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1 Introduction

Calogero-Sutherland model [ describes a system of non-relativistic particles on a circle

under the inverse square potential. Its Hamiltonian and momentum are

No 1 /1 O \2 w2 Mo ﬂ(ﬂ—l) 10
oo N21(1 T e Peg = - 1
s ;2(z’8q]~> +(L) Jz_:l sin’ Tl —q)) iy .

where (3 is a coupling constant. This model was introduced by Sutherland several years
ago and has been known to describe a system with the generalized exclusion principle in
1 + 1 dimension [][L3]. Recently, this model and its various cousins (Haldane-Shastry
models [B] and similar models with internal degree of freedom [H]) have been intensively
studied. Among many beautiful results, we may mention Yangian symmetry [B[[], Witoo
symmetry [q], and their relations with 2D Yang-Mills theory [§][d] and the matrix models
[0 ).

Among others, the development which is particularly relevant to our study may be
the evaluation of the dynamical correlation functions [[1-[[5]. In these calculations, they
essentially used the mathematical properties of the Jack symmetric polynomial, namely
the eigenstates of the Calogero-Sutherland model, developed by Stanley and Macdonald
[[6]. To go further to get higher correlation functions, it is desirable to obtain the ex-
plicit expression of the Jack polynomial. In this paper, we derive such formula as the
multiple-integrals which typically appeared in the conformal field theory in the Coulomb-
gas representation.

The Jack symmetric polynomial is a deformation of the Schur symmetric polynomial
(8 = 1 case) which can be expressed in terms of a free fermion [[7. Natural questions
arise ; does the Calogero-Sutherland system have some field theoretical reformulation
in terms of free bosons? In [[§], we studied this problem and obtained the collective
field description [[J] of the Calogero-Sutherland system. In particular, the Hamiltonian
becomes cubic in free bosons and takes the following form,

Ay =283 asnln + Y a_pan(NoB + 8 — 1 — \/28aq). (2)
n>0 n>0

Here L, is the Coulomb-gas representation of the Virasoro generator whose central charge
6(1-p)*
B
of the Jack symmetric polynomials. We observed that the eigenstates for a single pseudo-

is given by 1 — . By using this Hamiltonian, we derived the explicit form of some
particle (hole) excitation have an interpretation as the screening charges of the Virasoro
algebra. We obtained also the integral representation of the Jack symmetric polynomial
with the rectangular Young diagram. These observations shows that there are some rela-
tions between Calogero-Sutherland model and the representation theory of the Virasoro

algebra.



In fact, Mimachi and Yamada showed that the Virasoro singular vectors are expressed
in terms of the Jack symmetric polynomial with the rectangular Young diagram [(]. Their
derivation is based on the direct computation. However, we may give more instructive
proof by our bosonized Hamiltonian (f). Indeed, when the Hamiltonian is acted on the
singular vectors, the cubic term vanishes because of the highest weight condition and the
action of the bilinear term is trivially diagonal. By this observation, the Virasoro singular
vector naturally becomes the eigenstate of the Hamiltonian.

In this paper we generalize this result. When the Young diagram consists of N — 1
rectangles, the Jack symmetric polynomials with such Young diagram are related to the
singular vectors of the Wy algebra.

After projecting out some of the redundant degrees of freedoms, we obtain the integral
representations of the Jack polynomials with arbitrary Young diagram [B].

The nature of this formula is revealed by decomposing the integral into several alter-
nating actions of two types of operators, (a) G,: the Galilean boost which amounts to
adding (r, s) rectangle to the original Young diagram from the left. Here r is the number
of pseudo-particles. (b) N, which increases the number of pseudo-particle from m to
n without changing the Young diagram associated with the state. This operator can be
realized as the integral transformation for the wave function. By those operators, the Jack
polynomial for the Young diagram XN = ((r1)s', (#r2)**, -+, (rN=1)s" ") with Ny variables
is written as

J)\ 0.8 NNo,rleler,r2G32 c 'NTN7277«N71GSN71 |¢>TN71. (3)

Here |¢),~-1 is the vacuum for V=1 pseudo-particles. The following figure illustrates our
construction for 3 = 3 and V! = 3 case in the momentum space of the pseudo-particles.

Here 1 indicates the momentum occupied by the pseudo-particles.
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Figure 1: Construction of Jack Polynomials

This paper is organized as follows. In section 2 we give a short summary of the
Calogero-Sutherland model and the Jack polynomial. In section 3 we apply the collective
field method to the Calogero-Sutherland model. The Hamiltonian and momentum oper-
ators are realized by the bosonic operators. In section 4 we show the relation between
the singular vectors of the Virasoro algebra and the Jack symmetric polynomials with
the rectangular Young diagram. This result is generalized in section 5. The singular
vectors of the Wy algebra are related to the Jack symmetric polynomials with the Young
diagrams which consist of N — 1 rectangles. Using this relations, we obtain the integral
representations of the Jack polynomial with arbitrary Young diagram. In section 6, we
define integral transformations which directly give the Jack polynomials as we explain the
formula (f). In section 7 we give the integral representations of the skew-Jack polynomi-
als. Section 8 is devoted to discussions on many relevant topics. In appendix A we discuss
how the Jack symmetric polynomials are realized on the boson Fock space. In appendix
B we discuss the analytic continuations of some integrals. We give explicit examples in
appendix C.

2 Short summary of the Calogero-Sutherland model

and Jack polynomials

The ground state of Hgg is given by [[]

abo= (T snTw—a) ()

ij=1

with the ground state energy Ey = £(%)23*(Nj — Np). For 3 = 1, this is nothing but the
free fermion vacuum (Vandermonde determinant).

Let us make the coordinate transformation, z; = e?™4;/L - We are interested in the
excited states of the form J\(z)AZg, where Jy(x) is the symmetric polynomial of the

coordinates z;. Hamiltonian and momentum acted on J)(z) are given by

_ 1,2m\2 _ 2T
AgsHosNs = 5(7) Ho+ By AgsPesig = 7P,
No No ZT; + x; No
H5:ZD3+BZ ]<DZ—D]>7 P:ZD“ (5)
i—1 ij=1 Li — Xj i—1
i<j
where D, = xi%.



Eigenfunctions of Hz and P are called in mathematical literature as the Jack sym-
metric polynomials [[I], Jy(x). They are indexed by the Young diagram X, which may be
physically interpreted as the distribution of the momentum of pseudo-particles (holes) of
the system.

The Young diagram is parametrized by the numbers of boxes in each row, A\ =
(A, 5 ANg)s A1 > -+ > Ay, = 0. The length £(\) of A is the number of the non-
zero A\;’s. Then X = (Aq, -+, An,) and (Mg, -+, Agry)) stand for the same Young diagram.
The conjugate Young diagram is defined by interchanging rows with columns, denoted by
N = (A, Ay, --+) or (A],--+, X} ). The total number of boxes is denoted by |A| = >, A;.

The energy eigenvalue was obtained as [l

No 00
egn =2 (N + B(No+1—20)\) = > (=ANZ+ (BNo + 20 — 1)X]). (6)
i=1 =1

The eigenvalue of the momentum P is |\|. Corresponding eigenvalues of Hog and Pgg

are YN0, ; and YN, k;, respectively, where

g(N0 +1-2i)). (7)

k; = 2% ()\z +

This formula gives the relation between the Young diagram and the momentum distri-

bution of pseudo-particles. Since \; is a decreasing set of positive numbers, there is a

constraint for the neighboring occupied momentum, k; — k; 1 > f3 27” This is a realization
of the generalized exclusion principle in the momentum space.

On the other hand, the second formula in () shows that the total energy is alterna-

tively expressed as

constant — é Z /%f
i>1

where
i = = (N — —(mvo — 1+2i)). (8)

One may recognize that k;’s are regarded as the momenta of pseudo-holes. They are con-
strained by k; —iﬁi+1 > 2” . By these observations, a Young diagram with n rows (columns)
is regarded as descrlblng a state with a excitation of n pseudo-particles (pseudo-holes).
Conjugating a Young diagram is physically interpreted as interchanging the pseudo-
particles with parameter § and pseudo-holes with 1/8.

In order to construct explicit form of the Jack polynomial, it is important to under-
stand the mathematical structure of the Hilbert space. It is identified with the ring of
symmetric functions, which has several basis, e.g., the power-sum symmetric functions,
the monomial symmetric functions and so on. The power-sum symmetric function py(x)

is defined by py(x) = pa, () - - - pa,, (2), where p,(z) = XN 7. The monomial symmetric
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. . Ao Ao . .
function my () is defined by my(z) = ¥, 277" -+ -2y, where the summation is over

all distinct permutations of (A1, -+, An,)-
The Jack symmetric polynomial Jy(z) = Ji(z;08) = Ja(21,---,2n,; ) is uniquely
specified by the following two properties and normalization,

) I 8) = 2 van(B)mu(z),  oan(B) =1, (9)

759

(ii)  HgJa(z;8) = egada(; B). (10)

In (i), we used the dominance partial ordering on the Young diagrams defined as A\ >
pe A =|pland Ay + -+ XN > g + -+ for all 4

We introduce an inner-product on the Hilbert space in the following manner [[d],
AR AN AP e N | KA (11)
i=1

for all n,m > 1. This definition of inner-product is compatible with the bosonization
in the next section. With this inner-product, the condition (ii) can be replaced by the

orthogonality condition,

(i) (a5 8), Julw;8))s < (12)

In section 6, we discuss another type of inner-product.

3 Collective field method in the Calogero-Sutherland
Model

We will study Hg by a collective field approach (bosonization). Since Jy(z) is a symmetric
function in z;, it can be written out using the power-sum polynomials p,,. Therefore Hg
can be expressed in terms of creation and annihilation of power-sums. In conventional
collective filed method, power-sum appears as p, = [ dzz"p(x), where p(x) is a density
operator, p(z) = SN0 §(z — ;).
To realize creation and annihilation of power-sums, we introduce a free boson field,
o(2) = ¢+ aglog z — Z %anz_”, o_(2)= Z %a_nz",
n0 n>0
[am am} = n5n+m,0> [a()a qA] =1 (13)

Its operator product expansion is ¢(z)¢(w) ~ log(z — w). The normal ordering : a,a,, :
is defined by a,a,, for n < m, a,,a, for n > m and : qag : = : apq := Gag. The boson Fock

space F, is generated over oscillators of negative mode by the state |a) such that
a,|0)=0 (n>0), |a)=e0). (14)

6



(o] is similarly defined, with the normalization («|a’) = 4o

We consider the following map from a state |f) into F, to a symmetric function f(z),

|f) = f(x) = (a|Cplf),
Cy = eXp(ﬁ' > %anpn), Pn =7, (15)

n>0

where (' is a parameter. Under this correspondence, a_,, and a, are interpreted as the
creation and annihilation operator of power-sum, 3'p, and %%, respectively, because
(a|Cga_,, = Fpn(a|Cs and (a|Cya, = %(9’%<OZ|C6/. We remark that after rescaling
a, — +/Ba, the inner-product on the boson Fock space agrees with that on the ring of
symmetric functions ([]).

Hamiltonian and momentum can be expressed in terms of boson oscillators as follows:
Hg(a|Cy = (a|CaHp, P{a|Cy = (a|CaP, (16)
where

I:Ig = > (6’a_n_manam + é/a_na_ma%m) +3 a_nan((l — B)n+ Noﬁ), (17)

n,m>0 /6 n>0

and P = Y ns0 G—nay. We remark that H 5 and P are independent of a. Now the problem
of finding the Jack polynomials is translated to that of finding the eigenstates of H 5 and

P in F,. In the rest of this section, the next section and appendix A, we set 3’ as

V2 = /5, (18)

and define a4 as

oy o —1
— =/0, —=—. (19)
iV 5=

The eigenstates for a single pseudo-particle (-hole) excitation, or the Jack polynomials
of the Young diagram with single row (-column), are expressed by a single vertex operator

[[g] in a boson language. Its generating function is

e2x9-(2) = > JEm (20)

n=0

namely jﬁf|a> is the eigenstate of H 3 which corresponds to a Young diagram with single

row(+) or single column(—) with n boxes, respectively. By ([3), we have

)

(a|Cpe®=?=Pa)y = 3 JE(x)2" = [[(1 - x;2) P oE (21)
n=0

In the appendix A, we discuss diagonalization of the Hamiltonian by the operators jﬂf

7



4 Virasoro singular vectors and Jack polynomials

The Virasoro singular vector is represented by the Jack polynomial with the rectangular
Young diagram [PQ](see also [[§]). In this section we give another proof, which will be
generalized in the next section.

Using a free boson ([J), the Virasoro algebra with the central charge ¢ is realized as

follows:

T(z) = > Loz "2 =1:00(2)00(2) : +00°¢(2),

c=1-1203, 209=a; +a_. (22)

The vertex operator : e*?®) : is a primary field of the Virasoro algebra, and it creates the

highest weight state of the Virasoro algebra from the vacuum, |a) = : e*?© : |0), whose
conformal weight is
1

h(a) = 5((a — ) — ag). (23)

We define «, 5 as
s =3(1+7)as + 5(1+ s)a_ (24)

and remark that
h(azr+s) = hays) +7s. (25)

In the Virasoro representation space with the highest weight state |« s), we have a

singular vector |x;7,) at level rs. By using a screening current : e +9(2) 5 IxGhs) 1s given as

follows [R1][B2:

dz; T’ e
|er fH 27:@ ’ : +9(=) |a—rs>

=1

]{ H dz (2 — 2)* - 11 T [ e+ ™), (26)

12mizy il 1 i=1 j=1
1<J

where the integration contour is shown in Figure 2(b), which reduces to the contour in
Figure 2(a) for a positive integer 3. We note that this is just the form in (P§). In [BT],
they acted with Hpg on the polynomial (a,.s|Ca|x;,) directly and showed that it is an

eigenfunction. Here we will use H 8-



Z; R Z;

(@ (b)

Figure 2: Integration contour

Under the choice of #' ([§), the cubic term in Hg can be expressed by using the

Virasoro generators. This is the key point of our argument. We have

flg = \/% Z a_nLy, + Z a_pan(NoB+ 5 —1— \/%ao). (27)

n>0 n>0

Since a singular vector |x; ;) is annihilated by L, (n > 0), we have

Hslxh) = Y acnan(Nof + 8 — 1 — /280, 0) )

n>0
= rs((No =)+ 5)x;5,)- (28)
This eigenvalue is just eg ) with the rectangular Young diagram A = (s,s,---,s) = (s").

Therefore we obtain an integral representation of the Jack polynomial with the Young

diagram \ = (s"),
N+ (sr sr)(SL’) = <Oé7‘S‘C,5’|X:_s>

:j{H . r (2 — )% - 1:[ ne HH — z;2;)7",(29)

2mizy 5= 1 i j=1
i<j

where the normalization constants Ny [[d] and N, (see appendix B) are given by

7 Ua(s) +1)B 4 ax(s) _ 1 Osinmjs T(rg+1)
A = sel_[,\ Ur(s)B4ax(s) +1° N = rl i sinm DB+ 1)

(30)

Here for each box s = (i,7) (i-th row and j-th column) in the Young diagram A, the
arm-length ay(s) and leg-length £)(s) are defined by \; — j and \; — 4, respectively. For
a positive integer 3, this V¥, becomes (=1)=z" =B (B /(B



There exists another screening current : e*-?(*) :. Using this, the singular vector is

T S 271-'& ; r,=8/»

which differs from [x;7,) only normalization factor. Similarly we can show that |, ) is
the eigenstate of H 3 and obtain another integral representation of the Jack polynomial

with the Young diagram (s"),
N '/\/‘(7’5 J(rs( ) = <aTS|Cﬁl‘X;s>
S d S
:j{H “i (2 — 2)%" . Hzls/ﬁr HH — x;2;),(32)

2mizy 5= 1 i j=1
1<j

N)\_ = (_1)‘)\|7 Nrjs:

1 & osinmj3~t T(sp™t+1)

§j=1 sinf-1 T(F1+1)

(33)

To illustlate the results obtained in this section, we give explicit examples in appendix

C.

5 Wy singular vectors and Jack polynomials

5.1 Review of Wy algebra

To discuss the Wy algebra, we start fixing our notation for Ay_;. Let é; (i =1,---,N) to
be an orthonormal basis (€;-€; = d;;), and the weight space of Ay_; to be the hyper-surface
perpendicular to 3V | €. The weights of the vector representation hi (t=1,---,N), the
simple roots @ (a = 1,---, N — 1), and the fundamental weights A, (a =1,---, N — 1),

are given by

N a
h :g %Zﬂj, O_Za:ha_ha—‘rla Aazzhia (34)
=1

as - O—zb — Aab — 26a,b o 5a,b+1 o 5a,b—1
s . Kb — Aa — 5a,b
Ao Ay = A} = + min(a, b) (N — max(a, b)) (35)

Components of a vector X in the weight space are defined by

. N-1 . N-1
=Y XK, = Y X.a (36)
a=1 a=1



They are related each other, X, = >, A'X? X% = ¥, A%X, and we use the conven-
tion Xo = Xy = X° = XV = 0. From an orthonormal boson F(z) = 2V, ¢i(2)é
(i(2)pj(w) ~ d;log(z — w)), we define ¢(2) = F(2) — (B(2) - L)L, &)x T, & =
SN 6% (2) Ay = SN da(2)@%, namely,

(E(z) = {+ d logz— Y %an_”, ql(z) => %d'_nz",

n#0 n>0

lag, a] Aabn5n+mo, lag, Ab] A% (37)

with operator product expansion ¢*(z)¢’(w) ~ A®log(z — w). The boson Fock space Fy

is generated by oscillators of negative mode on the state |X>, which is characterized by

—,

0). (38)

Dy

@0y =0 (n>0), |X) =e

(X| is similarly defined, with the normalization (X|\') 05 5+
Generators of the Wy algebra, W*(z) (k = 2,---,N), are obtained by the Miura
transformation 23],

N

T (00 + hi - 96(2)) - Zw’f (apd)™

i=1

—1
ag =0y +a_, a+:[, a_:ﬁ. (39)

From this, the Virasoro generator with the central charge c is given by

—

T(z) = —W2(2) = L:9¢(2) - 0(2) : +aop- *¢(2),
c = N-—1-12a27%, (40)

where 7'is the half-sum of positive roots, 7= SN5!' A, and §2 = LN(N? —1). The W3

generator W (z) is given by

W(z) = W(z)=> W,z"?

= 3 £ 00(206,(2)(060ns(2) — s ()
+a0 3 (1= )™ 1 90,(2)5 Z (- adoulz).  (41)

The vertex operator : M) s a primary field of the Wy algebra and creates the highest
weight state of the Wy algebra from the vacuum, |X) = : ¢*9(© : |0). Its conformal weight
h(X) and Wy-eigenvalue w(X) are

h(X) = (X = aop)? — adp?),

11



N-1
- Z <)\a)\a()\a+l - )\a—l)

a=1

+ao(2(a = DAada + (1= 20)Aadar1 ) + af2(1 — a))\a>. (42)

We define erg as followd]]

N-1
Moo= S ((0+ 7" =Yy + (1+ 590 )A,, (43)
a=1
. N-1 .
Nog = ((1 +r%ay + (1+5%—s l)a—)Aa (44)
a=1
We remark that
. N-1 o N-1
WXy —ax Y0 ria") = h(3E) + 3 r's, (45)
a=1 a=1

where r§ = r® and r? = s°.

A singular vector | X;§> at level SN 'r%s% in the Wy representation space with the

highest weight state |X:5 .) is expressed by using screening currents : e®+®*() ;)

N—
fHH2— HH.ea+¢a(Z;’ ‘)\ _05-4-27”
a=1 j=1 a=1 j=1
N—1 r@ N—1 r@ N_g9 pa patl
f 1:[ 27mz s (2 = Z;)% : H H H (28 — Z;,Hl)—ﬁ

N— N—-1 r®
H H 1 ra4rethgga H H eour(j:a (=) ;i— > (46)
a=1 j=1 a=1 j=1

where we use a similar integration contour in Figure 2(b). In the following we assume

rt >0 > Nl

Similarly, using another screening currents : e~ #“(*) . we have a singular vector
y7 ) )

N—-1 s® N—-1 s® u . N-1
D= PTG TLIT e iy 3 sta) (47)
a=1 j=1 a=1 j=1 a=1

with s! > .. > V-1

5.2 Wy Singular Vectors and Jack polynomials

Like as ([[3), we consider the map from a state |f) in Fj into a symmetric function f(z).

Since the Hilbert space of the Calogero-Sutherland model is equivalent to a single boson

-

1 Usual parametrization of the weight vector is Az = Zflv:_ll((l +rYayr + (14 sY)a )Ny = a7+
a_§+ app.

12



Fock space, we have to reduce the degree of freedoms of the N — 1 boson Fock space of
W algebra. To this end, we use a kind of projection to give the correspondence between

the Hilbert spaces,

flz) = XCalf),
Cy = exp(ﬁ’ >3 %&'npn), B'=BK, pa= Zx?, (48)

n>0

where (3’ is a parameter. In this definition, only a!  is a creation operator of p, and other
a®, (a > 1, n > 1) do not contribute this map because <X|C’5/a‘in = <X|C’5/5“1ﬁ’pn. The

Hamiltonian and momentum can be expressed in terms of boson oscillators as follows:
Hs(NCy = (\CoHy, P(XCy = (\|Cp P, (49)
where

I:Iﬁ = Z (6/a1_n_ma1,na1,m + gal_nal_mal,n+m) + Z al_nam((l — 6)711 + N(]ﬂ), (50)

n,m>0 n>0

and P = > ns0at,,a1,. Since the above map is not one to one, flﬁ and P are determined
up to the term 3,50 > 4o a%,, X (---). In the following we set 3’ as

8 = /8. (51)

Like as the Virasoro case, a straightforward calculation shows that under the choice of

! , cubic term in Hjy can be expressed by the Virasoro and W generators. We have
B Y

Hs = %ﬁ S al Lo+ Y G @ (NoB + B — 1 —2y/Bay )
n>0 n>0
+\/B(WO - WO,zero) + Z Z a[in X ( : ) (52)
n>0a>1

Here Wy .ero is the zero mode part of W,

N-1

WO,zero - Z (a'a,Oa'a,O(a'a-l—l,O - aa—l,O)

a=1

+ap (2(@ — 1)aq0000 + (1 — Qa)aapaaﬂp) +ad2(1 — a)aavo). (53)

Using these, we have

N-1

]:Iﬁ|X:{§> = (; st x (Noﬂ +0-1- 2\/5(047’1 +a_s; + Oéom))
N—
/8wy — ay Zl rea) - w(X,;g))) IXZs)
a=1

13



+20 > al, x ()X

n>0a>1
R
a,b=1
a>b
—+ Z Z a_n ‘Xr s> (54>
n>0a>1

Therefore |x; ;) is the eigenstate of Hg up to the last term, which will vanish after mul-
tiplying by <X:{§|CB/. This eigenvalue is just €5, with X = ((r1)*", (r2)%, .-, (PrN=1)s" ),
name1Ya A= ((sl +oot SN_I)TN717 (81 +oet SN_2)TN72_TN717 A (Sl)rl_ﬂ%

Using the state—function correspondence (), we obtain an integral representation of the

Jack polynomial with the Young diagram A,
a(z) = (N5 +)_1<Xf~|05'\xf~>

N—-1 r¢ N—-1 r® 5 N-2 r¢ patl 3
= WA ST T G =) (2 = )
a=1 j= 127”2 a=1 15-1 ' ’ a=1i=1 j=1 ' !
]

1:[ 1:[ 1 raqratl)g_ga H H(l _ xizjl»)_ﬁ, (55)

i j=1
where normalization constants N~ and N, are in (B{) and appendix B, respectively.

Similarly, using another screening currents . e@-9"(3) . we obtain another integral rep-

resentation of the Jack polynomial with the Young diagram A = ((s')"", (s2)”, - - -, (sN=1)""

Tn(@) = Wez V) THA :*‘Cﬁ’b(j*)

N—-1 s® N-1 s® 2/5 N-2 s¢ sotl 1 1
e Nﬂﬂ % a _ a+
a=1 jl_[l 27TZZ 1;[ Jj=1 al_[l zl_[l jl_[l
N— 5% a a+1
><HH ayi-s s 05 T (1 = i) (56)
a=1 j=1 i =1

6 Direct derivation of the integral formulas

6.1 Integral transformations

In this section, we describe a direct method to give the integral representation of the Jack

polynomial. We hope that it may give some insight on the symmetry structure of the

14
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Calogero-Sutherland model.

Our method is based on two types of transformations which map any eigenstates of
the Hamiltonian into another. The first transformation may be physically interpreted
as a global Galilean transformation which describes a uniform shift of momentum of
the pseudo-particles. The second one is defined as the integral transformation which
changes the number of particles without touching the Young diagram of the original Jack
polynomial.

The first one, the Galilean transformation G, is defined by,

T

(Gsw>(x17'”7x7“) = H(xi)s'¢(x17"'7xr)7 (57>
i=1
for any symmetric function . Recalling the definition of z; = ei%qf, it produces a

uniform shift of the momentum of the pseudo-particles,

2

Therefore, when it operates on the Jack polynomial, G, adds a rectangle Young diagram

(s") to the original one from the left,

GSJ)\(xaﬂ) = J)\-l-(s")(x;ﬂ)v (59>

6 [ — [ [T
T

By the definition of the Jack polynomial, the normalization factor is one.

To define the second (integral) transformation, we prepare some notations. Let 2% =

(xf,---,2%), a € Z>o be finite or infinite sequences of independent variables and denote
Ax) = I (1-w/z;) o Acs(a),
1,21#:]1
re pb
riz* 2" = J[]] (1 — xf/x?) : (60)
i=1j=1

There are two types of the inner-products between the symmetric polynomial with which
the Jack polynomial becomes mutually orthogonal. The first one, ( , )s, is defined in
(). The second one (, )j.,. as B is defined for a positive integer 3 by

(f(@).g mzr,fn

dz;
27rzxj

1/x) g(x)A(x)". (61)
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Here the integral §[I7_, 2?5; f(x) stands for a constant part of f(x). The second one
appears in the computation of dynamical correlation functions [LI]-[I5]. These two def-
initions are equivalent only when 3 = 1. The norm of the Jack polynomial is related by

[BY], for a positive integer 3,

T N — Ak —1
(e = T g e e

:ﬁ<lﬂ—1>_ H ]‘_1"‘—/6(7’_2:“’1).(&])\’&])\)57 (62)
j (

where r is a number of variables, A = (A; > --- >\, > 0) and (i, j) € A is a square in the
Young diagram such that 1 <i < A and 1 < j < \;. Note that (1,1)5.,. = [T, (Zg__ll) =
(rB)!/ri(B)".

After this preparation, we introduce the second integral transformation as

(N2 ) (a5 ) fH

It transforms any eigenstate into another by the orthogonality relations of the Jack poly-

2 ) PAE p(h, ). (63)

27TZ:E

nomials

I( = XA B8) Jx (1/2"58) (Ja, I3,

a5 8)J (Lw: 8) A2)” = 60, (In ) (64)

With the normalization factor, we get,

(s n)
WNfﬁer( ; 3)- (65)

As we discussed, it changes the number of pseudo-particles without touching the Young

(2 8) =

diagram.

These two transformations are enough to give the Jack polynomials with arbitrary
Young diagrams [RJ]. Namely, by the Galilean transformation, we can add a rectangle
to the arbitrary Young diagram. The difficulty was that the number of rows of such
rectangle is constrained by the number of pseudo-particle. However, we may change it
by the second transformation. Any Jack polynomial can be constructed from the trivial
state, the vacuum, by the iterative use of them. We arrive at the integral representation

of the Jack polynomials,

(% 8) = NSO, GaND - Gov2 NSy vaGonen -1
N—-1 r@ N-1 3 ﬁ re g
— C‘f‘% 1" a—1 a\ A a a 66
aHl]Hﬂm 1;[1 (7, z%) "A(z?) ]1;11(%) , (66)
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T (yw, Jya)s

o =11

a—1 Ta!<J>\(a), J)\(a)>/ﬁ;7““
with A@" = ((ra)*, (re )™ oo (P17 and A = AD. If we replace respectively 2
and z¢ (a # 0) with x; and 1/2¢, this formula (ff) reduces to the integral formula (p7).

The relation between the normalization constant C and that of the previous sections is

_ 1)t =D8) ok — (NN
( 1) C)\ (N)\ r,s)

; (67)

6.2 Dual transformations

We next consider the dual orthogonal relation. It is defined by the automorphism wg [L],

W Pn = (=)™ 137 p,, . (68)

for n # 0. It satisfies

wéa)F(x“,:Eb)_ﬁ =T("2") =] (1 - l’?/l’?) :
.3

wp Ja(x; B) (I, gt = Jn(x;1/B), (69)

where wéa) is acted on the variables x{’s. The second relation shows that it interchanges

rows and columns of the Young diagram. Physically, it amounts to interchange pseudo-
particles and pseudo-holes with the change of the parameter § < 1/3. Some aspects of
this transformation was discussed in [[[f] and [[7].

Using this automorphism w(a), we get the following dual orthogonality relation,
& 3

(2%, 2") = ; Ty (z%1/B) Jn(1/2" B). (70)

We can introduce an integral transformation which realizes the duality,

(M) = §] H " 2 A) (a"). (71)

27er'

It maps into
1

TS NAT

Jn(z%1/0) = N (2% 8). (72)

Applying the automorphism wéo) to the eq. (pg) and replacing § with 1/, we obtain the

dual form of the Jack polynomials:

Ty (2° W”Gslel/ﬁ -Gov T}/@ . 1G8N71 1

r0,prl

r® —1

B) =
_ C)Tjéit[ 1;[ H —1/ﬁ H A 1/6;1;11 (l?)s“’

27er'
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T2 e, Sr)1/8
HN 1 e J (@), JA(“)>1/5 e

If we replace respectively z?¥ and x¢ (a # 0) with z; and —1/2¢, then this formula also

Cy = (74)

reduces to the our integral formula (5@).
It is obvious that we may get various types of decomposition of the Young diagram

into the rectangles. For example, we may obtain the (generalized) hook decomposition if
N/B)

we use only N, -

7 Skew-Jack polynomials

To calculate higher point dynamical correlation functions, we will need the inner product

(I, J,J,)" or equivalently the branching rule
Ju(w; B) 0 (; 8) = 32 o, (B) I (w; 3), (75)
)

where 3,/ = 3,(Jy, Jy)~!. This information is encoded in the skew-Jack polynomial

Jy/u(@; B) characterized by the following three equivalent definitions

(i) (s B) = £,/Co,(8)Ju(x; ),
(i) (In Tuods = (g Jus = Co(
(iif) SN Iu(@) Iny) = 2, D (@) (y) Ju(y).-

In order to match the inner products on the boson Fock space and the ring of symmetric
functions, we rescale oscillators a,, = /208a), and a_,, = \/(3/2d",,, namely

) (W),

/ !/ n
[a'n7 am] = Bén-i-m,()) (76)

Y ns02a,z". The correspondence between a state |f) = 10 ) E fo (or (f| = ( 0|/

and a symmetric function f(z) is

and define { operation by a/f = a' . We set ¢/ (2) = X~

1f) = f(x) = O|Ch@)|f), Chlx) = &’ Lnsombe(= Cy)
= (fICH(@)[0), Cf(x) = " Lnzowmupn, (77)

In these notations, the two inner products agrees,

(f,9)8 = (flg)- (78)

We remark that
f9) = f3l0) = f()g(z) = (0|Cj(=)| fg)- (79)
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For the Young diagram \ = ((7“1)31, (r2)s* oo (rV=1)"") we define

_ LT ¢’ (2})
5 = §] H srery HE L) (80)
_c N1 r dz“ I@j:l INE ﬁ:ﬁ:l - sa 31
5 () = ST H PIET 6
with v, = f and v_ = —1.
Then Jack and skew-Jack polynomials are given by
(3 8) = (0[C4(x)[1x) = (L CH (2)]0), (82)
Tl B) = (JulC(@)|In) = (A|CF ()] J,). (83)

The former is proved in sections 5 and 6. The latter is done as follows;

(In Jud)g = (N Tuds) = (Jaldul )
= ((LAlJ.CH (2)]0), (0|Ch(x)| ) )g
= ((LICT(@)] 1), (01CH(x)| ) Vg
= (Saju v) - (84)
Here we have used ([9) and [j (x)]

We can give another proof;

;/JA/H(:C>J>\(:U> = Z/<0|Cé(y)IJA><JA\C§($)\#> = (01C3(y)CF ()| 1)

= O‘Cﬁ ) HH — Ty;)”
= ZJV:C L (y) u(y)- (85)

Here we have used (p4)) and completeness of {|.J))} in Fo.

Now we can write down integral representations of skew-Jack polynomials. By using

(B0), we have

Ipaif) = HQW I 5t o) DD ) TF 0@ ) (56

‘) dzjl —Yap
J =1

1
2mzj

More generally, the skew-Jack polynomial can be written in the integral transformation

N, ](f 3\4 in (63) or in the power-sum as follows:

<J>\,J)\>ﬁ (8) (1 1 )
J = 2 2F N Ity -t — e —
A/M(SIH, 7$N) M!<J>\>J)\>/5;M N,M )\( 1 ) M) 1 tl’ ’tM
Du®) = Ju(0)I\(p) - 1, (87)

(
for all M > ¢()\). Here p, = a%’ When M = ¢()\), this reduces to (B4).

n
B

19



8 Discussion

There are some points which may be interesting if it is clarified in the future study.

1. The methods in section 6 and 7 are applicable to the g—analogue of the Jack poly-

nomial, that is the Macdonald polynomial. Integral representation of the (skew-

)Macdonald polynomial can be obtained from that of the Jack polynomial by re-

placing A, I and T with ¢-deformed ones B

2. Tt is challenging to calculate dynamical n—point correlation functions for n greater

than two. For this purpose, we will have to use the inner-product (Jy, J,J,)’, whose

integral representation has been obtained in section 7.

3. In our construction, the choice of the W algebra depends on the form of the Young

diagram. It will be natural to conjecture that there is a underlying symmetry which

explains the appearance of various symmetries.

4. This is also related with Kac-Moody algebras. In fact, the operator Cpg in (

—

corresponds to the product of N—vertex operators of si(/N) with fundamental rep-

resentations. The level is k + N = 1/5. Hence if we decompose the Young diagram

as r* = N — a and allow s*’s vanish, then the integrand of (BF) is just the ¢—boson

part of that of a zero-weight N—point function.

5. The large distance behavior of correlation functions is described by ¢ =1 CFT [BIl.

To give the eigenfunction, as we observed, ¢ < 1 CFT plays the essential role. It is

interesting to understand the relation between them.

6. The situation that the only relevant states are given by the null states reminds us

of the situation in the quantum gravity [Bq]. This fact comes from the similarity

between our Hamiltonian (B]) and the BRST currents when we replaced the a_,, by

the ghost field.

7. Another analogy with the gravity is that our Hamiltonian is a deformation of that

of quantum gravity considered by Ishibashi and Kawai [B7]. It may be interesting to

understand what quantum gravity system our Hamiltonian (or its continuum limit)

describes. It is well known that the matrix model can be described by free fermions.

Our construction shows that we may define similar model even if we replace these

fermions with anyons.

8. Ome can generalize our state—function correspondence (§) to a invertible map. In

fact, if we introduce N — 1 kinds of power-sums p® (a = 1,---, N — 1), then the
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operator Cg = exp {ﬂ’ Y n>0 % St Ay - @, p,(lb)} gives such a map. When s* =
B(1—7r*+rot) — 1 with 7° = 0, the function Z(p) = <)\i—ﬂ|Cgl‘X 2) is regarded
as a generalized partition function of the conformal matrix model in B2 of 8 = 1.

However, it is still unknown what system this map describes in general.

9. The two—point function derived by Ha [[J] has following form,

<0|/)(x, t)p(O, O)|0> = C f[l AOO dg;Z f[l‘/ol dyiQ2F(q,p7 6|{$27 :%}) COS(Qx)G_iEt,
(88)

where @ = QWﬂO(Egzl i + Z?:l yj)a E = (27TP0)2( . ep(xi) + Z§:1 €H<yj))- €p
and ey are the energy for pseudo-particle and hole. The form factor is given by,

T i (i — )% TLici (v — y;)%"°
F(q7p7/6‘{xl7 yj H H xl —'— 6yj -2 q<-7 J <] 7

iz €p(2i) P TT—y €n (y;)' /7

15
o <1_.[7,q 1 e a+¢( l/a+) : H?:l e a,¢(y]/a,) :> (89)
i:l €P<xz)1 BH] 1€H<y )1 1/8

The Vertex operators in the final expression are nothing but the screening charges we
used in section 4 and 5 [B3]. Although there is a definite gap between our approach
and theirs, this fact may indicate that some structure we obtained in this paper

survives in the thermo-dynamical limit.
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Appendix A : Construction of states with a excitation

of M pseudo-particle (pseudo-hole)

Al

Action with 1:15 on Hf‘il e+ 9 (2i)

a) (|z1] > -+ > |zu]) is given by [I§

) (90)

R M M
H; H Qb (2i) o) = Hé,M H b (2i)
i=1 =1
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Hoas = 3-(22 50+ (M3 - J32)D) + 2453 3 25 (20- D)

i=1 5,j=1 zl
1<j

_ af\/_ 12+ (Nofp — My/B%) P, (91)

Here D, = zi%, and H and P are the Hamiltonian and momentum with variable z;

(t=1,---, M). Expanding this, we obtain

HyJ - J7 o)
= Z(ai/\/_n + (Noﬁ \/7% 2i—1) )m)Jffl nM|oz)
+2¢/3% Z Z(ni 20 TE T T T ). (92)
i,j=1 =1

i<j

The subspace with P = |A| has basis jﬁfl la) (g > --- >mnp >0, Xn; = |A]),

on which H 5 1s represented as a triangular matrix. The energy eigenvalue €5, () can be

”W

read from the diagonal elements. By diagonalizing this triangular matrix, the eigenstates

are determined as
M A~
) = (L + ), O = O )
i=1
HolJY) = espslJi), (MM =207 =), (93)
For example, M = 2 case was explicitly solved,
|J(:|>:\1,)\2)> = ZC (A1 = Az, 0 J>\1+éj):\t2—€|a>>
a B
b2 Ay b VB i)

cE(\ L) = H ‘ ’
A+CD T 4 VB% + a\/ff(muz)

(94)

The Jack polynomial is obtained by the state-function correspondence ([3), Ji(z) =
(a|Cy|J). The normalization between Ji (x) and Jy(z) are given by [[{]

b 3Y — NS T (e + _ 17 a(s) +1)B + ax(s)
J)\ (l’,ﬂ)—/\/;\ J)\(l’,ﬂ), N)\ _sel_[)\ €,\(S)B+a>\(s)+1 ) (95>
Iy (@ 8) = Ny Jv(w;8), Ny = (=DM, (96)
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A.2

Instead of using mode expansion, next we will consider the eigenstates in the following

form,

Mz “
|J)\ f i : Y ‘f)\j:(zl’_‘_’ZM)Heai¢7(zz‘)|a>. (97)
=1

o 2mizy 1

Here the integration contour is shown in Figure 2(a). From the argument of mode ex-
pansion, fi(z1,---,zy) is a finite sum of terms HKJ( )i (n;; > 0) and has a constant
term 1. In the case of § = 1 when the Jack polynomlal reduces to the Schur polynomial,
fx is independent of A and given by fi (21, -, 2n) = [To;(1 — ), which can be written
in a determinant form, J; = det(j):s_i_i_j)lgi’jSM.

Although f§ has only finite number of terms, we can add to fi° the terms that do
not contribute to the integral. This freedom may give us the possibility to write down
solutions for general M. In fact integral representations of such solutions are given in
section 5,6. In the following, we allow that fi may have infinitely many terms. We will
give a sufficient condition for such fi. By setting f [, 2 = Fif [Ticj(2z — 2%, |JF)

1s rewritten as

Mo dz;

5 = 11

M
2
. — Z ai.Fi 2. 2 eai(ﬁ*(zi)a
27_”2] ” 1 <i ]) )\( 15 ) M)” | >

<Jj

dZ] l —a+(a—Maxy) it a+¢(z)
= ]{HQ - FE (2, ~zm) [ 2 II:e o la— Mag), (98)
Tizj i=1 i—1

where we may have to choose appropriate integration contour. By using (() and inte-

gration by parts,
Hy| JY) = eape | 5)

M dz; M S M
= f H -7 . i _ Zj)ai . F)\ (Z17 .. .7ZM>HI[/3'7M H eaid),(zi) O{>

1 2Tz e 1 i1
1<j
M M M
dZ Cl{ e Z4
I U |
we obtain the sufficient condition for Fif ; this Fif(zy,---, zy) is homogeneous and the
eigenfunction of H with variable z;,
Hyp FY = €1, 5FY, i ==X\ — (M —i)a2. (99)

Note a symmetry €5\ = €55 with Xi = =\ + 8(2i — 1). Also note that Fi© may not be a

polynomial.
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We remark that the following property of Hg. Let ¢ (z1, - - -, xn,), which is symmetric
and homogeneous, be the eigenfunction of Hg, Hgy = €31,. Since the original Hamil-
tonian Heg is symmetric with respect to the transformation § < 1 — 3, the function
U5 = Ux [Ticj (s — ;)% is also the eigenfunction of H,

Hgls = sl A=1-0, =X+ (26-1)(No—i). (100)

Setting Fif = Fi [Ticj(2zi — zj)o‘?t_l, then |J5) is rewritten as

dz; ~ s (2
|J,\ %H 27mjz . 2 — %) -F/\ 21,00, He +¢-(2i |a (101)
J i,j= 1
i<j

Due to above property, the sufficient condition is reexpressed as follows; F N(CIIRRRI77))

is homogeneous and the eigenfunction of H with variable z;,

Hy_ 1,2 FY =€ . EoN= N — (M =), (102)

9 %
§ai,)\

For M = 2, we can easily find a solution of this equation. Let us set F N f/\i i % Ai=(M=i),

Substituting the form f(jf\l’m(zl, 2) = Yol i (2)" (g = 1) in ([02), we obtain the re-

n=0 *n

sult that f(iAl,)Q) is given by the hypergeometric function,

M=+l =50l +1 2

i+
21, 22) = oF [ ; .
Jowon (1 22) =21 M —X+iod+1 2

(103)

f&h/\z)(zl, 2) = (1— j_f)f(ih,kz)(zl’ 2y) agrees with the generating function for c*(\, ¢) of

()7
Zc (A1 — A, )(zl)Z:f(jf\w\z)(zl,@). (104)

For M = 3, we can derlve the recurrence formula for the coefficients of the Taylor
series of F 55, which has a property of the root system of sl3. However it is hard to obtain

a general solution for F.

Appendix B

We consider the analytic continuation of the following integral [P§, PJ],

I= / H dz; - — 2> 11 22 gz, 2. (105)
i=1

i,J= 1
1<J
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Let I; to be I with the integration region 0 < z, < --- < 21 < 1, and I, to be I with the
integration contour shown in Figure 2(b). We assume that g(z,-- -, z.) has no poles at
z; = zj. Then I and I, are related as follows:

]2:<—1>TH aaj 1 H 1+a+"'+aj_1)']17 (106)

j=1

where a and o’ are

a= e27ric|z7 a/ _ e27ria" (107)
Therefore we have
1. [2 _ ewir((r—l)a-ﬁ-a’) ﬁ SlIl 7TjOé SiIl?T((j - 1)0( + O/) . [1‘ (108)
(2mi)" =i sinTa i

When g(z1,-- -, 2.) = [T'—,(1—2)*", this integral is known as the Selberg integral [24],

") T((J—Da+od + DI((j — Da+a” +1)
( .

[1:};[1 (o) F((r—=2+j)a+ao +a"+2)
(

The normalization constant V¥, in (B9) is given by the coefficient of (J)" in (. s|Ci [ X)),

d r T .,
N, fH el L ECEENEED | i (110)
i=1

2miz; s 1
i<j

(109)

where the integration contour is shown in Figure 2(b). Using ([0§) and ([[09), setting
a =, a” =0 and tending to a limit o/ — (1 —r)5 — 1, we obtain
1 Sesinmjf T(rf+1)
rl i sined DB+ 1)

Here we have used I'(2)['(1 — z) = £"—. The other one N7 is obtained from N by

sSm7nwz

N =

r,s

(111)

replacing 3, r, s with l s, T.
The normalization constant Nz in (BF) is given by the coefficient of (Jf, . - O

N 2_ N 1 2
(Js++ an-2)" '

(I i (O,

N—1 ro dz? N—-1 r@ N—-2 re potl

N = LI TL G =2 TETT LG - )
a=1 j=1 27”'2] a=1 i,j=1 a=1 i=1 j=1 ’
1<J
N-1 ra N N— rl
TTE 9 T ey ST, 2

a=1 j=1 a=1 o j=1
where ", stands for the summation over all permutations of 7! objects and \; is (Ay, -+ -, A1) =
(s + -+ SN_I)’JW1 (st + -+ SN_2)’1N72_TN71, -+, (sY)"" ). The other one Ny is
obtained from N}, by replacing 3, 7 and § with % 3 § and 7, respectively. At present we

have not obtained the explicit form of /\ffg For a positive integer (3, the normalization
constants are explicitly given in section 6, (67) and (£2).
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Appendix C : Explicit examples

The null state at level n is defined as,
Lolx)=0 (n>0),  Lolx) = (h+n)lx) (113)

By a standard argument, it has null norm with any states in the Verma module,

(xlx) = 0. (114)

The existence of such states depend crucially on the choice of parameter ¢ and h. Cere-

brated Kac formula shows that if they are explicitly parametrized as,

6(3—1) _(Br—s)?-(B-1)°
ﬁ hrs - 4/6 ) (115)

for an arbitrary parameter (3, there exists null state at level rs. Some of the lower lying

c=1-

states can be explicitly obtained by solving the conditions ([[13). Let us introduce the
notation |x,s) as the null state that occurs in the highest module over the vacuum |h,)

at level rs. We obtain,

IX11) = Loalhu)
) = (Lo = 52 ke
X12) = (L_a—BL%))|ha)
) = ((1-28)00 k2Ll = 2 i)
Ix13) = <(1 —2/B)L_3+2L 2L 1 — §L§1> |hi13)
IXa1) = <(1 — 46+ 66*)L_y + ° 126L—3L—1
_§L2_2 + gL_QL‘il — %Lg) |hat)
|X14> - |X4l>|ﬁ—’1/ﬁ7 ha1—haa
2(8% -3 1 1)?
IX22) = <L—4 (ﬁg(ﬁ _61; >L—3L—1 _© ;—ﬁ ) L,
2(6%+1) 2 p 4
+m —24Li_1 — WL_1> |h22>. (116)

The duality § < 1/0 is realized as a symmetry r < s.
These null states can be regarded as the Jack polynomial once we use the bosonic

representation. In mode expansion, Virasoro charges are replaced as,

1
L, = 3 > Upgmm : —ap(n+ 1)a,. (117)

meZ
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The central charge ([[I3) is obtained by choosing oy = %(\/ﬁ —/1/6). The highest

weight state |h,s) can be replaced by the Fock space vacuum |a,s), with

e = % (1405 — 0+ 9)y/175).

In terms of free boson oscillators, the null states ([[1§) are written as (up to overall

normalization),

|X11> ~ a_1|a11>

X21) ~ (Cl—z - \/2/7/3a2_1) |van)
[X12) ~ (a 2+ \/> ) |a12)

3 1,
IX31) ~ (a_g - \/—2_/6a_2a_1 + Ba_1> |cegr)

Ix13) ~ (@—3 + 3\/§a_2a_1 + ﬂail) |c13)

8 1 2 V2
Xa1) ~ <G—4——a a ——a’, + a’ )\ 1)

3vaF VR T A T aayE
4v2p L 1B+, 2y23 o
T VT (R =5

The state |xs.,) is obtained from |y, ) by 8 < 1/3 and a, < —a,.

a_4+ — 4a_2a2_1

|X22> ~

) |ranf118)

To translate these expressions into symmetric functions, one can apply the rule,

A_p — g]%(@, ‘ars> - 17 Pn = Z(xz)na (119>

which gives the Jack polynomials for the rectangular Young diagram A = {r*}.
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