*P_)|).
k=0 ko=k+1 k1=0

Here we first moved W (e®(P +>‘A)DkP_) to the right, and then, after reducing the degree
in D using the quasifinite condition W(a~(D)P_)|A) = 0, we substituted it into the
original position. The function r, (D,x) = Zév’o ! T ,()D* is defined as a remainder
of e®PD* by a=(D): e*PD¥ = a=(D)q, (D,z) + r;, (D, z). Note that only D* term
in 7, (D, z) contributes because W (D*P_)? = 0. Furthermore, we can also show that
Ter(®) = (d‘i)kro () and Zk O_I(dx)kro_k:< ) = Zf\ll e*i ©. We thus obtain eq. (6.3).

Moreover, one may show that W (2=t~ (D)P_)|\' ) =0 and W(a=(D)P.)|\') =
0 if and only if W (2716~ (D)P_)|A) =0 and a~ (L) [Ag(z) + A1 (z)] = 0, respectivly.
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This can be proved as follows: First, since { W (2™ f(D)P-),W(z"g(D)P-)} =0,

W b (D)P)INY = (-1)V- f[ W(D*POYW (2~ 'b~(D)P_)|\).
k=0

Second, since [W ( f(D)(Py+ P1)),W(g(D)P-)] =0,

W (D)POINY = 3 (1)1t T[ W(D*P.)-W (a~(D)D (Po + P1)) ]\)
(=0 k=0
N_—1 N_—1 l
= S o L wwrrome () (4 ) e+ sl
=

Hence,
Wb~ (D = A)P_)N) = W (0™ (D)P-)|N) =0,

W (zra™ (D = A)PO)IN) =W(a= (D)Py)|N) =0.
Therefore, the new characteristic polynomials are given by a'~ (w) = b~ (w — A\°) and
VH(w) =a (w— ).
(iii) A1 = X0 = —1.
Similarly to the case (ii), in generic situations the new highest weight state is given by

Ny—1
Y = 1] WwETTDP PN, (6.6)
k=0

if b (w) = Héy:l(w - )\j) The weights of this new state are also similarly calculated.

Moreover, one may show that W (zb* (D+1)P_)|\ ) = 0 and W (2~2b5 (D) P, )|\ )
= Oif and only if b* (L) [e®Ag(z) + A1 (z) — C] = 0 and W (2 2b5 (D)P1)|A) = 0, re-
spectivly. This can be proved by using the facts that { W (2" f(D)Py), W (2"g(D)Py) }

=0and [W (f(D)Pi+ f(D+1)F)),W(z"*g(D)P;) ] = 0. Hence,
W/ (T (D — AHPOHINY =W (bt (D +1)P)|N) =0,
W'(z7103 (D = AP ) = W(z""b3 (D)P)IX") = 0.

Therefore, the new characteristic polynomials are given by o'~ (w) = b*(w — \!) and

V' (w) = b (w— ).
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This completes the proof of Theorem 6.3. [
6.4. The figure 2 illustrates the W (P4 ) part of the SW; . module: (i), (ii) and (iii)

correspond to the cases A' — \° =0, 1 and —1, respectively.

ar b
Bo= Iy x> ba (A

(i (i (i)
Figure 2. Spectral Flow for the SW; ., Algebra
The arrow a corresponds to the gemerator W(D*P_), b to W(2~'D*P,), ¢ to
W(zID*P_), d to W(272D*Py), o' to W/(D*P_), and V' to W/(z"1D*P,). We

can easily understand that if A\' — \° = 0, then

W@~ (w)P_) = Wa~()P-),  W(z""0" (w)Py) = W(z"'b* (w) Py );

W'~ (w)P-) = W("'b" (w)P-),  W(z7'0(w)Py) = W(a™ (w)Py);
if AL = A = 1, then
W' (a'~ (w)P_) = W(zb*(w + 1)P_), W (z ' (w)Py) = W(22b3 (w)Py).

7. Example: the (B,(C)-system

7.1. 1In this section, we give the free-field realization of SWj o by using the (B, C)—
system. Here the superfields B(z,0) = f(z) + 0b(w) and C(z,0) = c(z) + 0y(w) are
defined by the following OPE:

HBO) ~ —BNO) ~ 2, c(2)b(0) ~ b(=)e(0) ~ (7.1)

z
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and the conformal weights of (8, v, b, ¢) are assigned as (A+1, =\, u + 1, —pu) with
A, it € C. Conformal dimension of 6 is thus A — u — 1/2.

7.2. For explicit calculation, it may be useful to “bosonize” the (B, C)-system as
follows [FMS]. First we introduce free bosons ¢(x), o(z) and free fermions £(z), n(z)

with the following OPE:

6(2)6(0) ~ +logz,  o(2)o(0) ~ —log 2,

n(2)£(0) ~ &(2)n(0) ~ —.

z

Then £(z), v(2), b(z) and ¢(z) are expressed by ¢(x), o(x), £(z) and n(z) as

B(z)=e 7P 1 0¢(z) = Y Buz "N,
neZ,
v(z) =: 7 i n(z) = Z Y2 T,
neZ,
b(z) =: e??) = Z bpz "R
neZ
o(z) =: e ?C) = Z Cpz M
neZ

It is easy to show that the OPE (7.1) is actually reproduced in this representation.

Let the mode expansions of ¢(z) and ¢(z) be as follows:

o(z) =— Z O;L—”z_” + ag log z + 0y,
nGZ;&o
a
d(z)=— Y F”z—” + aglog z + ¢o.
TLEZ;&O

Introducing the bosonic vacuum |0) satisfying .,[0) = a,|0) = 0 for n > 0, we define

the (A, p)—vacuum |\, u) by
A, ) =: e *O=18(0) 1) = g=Aco—ndo|g) (7.2)
Note that it satisfies the following equation:

BrlX ) = g1l A ) = bp| A 1) = cng1| A, p) =0 (n >0). (7.3)
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7.3. Here we discuss the freefield realization of the fundamental representations of
SWiio, eqgs. (5.7a) and (5.7c): Recall that eq. (5.7a) corresponds to the case where
a” (w) =1 and b"(w) = w — A, while eq. (5.7¢) to the case where a™ (w) = w — X\ and
b (w) = 1.

Using the correspondence in sect. 3.6, we define the representation of SW ., over

the (B, C)-system by

W (z"F(D)) = ]{ =AY B (s, 0)2m FADYPAC(2,6) -

271

— 32 B DNE) s+ 5B (D)e(:) (7.4)

21 21

4§ S (D) + 5 b (D)ele) s

2mi 2mi
Explicit calculation shows that the central charge C' = 1, and W (z"F (D)) has the
following mode expansions:

W(z"F(D) = [P O+0) : Bupey—e:+ D FH (14 0Bnte-rincr
e, e,

Y A+ Obpgepr— e+ > (4 €) bngecp
el el

(7.5)

Thus, using egs. (7.3) and (7.5), we can prove that |\, i) is a highest weight vector if
pw—A=0or1:

W(EF(D)Ap) =0 (n>1;"F(w) € A),

W(f(D)P)IAu) =0 ("f(w) € Clw]),

W(f*(D)Po + fHD)P)IN 1) € CA ) (Tf7H(w) € Clw)).
7.4. When p— A =0, eq. (7.3) implies that W(P_)|A\,A) = >, b_¢ye|A, A) =0, and
thus we know that in this representation a~(w) = 1. For characteristic polynomials

bi{(w) (k > 1; A = 0,1,%), one can prove the following equation as in the free field

realization of the C' = £1 W, algebra [M]:

biA+0)=0 (=01, ,k—1; A=0,1,=%). (7.6)
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As for A = —, for example, eq. (7.6) is obtained from the following equation by setting
£=0,1,---,k —1, and picking up the coefficient of b_(;_¢[A, X):

0=[W (2% (D)P_),Be] 1N A)

[
by O+ D) b\, A)-

Here we have used the fact that b_, |\, A) (n > 1) does not vanish. Thus, solving eq.

(7.6), we obtain the explicit form of characteristic polynomials:
blw)=(w—-Nw-A=1)---(w=X—k+1) (A=0,1,+). (7.7)

In particular, noticing that b* (w) (= bf (w)) = w — A, we can rewrite eq. (7.7) into the
form bf (w) = 12;01 b (w — £), which is consistent with eq. (4.9) for a™ (w) = 1.

When p — A =1, we can similarly show that ™ (w) = w — X and b*(w) = 1.
7.5. The eigenvalue Ag(x) of the operator —W (e”P P, ) is calculated as follows [M]:

—W (e"PPy) |\ 1)

—— § 5 B )

271
= —]{% :B(2)y(ez) = [N )
— ex__l : j{;_;% [: oo (2)Fo(e"2) _1] L e o (0=160) |0
_ 6:;__11 ),

Namely, we obtain

e — 1
Ao(ﬁ) = — or _ 1 . (78)
Similarly we can calculate Aq(z) as
D dz T
—W (e"PP) [\ p)=— ook b(z)c(e®z) | A, p)
et —1
= A
+ A,
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1.€.,
et — 1

Al(fb) =+ or _ 1 . (79)

7.6. If u— A =0, then the generating functions A,(z) (a = 0,1) given in egs. (7.8) and
(7.9) actually satisfy the differential equations in the previous section with o™ (w) = 1,

b (w) =w— X and C = 1:
Ao(z) + Ay(z) =0,

(% —)\) (" Ao() + Ar(z) — 1] = 0.

If 4 — X = 1, then they satisfy the differential equations with a™ (w) = w— X\, b™(w) =1
and C' = 1.

8. Conclusion and Discussion

In this paper we have formulated the super Wi, algebra, SW; ., as a central ex-
tension of the Lie super algebra of superdifferential operators acting on the polynomial
algebra over 2 x 2 supermatrices. We then have studied the quasifinite highest weight
modules over SW; ... Our discussion is parallel with Kac and Radul’s one. The
quasifiniteness of the modules is characterized by polynomials, and the generating func-
tions of highest weights, A,(x) (a = 0, 1), satisfy a set of differential equations.

Mathematically, there are many things to be clarified. In the bosonic counterpart,
we have already obtained the determinant formulae of the W ; oo module and the charac-
ter formulae of the degenerate representations [AFOQ,AFMO1,AFMO2|. Furthermore,
we study the structure of subalgebras of the W, algebra [AFMO3], especially, the
Wso algebra (algebra without spin one current). The supersymmetric extension of these
analysis seems to be of some interest.

Since SW1 1 contains the N = 2 superconformal algebra as a subalgebra, SW 4
has another interesting application, geometry. In fact, geometry of complex manifolds
(especially the Calabi—Yau manifolds and their mirrors), and topological field theory

have been studied by using the N = 2 superconformal algebra. For example, the
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Calabi—Yau manifolds are described by the N = 2 supersymmetric non-linear o model
or by Landau-Ginzburg orbifolds, whose elliptic genera have been computed recently
in refs. [EOTY, KYY]. SW; ., naturally appears there through the free field realiza-
tion, and thus, using SWj ., we may obtain more information than using the N = 2
superconformal algebra only. We hope to report on these subjects in our future com-
munication.

Finally we comment on the family of (super) W infinity algebras. The super W,
algebra given in ref. [BPRSS] is a subalgebra of SW | o, which corresponds to the rela-
tion between Wi oo and W, [AFMO3]. The super Wy, (WL!) was extended to WY
[O]. Similarly, by replacing 2 x 2 supermatrices by (M + N) x (M + N) supermatrices,

one can easy extend SWi 4 (Wllioo) to Wf\ig, which contains WMV as a subalgebra.

Acknowledgements

Two of the authors (Y.M. and S.0.) would like to thank members of YITP for their
hospitality. This work is supported in part by Grant-in-Aid for Scientific Research from

Ministry of Science and Culture, and by Soryushi-Shogakkai.

Appendix A. Embedding into gAl(oo|oo)

A.1. Let E,,, (m,n € Z) denote the matrix unit of infinite size: F,,, = (5im5jn)i,jeZ~

An infinite dimensional Lie algebra gl(oo) is then defined as

gl(oo) = Z Gn Emn | @mn =0 for |m—n|>0
m,nGZ

We further define gl(oo|oo) = gl(oo) ®¢ A with A the algebra over (2 x 2) supermatrices

AE{ {ﬁm fcofm ] fA<m>e<C[m];A=o,1,i},

with the same Zo—gradation as eq. (3.1). We have changed the arrangement of matrix

elements from eq. (3.1) for later convenience.
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A.2. Let 0 be a Grassmann number and 2"F(D) = Y, 2" f4(D)Pa € sw1400o. The

embedding map ¢ : swite <> gl(oo|oo) is defined through the action of swiis on

Clz, 27 @ C[z, 2710 as follows:

Z"F(D)-2™(1,0) =Y 2'(1,0) - ¢ (2"F(D)),,, (A.1)
el

Since the action of P4’s on (1,6) is given as
{Pl P_}_lzr 0} {Pl P_]_gz[o 1}
P, PF 6 0|’ P, PF 0 0|’
the left hand side of eq. (A.1) reduces to
o[£ F]- S [ 5]
Thus, we obtain

¢ (M F D))y =i | 1) Fo | = (Ar1@D)

Here A and [F(d)] stand for the following infinite matrices:

A=Y B [F@]= Y F)By,  Fm)= | 1,010
meZ meZ [f+( ) )}

By definition, the map ¢ : swi4o — gl(co|oo) is homomorphic, i.e.,

p(AB) = ¢(A)p(B).

A.3. Let us introduce new variables ju = 0 + 20y and p~! = 2710+ 9. Note that they

V= p=tu =1, and also that

P P_ o P /L_lp()
P_|_ Po ,uP1 PO '

satisfy pu? =z, pup~

Thus, we can think of the diagonal elements Py and P; as the fundamental elements.
Hence, elements of gl(co|oo) can be represented by matrices with half-integer indices as
follows:

gl(ooloo) = Z aopFEop| aap =0 for |a—p] >0 ,,
a,Bel./2
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where we denote Eog = (6,a008),, ,c7,/2- The Zo—gradation is assigned as gl(ocoloo) =

gl(oo|oo)(0) @ gl(oo|oo)(1) and E,g € gl(oo|oo)(0) if and only if a — 8 € Z, otherwise
E.p € gl(oo|oo)(1).

A.4. Denoting by W(A) the element in gl(oo|oo) which corresponds to an element A in
gl(oco|o0o), we introduce g?l(oo]oo) as the central extension of gl(co|oco) with the following

(anti-) commutation relation:

[’W(A),’VT/(B) } = W([A,BY) - CU(A,B), U(AB)=strJ[A B},

where J = 37 o Bao and strd = =37 7,5(~1)**(A)aq. The fundamental (anti-)
commutation relation for gl(co|oo) is
(W (Bap), W (Bys) b = 05, W (Eas) = (—1) X200 55 W (E, )
+ Clpy050(—1)"* (0(a) — 0(v) ),
where (o) = 1 if @ > 0 and otherwise §(«) = 0. The (anti-) commutation relation for
SWi 400 embedded in gAl(oo|oo) is thus given by
W (2"F(D))), W(p (z"G(D))) } =W (le(2"F(D)),e(z"G(D))})
+ Contmo ( Siz0 = Syon ) {B11G) +A7F(G) = 1H() = h0(G)}
with 4B (5) = f4(j +m)gP(4), which is the same as that in eq. (3.2).
A.5. We can easily understand automorphisms of SWj ., in eq. (6.1) as the ones of
gl(co|oo) as follows.

Since any automorphisms 7, : SWi40o —> SWiteo and m, : gl(co|oo) — gl(oo|oo) are

realized by the basis transformation 7, : C[z,271, 0] — Clz, 271, 0] as
(D) (27(1,0)) = ) m (2(1,0)) -1y (9 (2"F(D)))yg,
l

o (2" F(D)) - mt (2"(1,0)) = ) at (24(1,0) ) - ¢ (2"F(D))
y4

we have

my (2"F(D))-2"(1,0) = Y 2°(1,0) -4 (¢ (" F(D)))y,pn -
£
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Furthermore, one can also easily obtain the induced automorphisms 7,,: SWi oo —
SWiteo and m, : g?l(oo\oo) — g?l(oo|oo) with some modifications coming from central
terms. For example, for the transformation 7, (2™(1,6)) = 2™ (", 2"6), the auto-

morphisms are given by

mo (W (¢ ("F(D))))

_ /—Wv [ 5ﬁ,m+nf1(m + )‘1) 5€,m+n+)\0—)\1f_ (m + )‘0):|
Otminiar—xofH(m+ A 00,40 f0(m + A) ¢ meZ.

+05n,0{ (Z]ZM — ij()) 1) - (ijxo - 2320) () }

T (W ("F(D))) = W (2"{f1(D + AP+ 227 (D 4+ A) P
1A A (D £ AP, + (D + \0)Py) )
+ Cono { (Sion = Xyso ) F10) = (Symro = Tyzo ) S0 |
which corresponds to the spectral flow in eq. (6.1).

A.6. We can reformulate the quasifinite highest weight representation of SWh

in terms of é\l(oo|oo) We denote A, = M~2*A, with a diagonal matrix A, and

M = 5 ez/2 Basacyjo A = M2

We define I, = { Ay | W(AL)IN) =0 }, where ]N> is the highest weight vector

such that W(Aa)|)\> =0 for all A, with o > 0. Then we can show that I, is an ideal,
i.e., if A, € 1, then HA, €I, for any diagonal matrix H. Hence, I, is generated by
a characteristic matrix (ja, i.e., if A, € 1, then there exists a diagonal matrix H such
that A, = HC,. The relation between C, and the characteristic polynomials a~ (w)
and b (w) in eq. (4.2) is

(Cn)kk (Cn+%)k+%,k+%:|
(Coes)ir (Cn)igd kst

I
| — ]
S
Shee
—_—~
sy
~— —

where n > 0, k € Z, and we set by (k) = a~(k), b8(k) = b}(k) = by (k) = 0. The matrix
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<Za>0 C’a> is arranged explicitly as follows:

/.L,I/EZ/2
H -2 -3 -1 = (UN
—3) b'(=2) b (=2)  by(=1) by (=1)  b3(0) b3 (0)
-3) bT(=2) b°(=2) by (-1) b3(—1) b3 (0) bY(0)
—2) 0 a=(=2) b (=1) b (=1)  b3(0) by (0)
-3) 0 0 bH(—=1) (=1) b3 (0) b3(0)
~1) 0 0 0 a(=1) bY0) b (0)
-3) 0 0 0 0 b+ (0)  b°(0)
0) 0 0 0 0 0 a=(0)
3) 0 0 0 0 0 0

We can show that there exist diagonal matrices H,, (n = 1,2,3) such that

Coyr = (M1H)C, = Co(M™Hy),

N|=

N A

CoCs = H3Co 5.
This equation can be solved recursively, and we obtain
L.com. ( (C%)u,;ﬁ—%? (C%)/,L—i—%,p,—f—l? Ty (C%)M—l—a—%,u—l—a ) | (Ca)H,IH-Ou
(CQ)IMIH‘OZ ’ (C%)u,u—l—% (C%),u—&—%,,u—i—l e (C%)u—i—a—%,u-l-a‘

for all u, a € 7/2. This is equivalent to the relations in eqgs. (4.3)—(4.6). Furthermore, if
the elements of C 1 are mutually prime, then we have the relation C,, = (é’ 1 )2 which

is the same as eq. (4.9). Note that if we set

A R R R
(Cacm)mu—ﬁ-a =Ll.c.m. ( (C%)u,,u,—f—%? (C%)M+%7M+1’ T (C%)/H—a—%,u—&—a ) )

then one may show that W(C’ﬁcm)f)\v) is a null state. We will prove it in Appendix B.
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Appendix B. Null Vector Condition

B.1. We discussed the quasifinite highest weight module as the generalized Verma
module [KR], which is annihilated by the parabolic subalgebra. However, as seen in
Corollary 4.5, the characteristic polynomials bf(w) are not fixed uniquely. Here we will
show that the characteristic polynomials are uniquely determined if we demand that
the quasifinite highest weight module be irreducible.

We first introduce a bilinear form. Recall that V(\) is the Verma module over

SWi 400, generated by the highest weight vector |\ ), such that
W(D*POIA) =0, WEHID PO =0, W(EPP)IA) = —Au@))

with n,k € Z>9, A =0,1,£ and a = 0,1. The dual module V(\)* is generated by (|

which satisfies
(AW (D*P_) =0, (MW (27" 'D*Py) =0, (MW (e"PP,) = —Aq(z)(\|

with n,k € Z>9, A = 0,1,£ and a = 0,1. The bilinear form V(A\)* ® V(A) — C is
uniquely defined by (A|A) = 1 and ((u|W)|v) = (u|(W]|v)) for any (u| € V(A)*,
lv)y € V(A) and W € SWy 4.

The null vector |y ) is defined by the condition that (u|x ) = 0 for all (u] € V(\)*.

B.2. We let by (w) = a™ (w), b (w) = 0 with A =0, 1, + and

bf (w) = Lem. (bF (w),a” (w—1),b"(w—1),a" (w—2), -, bT(w—k+1)),

b (w) = Lem. (@™ (w),bT (w),a” (w—1),b"(w—1),---,bT(w—k+1)),

(B.1)
(bt (w),a” (w—1),b " (w—1),a (w—2),---,a (w—k)),
(a_(w)7b+(w)aa_(w - 1>7b+(w - 1)7 e 7a_(w - k)) )

for k € Z~o. We will show the following Theorem:

Theorem. If the weight functions Ag(x) and Aq(x) satisfy the differential equation
(5.4), then |xi) = W (2"%e¥Pb{(D)P4)|\) is a null vector for ally € C, k € Z>o and
Ae{0,1,+,—-}.
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To obtain the quasifinite irreducible highest weight module, we must factor out the null
vectors which are characterized by the polynomials in eq. (B.1). Since there possibly
exist additional null vectors for some special values of C and A, (z), we here discuss the
generic case.

B.3. Proof of the Theorem.

First we have the following Lemma:

Lemma. The subalgebra
SW o = {W(D"PL), W ("' D*Py) | n,k € Z>0, A=0,1,%}

of SWi 1 is generated by W (D*P,) and W (2D P_) with k € Z>¢.1
Proof . W(2D*P,) with a = 0,1 are obtained as follows:

W (2D"Py) = {W(DPy), W (2D P_)} — {W(Py), W (:D**1P_)},
W (zD*P)) = {W(P,), W (2D*(D + 1)P_)} — {W(DP,), W (2D*P_)}.

One can further obtain W (2" D* P,) from W (2"~ D*P,) by taking (anti-) commutators
with W(zPy) or W (zPy). [

Hence, to prove that |x ) is a null vector, it is sufficient to show that W (e®? P, )|x) and
W (ze*(P+1 P_)|x) are null vectors or vanish for all 2 € C.* The proof of the Theorem
is given by induction as follows:

Step 1. |xg ) and |x] ) are null vectors.

Proof . From the differential equation for Ay(x) and A (z), we obtain

WP ) =a (g ) 180X + A1) =0,
WP ) =0t (7 ) [8100 + X aa(x) = €] ) =0,

with X = x +y. Moreover, W(ze*P+VP )|x5) = 0 and W(e*PP)|x]) = 0.
[

I Note that the whole algebra SW 4 o is generated by W (Py.), W (zF1Px) and W (D Py).
¥ In the bosonic case, the W) | o is generated by W (z¥1) and W (D?). To show the null
vector condition, it is sufficient that W (ze” (D +1))| X ) is a null vector or vanishes.
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Step 2. If |x;_, ) and |x; ) are null vectors for a positive integer k, then |x%) and |x})
are also null vectors.
Proof . Since b} (w)|b2(w), bi(w), and b, (w)|b2(w), bi(w + 1), the following four

vectors are null (here X = x + y):
W(e™Py)lxi) = —W (=" eXP(D)PL)IN),
W(e™P Py)|xx) = e W (=™ X Pb(D)Py)IA),
W (6= P+D P} = (Do (=R XD (D) P )|,

W(zePHIP_)|x}) = =W (2 F1eXP+HDpl (D 4 1)P_)|N). [

Step 3. If X)) and |x. ) are null vectors for a positive integer k, then |x;, ) and |x; ;)
are also null vectors.
Proof . Since b)) (w), b (w) | by (w) and by (w)| b}, (w) and bY(w)|b] ;(w + 1), the

following two vectors are null:
W(e™Py)lx;, ) = W (e (e e b (D)Py + X by (D) P1)IA),

W (ze" PP )b ) = W (ke *eXPof (D)P + X PTIb (D +1)Py))|A).

Moreover, W (e*P P.)|x{ ) = 0 and W(Zem(DH)P—NX/;H y=0. [

Thus we have completed the proof of Theorem B.1.
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