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Abstract

The Yang-Baxter equation admits two classes of elliptic solutions, the vertex type
and the face type. On the basis of these solutions, two types of elliptic quantum
groups have been introduced (Foda et al.[l], Felder [2]). Frgnsdal [3, 4] made a
penetrating observation that both of them are quasi-Hopf algebras, obtained by
twisting the standard quantum affine algebra U,(g). In this paper we present an
explicit formula for the twistors in the form of an infinite product of the universal
R matrix of Uy(g). We also prove the shifted cocycle condition for the twistors,
thereby completing Frgnsdal’s findings.

This construction entails that, for generic values of the deformation parameters,
representation theory for U,(g) carries over to the elliptic algebras, including such
objects as evaluation modules, highest weight modules and vertex operators. In

particular, we confirm the conjectures of Foda et al. concerning the elliptic algebra

Agp(sla).
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1 Introduction

1.1 Elliptic algebras

Among the integrable models based on the Yang-Baxter equation (YBE), those related
to elliptic solutions occupy a fundamental place. Elliptic algebras, or elliptic quantum
groups, are certain algebraic structures introduced to account for these elliptic models.
Nevertheless, the complexity of elliptic algebras has evaded their understanding for quite
some time. The solutions of YBE (R-matrices) are classified into two types, vertex-type
and face-type. Accordingly there are two types of elliptic algebras.

The vertex-type elliptic algebras are associated with the R-matrix R(u) of Baxter [f]
and Belavin [§]. The first example of this sort is the Sklyanin algebra [7)], designed as an
elliptic deformation of the Lie algebra sly. (An extension to sl,, was discussed by Cherednik
[8].) Tt is presented by the ‘RLL’-relation

R (Ul - U2)L(1)(U1)L(2) (U2) =L (U2)L(1)(U1)R(12) (Ul - U2)> (1-1)

together with a specific choice of the form for L(u). Here and after, the superscript
(1),(2),--- will refer to the tensor components. For further development concerning the
Sklyanin algebra, see Feigin-Odesskii [0] and references therein. An affine version of the
Sklyanin algebra (deformation of sly) was proposed by Foda et al. [1]. The main point of

[1] was to incorporate a central element ¢ by modifying the RLL-relation to
R (uy — ug, ) LY (1) L (ug) = L® (ug) LV (01 ) R (ug — ug, 7 — ¢), (1.2)

where r denotes the elliptic modulus contained in R(u) = R(u,r). In both these works,
the coalgebra structure was missing.

The face-type algebras are based on R-matrices of Andrews, Baxter, Forrester [{U] and
generalizations [11,, 12, 13]. In this case, besides the elliptic modulus, R and L depend
also on extra parameter(s) A\. As Felder has shown [2], the RLL relation undergoes a

‘dynamical’ shift by elements h of the Cartan subalgebra b,

R (g — g, A+ h) L (ug, )L (g, A + D)
= L@ (ug, )LD (g, A + hP) RO (uy — g, N). (1.3)

Likewise the YBE itself is modified to a dynamical one, see (1:7) below. As we shall see,
a central extension of this algebra is obtained by introducing further a shift of the elliptic
modulus analogous to (1.2) (see (4.5)—(4.6) and the remark following them).

The face-type algebra has also been given an alternative formulation in terms of the

Drinfeld currents. This is the approach adopted by Enriquez and Felder [16] and one



of the authors [17].% The Drinfeld currents are suited to deal with infinite dimensional

representations. We plan to discuss this subject in a separate publication.

1.2 Quasi-Hopf twist

Babelon et al.[14] have pointed out that the natural framework for dealing with dynamical
YBE is Drinfeld’s theory of quasi-Hopf algebras [15]. Since the work [i14] is a prototype
of our construction, let us recall their result. Consider the simplest quantum group A =
U,(sly) with standard generators e, f, h. Given an arbitrary invertible element F' € A®?

we can modify the coproduct A and the universal R matrix R by

A(a) = FA(@)F™'  (a€ A, (1.4)
R=FPIREF, (1.5)

Here if F = Y a; @ b;, then F®Y = S°b; ® a;. In general, the new coproduct A is
no longer coassociative, and defines on A a quasi-Hopf algebra structure. The new R
matrix R satisfies a YBE-type equation, which is somewhat complicated (see (A.1T)).
As Babelon et al. showed, this ‘twisting’ procedure leads to an interesting result when
F = F()\) depends on a parameter A in such a way that the shifted cocycle condition
holds:

FIIN(A@IDF(N) = FP\+hW)(id @ A)F(N). (1.6)

If this is the case, then the YBE-type equation for R = R(A) simplifies to the dynamical
YBE

RIDON+ RENRIDNRE) (A + h) = REIV)RII (N 4 hE)yRU2(N). (1.7)

An explicit formula for such an F()\) was given in [14] as a formal power series in ¢**. We
shall refer to F'(\) as ‘twistor’.

A key observation due to Frensdal [4] is that the RLL relations for the elliptic algebras
of both types, (1.4) and (1.3), arise by the same mechanism as above. Namely, there exist
two types of twistors which give rise to different comultiplications on the quantum affine
algebras U,(g), and the resultant quasi-Hopf algebras are nothing but the two types of
elliptic quantum groups.

To substantiate this statement, we must find the corresponding twistors as elements

in U, (g)®? satisfying the shifted cocycle condition (1:6). Fregnsdal [3, 4] launched a search

¥ The central extension in [:_l-ﬁ'] is different from the one in [:_1-6], and is closer to that of the present

paper.



for the twistor in the form of a formal series
FOO=1+Y > tiinNei e, @ 7™(f1) . 7™ (fi), (1.8)

where e;, f; are the Chevalley generators, ¢;,_; ()) are certain functions of the ‘Cartan’

-----

generators h; ® 1 and 1 ® h;, and 7 is a diagram automorphism.f Substituting (1:8) into

(1.6), he obtained a recursion relation that determines the coefficients ¢;, ;. (\) uniquely.

Though a proof of the full cocycle condition (1.6) was left open, this construction was
shown to reproduce correctly the classical limit [4] and Baxter’s R matrix [3]. Another
important observation presented in the work [4] is that the twistor has an infinite product

form
FA) = F(NF2(A\)FH(N),

and that the coefficients of each F(\) resemble those of the universal R matrix of U,(g).
We remark that the quasi-Hopf structure of the face-type algebra for sl was studied
in detail by Enriquez and Felder [1G] from a different point of view.

1.3 The present work

The aim of the present article is to complete the works of Babelon et al. and Frgnsdal,
by making explicit the aforementioned connection between the twistor and the universal
R matrix, and supplying a proof of the shifted cocycle condition. We construct the two

types of twistors in the form of an infinite product of the universal R matrix,

FO) = (¢} @id) (¢"R) (2 wid) (¢"R) o (pr@id) (¢"R) - (1.9)

where ¢, denotes a certain automorphism of U,(g)®? depending on A, and T is an element
of h ® b. For the face-type algebras, \ is taken from the Cartan subalgebra, so that F'()\)
carries the same number of parameters as the rank of g. When g is of affine type, the
elliptic modulus appears as one of these parameters. For the vertex-type algebras, A is
proportional to the central element. In this case the twistor, to be denoted E(r), depends
on only one parameter » which is the elliptic modulus.

It is an old idea to construct the elliptic R matrices and L operators from the trigono-
metric ones by an ‘averaging’ procedure over the periods [I§, 19, 20]. Our formula, (1.9)
along with (1.5), may be viewed as implementing this idea at the level of the universal R

matrix.

o~

I For face-type algebras 7 = id, while for the vertex-type g = sl,, and 7 is a cyclic diagram automor-
phism. See section 2.



Following [1], we shall denote the quasi-Hopf algebras associated with the vertex-type
twistor E(r) by the symbol A, ,(g) (where g = sl,,), and the one associated with the face-
type twistor F'(\) by B, a(g). As algebras they are the same as the underlying U, (g). Hence
the representation theory for them should stay the same. Strictly speaking, the twistors
are only formal power series with coefficients in U,(g), but we expect they make sense
in ‘good’ category of representations and for generic values of the parameters. In such a
case, the whole representation theory including evaluation and highest weight modules and
vertex operators carry over to the elliptic algebras. We derive the commutation relations
of vertex operators and the intertwining relations, regarding them as formal power series.
In the special case of A,,(slz) we recover the formulas conjectured in [1]. As Frgnsdal
has shown [, 25] for A,,(slz), the formal series for the twistors in evaluation modules
converge and can be computed explicitly. On the other hand, it is a non-trivial problem
to compute their images in highest weight representations. We hope to come back to this
issue in the future.

The text is organized as follows.

In section 2, after preparing the notation, we present the formulas for the twistors. We
then give a proof of the shifted cocycle condition. In Section 3, we discuss the examples
By a(sla), Bya(slo) and A, ,(sl2), and compute the images of the twistor and the universal
R matrix in the two-dimensional evaluation representation. In section 4, we define L
operators and vertex operators for the elliptic algebras out of those of U,(g), and derive
various commutation relations among them. In particular we derive a relation between
the L™ and L~ operators proposed earlier in [1] (see (4.8), (4.24)). In Appendix we review
the basics of quasi-Hopf algebras.

2 Quasi-Hopf twistors

In this section we construct the twistors which give rise to the elliptic algebras. For the
face type algebras, the twistor F' = F(\) € U®? depends on a parameter A running over
the Cartan subalgebra . For the vertex type algebras, the twistor F(r) depends on a

single parameter r € C. Both of them are solutions of the shifted cocycle condition (see

@123), @33) below).

2.1 Quantum groups

First let us fix the notation. Let g be the Kac-Moody Lie algebra associated with a
symmetrizable generalized Cartan matrix A = (a;;); jer. We fix an invariant inner product
(, ) on the Cartan subalgebra b and identify §* with h via ( , ). If {a;},cr denotes the

set of simple roots, then (o, ;) = d;a;;, where d; = %(&i, a;).

>



Consider the corresponding quantum group U = U,(g). For simplicity of presentation,
we choose to work over the ground ring C[[h]] with ¢ = . The algebra U has generators
ei, fi (i € I)and h (h € ), satisfying the standard relations

[h, W] =0 (h,h' €p), (2.1)

[h, ei] = (h, ci)es, [h, fi] = =(h,ai)fi  (i€l,hey), (22)

kuﬁ]:5mﬁ:ﬁil (i,j € 1), (2.3)
q4i — g;

and the Serre relations which we omit. In (2:3) we have set ¢; = ¢%, t; = ¢®. We adopt

the Hopf algebra structure given as follows.

Ah)=h®1+1Rh, (2.4)
Ale))=e;@1+t;@e;, A(f)=fiot;'+1® fi, (2.5)
e(e;) =e(fi) =¢e(h) =0, (2.6)
S(e;) = —t;'ei, S(fi) = —fits, S(h) = —h, (2.7)
where 2 € [ and h € b.
Let R € U®? denote the universal R matrix of U. It has the form

R=q'C, (2.8)

C— ww%¢ﬂ®¢ﬁ%

BeQt
= 1= (g—q et @ tifit . (2.9)
iel

Here the notation is as follows. Take a basis {h;} of b, and its dual basis {h'}. Then

T=> mel (2.10)
l

denotes the canonical element of h ® h. The element Cs = . ug,; @ ufﬂ is the canonical
element of U 5 ® U~ with respect to a certain Hopf pairing, where U * (resp. U™) denotes
the subalgebra of U generated by the e; (resp. f;), and Ufﬂ (B € Q1) signifies the
homogeneous components with respect to the natural gradation by Q@ = 3", Z>oc;. (For
the details the reader is referred e.g. to [21, 22].) We shall need the following basic

properties of the universal R matrix:

2.11
2.12
2.13
2.14

A'(a) =RA(@)R™'  VacU,
(A®id) R = RBIRE,

(id® A)R = RIBIRUD,
(e@id)R=([d®e)R =1.

o~ o~ o~~~
~—_— — ~— —r
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Here A’ = 0o A signifies the opposite coproduct, o being the flip of the tensor components
o(a®b) =b®a. From (2.11)-(2.13) follows the Yang-Baxter equation

RUDR(I3)R(23) _ R(23)R(13)R(12) (2.15)

2.2 Face type twistors

We are now in a position to describe the twistors for face type elliptic algebras. Let us
prepare some notation.

Let p € § be an element such that (p, ;) = d; for all ¢ € I. Let ¢ be an automorphism
of U given by

¢ = Ad(qz Zil=r), (2.16)
where {h;}, {h'} are as in (2.10). In other words,
o(ei) = eity, o(fi) =t fi, o(q") = ¢".
Since
Ad(g") o (¢ ® ¢) = Ad (g7 =1 AMHI=80)), (2.17)
we have
Ad(¢") o (p @ P) o A= Aog. (2.18)
For A € p, introduce an automorphism
px = Ad(gZ "M PO = 62 0 Ad(g™). (2.19)
Then the expression
(pr@id) (¢"R) (2.20)
is a formal power series in the variables z; = ¢?*) (i € I) of the form

1= Z(Qz - q{l)xieiti Qtifi+---.

We define the twistor F'(A) as follows.

Definition 2.1 (Face type twistor)

FO) = - (goi@id) (qTR)_l(go,\Qbid) (qTR)_l

= TI(¢@ia)(a"R) (221)

k>1



Here and after, we use the ordered product symbol H A = --- A3A3A;. Note that the
k>1
k-th factor in the product (2.21) is a formal power series in the z¥ with leading term 1,

and hence the infinite product makes sense. We shall refer to (2.21) as a face type twistor.

Our main result is the following.
Theorem 2.2 The twistor (2.21) satisfies the shifted cocycle condition
FIIN(A@IDF(A) = FE\+hW)(id @ A)F(N). (2.22)
We have in addition
(e@id) F(\) = (ld®e) F(\) =1. (2.23)

A proof of Theorem 2.2 will be given in subsection 2:4. In (2:23), if A = >, \/A!, then
A+ M) means 37, (N + hl(l))hl. Hence we have, for example,

AT EPI (N = FE (0 + 1hD),
APV FEI(N) = FPY (1 — 1),

For convenience, let us give a name to the quasi-Hopf algebra associated with the
twistor (2.21). As for the generalities on quasi-Hopf algebras, see Appendix A

Definition 2.3 (Face type algebra) We define the quasi-Hopf algebra By x(g) of face
type to be the set (Uy(g), Ar, g, (M), R(N)) together with ax =), S(d;)e;, B = >, fiS(4i)
and the antiautomorphism S defined by (2.%). Here ¢ is defined by (2.0),

Ax(a) = FIP(\) A(a) FIP (N, (2.24)
R(\) = FEON\)RFID (N, (2.25)
®(\) = FEINFEI(A 4 h)7 (2.26)

and Zidi@)ei = F()\)_l; szz ® gi = F()‘)

Let us consider the case where g is of affine type, in which we are mainly interested.

Let ¢ be the canonical central element and d the scaling element. We set
A—p=rd+sc+r—p (r,seC),

where \ stands for the classical part of A € h. Denote by {h;}, {h’} the classical part of

the dual basis of h. Since c is central, ¢, is independent of s'. Writing p = ¢*", we have
or = Ad('P) 0 pr,  r = Ad(g=MP PO,

8



Set furtheri?

R(z) = Ad(z* ® 1)(R), (2.27)
F(z,\) = Ad(z* & 1)(F(\), (2.28)
R(z,\) = Ad(z¢ @ 1)(R(\)) = o(F(z71 \))R(2)F (2, \) . (2.29)

Here o denotes the flip of the tensor components. (2.27), (2.28) are formal power se-
ries in z, whereas (2:29) contains both positive and negative powers of z. Note that

g dEeR(2)|,_, reduces to the universal R matrix of U,(g) corresponding to the under-

lying finite dimensional Lie algebra g. From the definition (2.21) of F'(A) we have the

difference equation

F(pg®z,A) = (5a ®1d) 1 (F(z,\) - "R (pg*"” ), (2.30)
F(0,)) = F5(\), (2.31)

where Fj()) signifies the twistor corresponding to g.

2.3 Vertex type twistors

When g = sl,,, it is possible to construct a different type of twistor. We call it vertez type.
In this subsection, U will denote U, (s,).
Let us write h; = «; (i =0,...,n—1). A basis of y is {ho, ..., hn—1,d}. The element

d gives the homogeneous grading,
d, ei] = 6iess  [d, fi] = —dinfi,

foralli =0,...,n—1. Let the dual basis be {Ay, ..., An,_1,c}. The A; are the fundamental

weights and c is the canonical central element. Let 7 be the automorphism of U such that

T(ez‘) = €i+1 mod n, T(fz‘) = fi—l—l mod n; T(hi) = hi—l—l mod n

and 7" = id. Then we have

n—1-—2
T(Ai) = Ai—l—l mod n — TC-

The element p = Z?:_()l A; is invariant under 7. It gives the principal grading

[p> ei] = €&, [p> fz] = _fi>

**The notation R(z) conflicts that of R(A). Hopefully there is no confusion.



foralli =0,...,n — 1. Note also that
(T®T)oA=Aor,
(T ®@7)(Cs) = Cr5)-

For r € C, we introduce an automorphism

3 =r0Ad (q—w: C)P). (2.32)
Here and after, quantities related to the vertex type algebras will be denoted with the
symbol . Set
~ 1 n? —
T=—(p®c+c®p— c®c).
n 12
Then
=\ -1
(5 2id)(¢4"R) (2.33)

is a formal power series in pv where p = ¢2". Unlike the previous case of (2:20), (2:33)

| MR

is a formal series with a non-trivial leading term ¢7~7 (14 ---). Nevertheless, the n-fold

product
- -\ -1
[l (3 ow)(7x)
n>k>1
takes the form 1 + - - -, because of the relation
> (Feid) (T-T) =0,
k=1

We now define the vertex type twistor E(r) as follows.

Definition 2.4 (Vertex type twistor)

N\

E(r) = [[ @i (qTR) - (2.34)

k>1

N N
The infinite product H is to be understood as lim H . In view of the remark made
N—o0
k>1 nN>k>1
above, E(r) is a well defined formal series in pi.

Theorem 2.5 The twistor (2.3}) satisfies the shifted cocycle condition
EP(r(ARId)E(r) = E®(r + V) (id® A)E(r). (2.35)
We have in addition

(e ®id) E(r) = (id®¢e) B(r) = 1. (2.36)

10



Definition 2.6 (Vertex type algebra) We define the quasi-Hopf algebra A, (sl,) (p =
q*") of vertex type to be the set (Uy(g), Ay, e, ®(r), R(r)) together with o, =Y, S(d;)e,
Br =, [iS(9:) and the antiautomorphism S defined by (2.7). Here ¢ is defined by (2.6),

Ar(a) = EM(r) A(a) W2 (1) (2.37)
R(r) = E®(r)R EW2 ()71, (2.38)
O(r) = E® () E® (4 4 (D)1, (2.39)

and Y, d; @ e; = E(r)™, Y, fi ® gi = E(r).
Let us set

R'(¢) = (Ad(¢”) ®id) (¢"R),
E(C,r) = (Ad(C”) ® id) E(r).

In just the same way as in the face type case, the definition (2.34) can be alternatively

described as the unique solution of the difference equation

E(p/"g* ¢ r) = (1 @id) (B ) - R0,
E0,r) =1,

where p = ¢*".

2.4 Proof of the shifted cocycle condition

Let us prove the shifted cocycle condition (2.22) for the face type twistors. For k = 0,1, - --

we set

Fi.(\) = (o** @id)C(\) 7, (2.40)
C\) =Ad(¢*®1)(¢TR) = Ad(1 ® ¢M)(¢"R). (2.41)

Then the twistor (2.21) can be written as

A) = ﬁFk(k;)\).

k>1

We have the invariance [A(h), Fx(A)] = 0, and in particular

Ad(q") o (¢ @ @) (Fr(N)) = Fr(N). (2.42)

From the properties (2.11)—(213) of the universal R matrix, we find

11



Lemma 2.7

(A @id)C(\) = CI9 () - %h@))c(%)u), (2.43)
(id® A)C(A) = CO (A + %h@))c(”)()\), (2.44)
CONMNCI N+ p = ZH)C )
= ()N + p+ %h@))c(l?)u). (2.45)
Lemma 2.8
(A ®@id)Fp(\) = FP A+ kB EM (O + (k — %)h@)), (2.46)
(d® A)F(N) = K20 F 0+ 2h®) (2.47)

FI§12)(A)F£}3 At p+ (4= )h(2))F(23)( —|—lh(1))

= F® (u+ I FLY O+ i+ (1 - >h<2>>F,§”><A>. (2.48)

Proof. Using (2.43) we have

LHS of 2:46) = (A ® id)(¢** ®@id)C(N) ™"
— Ad(q2kT(12))(¢2k ® ¢2k ® ld) (0(23)()\)—10(13)()\ B %h(g))_l)

1
= F® 4+ khW)FM (A + (k — ).

In the second line we used (2.18). Eq.(2.47) can be verified in a similar way. Finally,
(2:48) follows by applying (¢**) @ ¢* ® id)Ad(¢*""") to (2:43) and noting @43). [

Lemma 2.9 Forl € Z>(, we have the equality

[T EE kA +kRD) - (id @ A)F(N)

1>k>1

=TT A N E G+ 07+ 0+ 2H®)

k>1

a 1
< [T EP (kA + khO)YES (o + (k — ). (2.49)

1>k>1

12



Proof. We prove (2.49) by induction on [. The statement holds for [ = 0, since we have
from (2.47)

a 1
(id® A)F(A) = [ FM N EM (kA + §h(2)).

k>1

Suppose the statement is correct for [ — 1. Then from (2.48) we obtain

1
FP N+ 1hD) HF(12 kA ELY. 1((k;+l—1))\+(l—§)h(2))

k>1
2
1 1
= FP A+ n0) - TTEED G+ DA+ (1= R F A x B 0A+ (1= )h®)
k>1

1
— HF(12 ENESD ((k+ DX + (1 + )h<2>) x FPV A+ IR F A+ (1= 5)h®).
k>1

This means that the statement holds also for . 0
Proof of Theorem 2.3. Let | — oo in (2.49). Then
FEN+ WD) (id @ A)F(N)

N N
1
=TT E N - T EPD (X + kD) ESD (kA + (k — 5)h<2>)
k>1 k>1
= FUIIN\) (A ®@id)F(N).
The last step is from (2.4). The statement (2.23) is evident from (2.14). 0O

The case of vertex type twistors (2.35) can be treated in an analogous manner. In

place of the automorphism (2.16), we set
p=ro0 Ad(qi_cp).
Then we have
Ad(qﬁ) 0 (6P oA =Aod

The twistor can be written as

= H Ek(k?"),
k>1
with the definition
Ei(r) = (¢* ®@id)C(r) ", (2.50)
C(r) = Ad(¢"* @ 1)(¢"R) = Ad1 ® ¢ =) (¢"R). (2.51)

We have also

Ad(¢*T) (6@ ) (Ei(r)) = Eu(r).

The rest of the proof is much the same with that of the face type, so we omit the details.

13



3 Examples

3.1 The case B, (sly)

Let g = sly, with the generators e, f, h as in (2.2),(2.3). In this case the universal R matrix
is given by [21]

1
R=q "expp(—(¢—q et @tf), T= Fheh. (3.1)
Here the g-exponential symbol is defined by
o xn
equ(.’L') = Z (n) 1 equ(.’L') equ_1(—.’L') = 17
n=0 q
(4;9) T
(n) = = ) (a; Q)n = (1 - aqk)-
o= ,H)
Let us set
1
A= (S+1)§h, w:q%,

and write F'(w) for F'(\). Since
ox = Ad(g?" w?")
and ¢%(e) = (q*w)*et?*, the formula for the twistor (2:2F) becomes
)
= [[expy2 (6 — g N@Pw) - et™ " @ 1f). (3:2)
k>1
Using the formula

i Hequ (a*b) if ba = q*ab,

n=0

we find

i WU e iy (3.3)

‘2w 2 ®1);47)n

The formulas (3:2)-(83) are due to [14, 3, 4]. In the two-dimensional representation
(m,C?)

m(e) = Eig, 7(f)=Exn, w(h)=En — E, (3.4)
with E;; denoting the matrix with 1 at the (7, j)-th place and 0 elsewhere, we have

(m@m)F(w)=14(q— q_l)%Em ® Fo1, (3.5)
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3.2 The case B, (sl)

Next consider the case of the affine Lie algebra g = sl,. Taking a basis {c,d, h1} of by, we

write
1
)\:(T+2)d+8/6+(8+1)§h1 (r,s',s € C).

©y is independent of s’. Writing

p=q", w=q", (3.6)

we set
R(z) = Ad(z? ® 1)(R), (3.7)
F(zp,w) = Ad(z? @ 1)(F()\)), (3.8)

R(z;p,w) = Ad(z" © 1)(R(A) = o(F (27" p,w))R(2)F(z;p,w) ™. (3.9)

In particular, for z = 0, ¢°®*4®<R(0) reduces to the universal R matrix (3.%) of U,(sl).

From (2.30),(2:31) we have

(gl

F(pg*" z;p,w) = (2, ©1d) (F(z:p,w)) x ¢"R(pa*"” 2), (3.10)
F(0;p,w) = Far, (w), (3.11)
where @, = Ad(¢"/?w"/?). In (B.11), the right hand side means the twistor (3:9) in the
previous example.
Let us calculate the image of (8.8),(8.9) in the two-dimensional representation (7, V),
V = C2?, where ey, f1,h; are mapped as in (3.4) and w(eg) = 7w(f1), 7(fo) = 7(e1),
m(ho) = —m(hy1). We set
Fyv(zp,w) = (1 @ m)F(zp,w),
Ryv(zp,w) = (1 @ M)R(2; p, w).
The image Ryy(z) = (7 @ m)R(z) is known to be given as follows (see e.g.[23]).

Ryv(2) = p(2)Rvv(2),

S Uit
P = ) St ) (312)
|
- B b(z) c(z)
va(z) = zc(z) b(z) s (313)
|
b(z) = (11__ ;Q)f o(z) = 11__;; (3.14)



Here and after, we use the infinite product symbol

o0

(it ot = ][ (=2t a).
11,32, ,in=0

Eq. (3.10) implies a difference equation for Fyy(z;p,w). Noting 7(c¢) = 0 and mo@,, =
Ad(D,)™" o where D, = diag(1,w), we find

Fyy(pz;p,w)' = Ryv(pz)' K(Dw @ 1) - Fyy(z;p,w)" (Dy © 1),

where X* means the transpose of X, and we have set K = diag(q'/2, ¢ /2, ¢~ /2, ¢'/?).
This means that each column of Fyy(z;p,w)" satisfies a difference equation of the same
sort as the ¢-KZ equation. Solving this with the initial condition which follows from
(8.11), we obtain the result

Xn(z) X12(2)

Fyy(z;p,w) = ¢(2;p) Xo1(2) Xoa(2) 7

where
(pz; 4% p)oo(Pq* 5 ¢*, D)o

ip) = , 3.15
#(zp) (pg?z; 4%, p)2 (3.15)

and
2 9
wq- q _
X11(2) = 21 ( W e 22) ;

wlg — -1 w 2 2
X12(2) = M2¢1 ( ¢ ;p’pq_QZ) )

1—w pw
—1 —1 —1,2 2
pw "\qg—(q pw ~q” pq _
Xoi(z) = 1_(pw_1 )z2¢1( -t PP Qz)>

—1.2 2
w _
X22(2) = 291 (p T T g Qz) :
pw
Here 5¢; (qachb; q, z) denotes the basic hypergeometric series
a b & a b
¢ q (4" Dn(@”; Dy,
201 g2 =)
( q° ) ,; (¢ Onla% @)n
The image of the R matrix is determined from (8:9) and the connection formula for
the basic hypergeometric series

a b 1 T T.(b— (e l—a a ,a—c+1
b1 (q ¢, ) _ DoTe(b=0)04(g""2) o (q q ;q7qc_a_b+1z)

V4 a) qa—b+1
a—be 1—bz b b—c+1
)64(q )2¢1 (q q -4, qc—a—b—l—lz) 7

q° <
qb—a+1



where

N = B0 6,(2) = (s a)ele )l )

We find
Ryv (z;p,w) = p(2;p)

with the coefficients given by

e (@) (P21 0, ") oo (P0* 27D, ¢*)

Plep) =4 (231 4")o0(q*2: P, ¢*) oo (pa®=7%p, ¢h)% » (319)
By -
epw) = 2 O,(¢°) @p(pw;z)' (3.20)

As expected, these are (up to a gauge) the Boltzmann weights of the Andrews-Baxter-
Forrester model [{(].

3.3 The case A,,(sl,)

The case of A, ,(sla) can be treated similarly. Let

R(C) = Ad(¢P ® 1)(R), (3.21)
E(¢p) = Ad(¢” @ 1)(E(r)), (3.22)
R(¢Gp) = Ad(CP @ 1)(R(r) = o (E(CYp) RIOE(Cp) ™ (3.23)

where p = ¢*". In this case we have simply qTﬁ(O) = 1. Thus E((;p) is characterized by

E(@'2¢™¢p) = (r @1d) (B(Gp) x " RV 0),
E(0;p) = 1.
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The calculation of the image in the two-dimensional representation can be done di-

01
rectly. Since m o7 = Ad(0”) o7 with o* = < Lo ), we have

1
. -~ _ b c
(m® 7T)(72k ®id) (R(pko) =g 1/2p(p2kC2) ok Cok 7
Cor, bag
1
ka—l Cok—1
. -~ 1 _ B 1
(r® ) (7> ®id) (R(p’f QC)) = ¢ V2p(pP e 1 |
Cok—1 ka—l

where by, ¢; are given in terms of (3.14) by
1
by=b(p'¢?),  a=p2(c(').
The infinite product can be readily calculated, yielding the result

ag(C) dg(C)
be(¢) cr()

E(¢p) = (¢ 3.24
(m @) (E(Gp) = »(C5p) en(@) bp(0) : (3.24)
de(C) ap(¢)
where ¢(z;p) is given by (3.15), and
0246 p)oo
ap(0) £ ds(0) = (J(Ep]f/ 2qc‘]lC];Oz)O)oo’ (3.25)
 (FraCip) oo
o) e5l0) = pg i py (3.26)
Finally the image of the R matrix (3.23) is given by
a*(¢) d*(¢)
S - br(¢) ¢ (¢)
. _ 1/2 2
(m®@m)(R(¢Gp) =q ""p(C7,p) O b0 : (3.27)
d*(¢) a*(¢)
with
N o (TGP (TP D) s
O = (FrV%qCP)oe (FPV2q7 (D)0’ (3.28)
-1 —1 . —1.
bH(C) + ¢H(C) = 1+ ¢ 'C(Fpa'GP)oe (FPIC5 D)oo (3.29)

L+qC  (FraGip)es (FPa'¢5P)0
This agrees with the R matrix of the eight vertex model (cf. eqs.(2.5)—(2.9) in [24],
wherein the sign of p'/2 is changed). The results (3.24)-(3:29) are due to Frgnsdal[3, 25].
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4 Dynamical RLL-relations and vertex operators

The L-operators and vertex operators for the elliptic algebras can be constructed from
those of U,(g) by ‘dressing’ the latter with the twistors. In this section, we examine
various commutation relations among these operators. We shall mainly discuss the case
of the face type algebra B, ,(g) where g is of affine type. We touch upon the vertex type
algebras A, ,(sl,) briefly at the end.

4.1 RLL-relation for B, (g)

Hereafter we write U = U,(g), B = By(g). By a representation of the quasi-Hopf
algebra B we mean that of the underlying associative algebra U. Let (my, V') be a finite
dimensional module over U, and (my., V.) be the evaluation representation associated

with it where 7y, = 7y o Ad(29).

Definition 4.1 We define L-operators for B by

LE(z,N) = (my, @id) RE(N), (4.1)
R+ ()\) _ qc®d+d®c'R()\), (4.2)
RT(N) = RED(N)~Hgmesd—dee, (4.3)

Likewise we set
RE (1) 22, \) = (v, @ Tway) RE(N).
Setting further
RE(z,)) = Ad(z¢ @ DHRE(N), (4.4)
we find from the dynamical YBE (A.18) that
RED (2 /29, A+ hEOYRFID (7 21 /23, NRF®) (2923, A + hV)
= R a2 NR g e/ z A BORE ) ()2, ),
RO (¢ 21 L2, A+ BONVR T (2 /25 AR~ (29 23, A+ AV)
= RO 29/ 25, VR I (21 /25, A + hPYR T2 (g 21 /25 N).
Applying 7y ® my ® id, we obtain the dynamical RLL relation.
Proposition 4.2
REGP (2120, A4+ ) LEW (21, N LEP (29, A + AW

= L;;}”(ZQ, NLEY (2, A+ h)VREGD (2120, ), (4.5)
RGP (¢ )20, A+ )L (21, N Ly (22, A+ D)
= L;V(Q)(zg, )\)L‘J;(l)(zl, A+ h(2))R‘t(V%,2)(q_cz1/zg, A). (4.6)
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Here the index (1) (resp. (2)) refers to V (resp. W), and h, ¢ (without superfix) are

elements of h C B. If we write
AN—p=rd+sc+A—p (r,s' € C,\ €p),
then
A+ b =+ hY + Dd+ (s +dD)e + (A4 hD) (4.7)

where h" is the dual Coxeter number. The parameter r plays the role of the elliptic
modulus. Note that, in (4.5)—(4.6), r also undergoes a shift depending on the central
element c.

Actually the two L-operators (4.1) are not independent.

Proposition 4.3 We have
L (pgtz, N) = ¢ 2T (Ad(X)) @ id) " L (2, ), (4.8)
where
Tve= Zw(ﬁj) ® hi,
X}\ _ ,N(qz}_z]-l_zj-i—ﬂf\—ﬁ)).
Proof. 1In the notation of (4.4), we have

R*(2,0) =0 (F(=""\ V) | R (2)F(z,0)7

e e,

R (2, N) =0 (F(zL, \)) R (2)F (g =" 2, 0~
Now the difference equation (2:30) implies

"R (p2) F(pz, \)7' = (o @id) " F(g~2"z, A),
o (F(p—l,z—l7 A) ) (id ® @») (J

) . /_(Z)q‘T) -
2-q
Noting that
Ad(¢*T)(pr ® )R =R,
we find
R (g% 2,0) = ¢ (gr @ id) " R (2, ).

Taking the image in V' we obtain the assertion. 0
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4.2 Vertex operators for B, ,(g)
Let (my.., V) be as before, and let V(i) be a highest weight module with highest weight
p. Consider intertwiners of U-modules of the form

W () Vi) — V) o Vi,

T (2) Voo V(n) — V(v),

We call them vertex operators (VO’s) of type I and type II, respectively.ft Define the
corresponding VO's for B as follows [25].

O™ (2,0) = (id @ ) F(A) 0 02, (4.9)
U (2, 0) = WP () o (m. @ 1) F(V) (4.10)

When there is no fear of confusion, we often drop the sub(super)scripts V or (v, u). It
is clear that (4.9),(4.10) satisfy the intertwining relations relative to the coproduct Ay

(2:29),

Ax(a)P(z,A) = P(z,\)a  VYa € B,
al*(z,\) = ¥*(z,\)Ax(a) Va € B.

These intertwining relations can be encapsulated to commutation relations with the L-

operators.

Proposition 4.4 The ‘dressed’ VO’s (4.9),(4.10) satisfy the following dynamical inter-

twining relations (see the diagram below):

4.14

( 2,)\)[/;(21,)\) R; (qczl/z%)\—i— h)L+(21,)\)CI)W(ZQ,)\—|— h(l)), (411)
W(Zg, )\)L‘_/(Zl, )\) ‘_/ (21/22, A + h) (21, )\)CI)W(ZQ, A + h(l)), (412)
L (21, N Wy (22, A + h“ Uiy (20, VL (20, A+ B RE (2122, N),  (4.13)
( (4.14)

U (22, \) Ly (21, A + h VRyw (21 /22, ).

+

VL aVip) 25 vV, Vi) eW, —— V., V) e,

{| |76

V., ® V() V., 8 V()@ W,

Py

1 In this paper we treat VO’s which have Fourier expansion in integral powers of z. In the notation
of [23], they are denoted with the symbol ~; e.g. ‘I?'g/”’”)( ) here is written as CD” V(z) in [23].
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+ L=

R

Vo @ V(v) Vo @ V(v)

+
LV

Proof. Let A be the original coproduct (2.5) for U. The properties (A.18), (A.17) are

equivalently rewritten as
(A@I)R(N) = FIIN+ ) TREDVRE) (X + pW)FID()),
(id @ AYRN) = FEN)TRII(N + h)RID(N)FE) (X 4 pW),
From this it follows that
(id® A)R (2, A) = FEIN) TR (°Y 2 A + h)yRF1D (2, ) FEI (A + h1V),
(1[d® AYR™(2,A) = FE(N) R (2, A + A)R=0D (¢ 2, \)FE) (A + hD),
Using the intertwining relation
Oy (2)a = Afa)w(2),
we obtain
Dy (22, \) L (21, \)
= (v © 14 @ M) (FEIN) () (mvs, @) (R(N)
= (v @14 @ mzy) (FEIO)(id @ AR (V) Py (23)
= (Tvs ® 1d ® Ts,) (R/””’ DN+ ROYRFTOD (N FE () 4+ h<1>)) Dyyr(22)
= Ry (¢°21 ) 20, A+ h) L (21, \) @y (20, A + A,
The other cases are similar. 0

From the theory of ¢KZ-equation[26], we know the VO’s for U satisfy the commutation

relations of the form

~ V. K v ! /K] ,‘{/
Ry (21/22) 80" (21) B (22) = D 0 ()@ (20) W ( y '

?) . (4.15)

/

w

‘I/*V(Vﬂu)(zl)lll*v(ﬂan)(zQ)va ,2’1/22 ZW[{( . ’llj Z)Q*V(V,u/)(@)\ll*v(u/,ﬁ)(zl),
2
(4.16)
P () 1 (2 Zwm< L z>‘1’%?(”’“”<zz><1>§f““><zl>. (4.17)
2
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Here #%

Ryv(z) = PRyv(2), Pev)=veu,
Ryv(21/22) = (v, ® Tv,,)R

is the ‘trigonometric’ R matrix. In (4.15)—(4.17) we used a slightly abbreviated notation.
For example, the left hand side of (4.15) means the composition

<I>(21)®1d 1d®R(21/22)

V (k)2 (1) @ V, V() ® Vi, ® Vi, V() ® Vi, ® Vi,

Similarly (4.16), (4.17) are maps

‘/22 ® ‘/21 ® V(’%) - V(V)>
‘/22 ® V(’%) - V(V) ® ‘/217

respectively. For U, (sly), the formulas for the W-factors in the simplest case can be found
e.g. in [23].

The ‘dressed” VO'’s satisfy similar relations with appropriate dynamical shift. Setting
Ryv(z,A) = PRyv(z,\), we have

Proposition 4.5
Ry (21/20, A+ BO)YBY™ (21, )™ (29, 1)

v, K K
:Z@ﬁx*><z2,A><I>§¢’><z1,A>WI< !

" pov

WM (2, MW (2, A+ RO Ry (2122, A) 7
— Z Wir < . :

v, * “-; KR
CI)%/’I)(ZL)\)‘I’ ( 227 ZWIII< , a

?) , (4.18)

: ) T (g, )T (20, A 1Y), (4.19)
2

v

: ) Ty (2, VOV (21, A+ BD).
2
(4.20)

Notice that the W-factors stay the same with the trigonometric case, and are not affected

by a dynamical shift.

Proof.  Let us verify (4.19) as an example. We drop the suffix V. From the intertwining

relation aU*(z) = ¥*(2)A(a), we have

LHS of (319)

#The R matrix used here is the image of the universal R matrix. It differs by a scalar factor from the

one used e.g. in [27, 23] in the commutation relations of VO's.
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= U0 (21)(m, @1d)(F(N) ") (id @ T (29)) (72, @ 72y @ id) (FED(A + D)7
= ‘I/*(V’“)(Zl) (ld &® ‘I/*(“’K)(Zg))
X (2 @ 2 @1d) ((Id @ A)F(A) ™ FEI(N 4 hW) 7). (4.21)
In the right hand side of (4.21), the first factor equals
K
Z Wir < , a

vV | %2

) T ) () TR () PAD (@ ., @ id) (RU?),
while the second is
(7 @2y @id) (A® id)F()\)_lF(12)()\)_1)
by the shifted cocycle condition. Since
RUD(A@id)F(N)TTFRN) ™ = (A @id) F(A) T FED(A)TTRID(N),
(#:21) becomes

ZWII < / /l’/L ) ‘Ij*(Vlt)( 2)\1}*(/1/’!’»') (Zl)

X (2 @ 1y @1d) (A @ 1d)F(A) T FID(N) ) - PO R(2 /29, A).

Z9

Using again the shifted cocycle condition we arrive at the right hand side of (4.19).

4.3 The case of A,,(sl,)

The case of vertex type algebras can be treated in a parallel way. Let (v, V), Ty =
mo Ad(¢?) stand for the evaluation module defined via the principal gradation operator

p. In place of d we use p/n to define the R-matrix and L-operators as follows:
Ly (¢ r) = (v @ id) R™(r),
R™*(r) =q"R(r),
R () =RV g T,
R (G1/ ) = (v ® mwes) R™(r),
Then the RLL relations (4.5)-(4.6) remain valid if we replace the shift A+ h by r + ¢

and read ¢¢z as ¢*/"C. Since ¢ is mapped to 0 in (v, V), the relations somewhat simplify.

/

The result reads as follows.

Ry (G /Gy + Ly (L) Ly (G )

= Ljv;/(Q)(C% )Ly L (G )Ry, 1(12 (G1/Cas), (4.22)
é;(v%f)(qc/nﬁ/@ﬂ" + C)th(l (ChT)La/gQ)(C%T)
= Ly (G ) LY (L) BV (a7 o). (4.23)

24



By the same method as in the face type case, we find also
7?//-1—(pl/nq(c(l)—f—c@))/nC7 ?") _ (7_ ® id)_l'ﬁ,/_(C, ?”).

Taking the image in the vector representation V = C" = Cv; & - - - @ Cuv,, and noting that
7 is implemented by a conjugation

moT=Ad(h)om, hv; = Vj11 mod ns
we obtain
LE(pVmqe"¢,r) = (Ad(h) @ id) " L, (¢, 7). (4.24)

The relations (4.23),(4.23) and (4.24) first appeared (for n = 2) in [1].
Similarly we define the VO’s by

O (¢, 1) = (id @ o) (B(r) o B4 (¢),
*(y M) (C, ) *V(V ;t)(C) o (WV,C ® id) (E(?"))_l‘

Here &) (¢), W™ (¢) are the VO’s of U,(sly) in the principal gradation. The inter-

twining relations can be obtained from (4.11)—(4.14) by a simple replacement as explained

-

above:
By (o, ) LGy 1) = Ry (077C Gy + O LE (G, )P (Goy7),  (4.25)
By (Co, ) Ly (C1,7) = Rypyyr (G /Cor 7 + ) Ly (Gt 1) P (Go, 7), (4.26)
Z¢(C1>T)‘TJ>IK/I/(C2>T) ‘IfIK/V(C% )L+(C1>T)R¢W(C1/C2>T)> (4'27)
Ly (G Wy (G r) = Wi (Goo 1) L (G ) Ry (071 f o, ). (4.28)

These formulas agree with those conjectured in [1, 24], if we identify ¢>"+¢) with p there.
The same can be done about the commutation relations of VO (4.18)-(4.20). We do
not repeat the formulas.

Acknowledgment. We thank Hidetoshi Awata, Jintai Ding, Benjamin Enriquez, Boris
Feigin, lan Grojnowski, Koji Hasegawa, Harunobu Kubo, Tetsuji Miwa , Takashi Takebe
and Jun Uchiyama for discussions and interest.

A Quasi-Hopf algebras

We summarize here some basic notions concerning quasi-Hopf algebras [I5, 28]. Let k be

a commutative ring.
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Definition A.1 A quasi-bialgebra is a set (A, A, e, ®) consisting of a unital associative
k-algebra A, homomorphisms A : A — A® A, € : A — k and an invertible element
b ec AR A® A, satisfying the following azioms.

(id ® A)A(a) = P(A ® id)A(a)®™ Va € A, (A.1)
(deid®A)? - (ARIdRId)P=(19®) - ((d®A®id)®- (P®1), (A.2)
(e®id)o A =id = (id®5) oA, (A.3)
(id®e®id)® = (A.4)

Definition A.2 A quasi-Hopf algebra is a quasi-bialgebra (A, A, e, ®) together with ele-

ments o, 3 € A and an antiautomorphism S, satisfying the following conditions.
Z S(b)ac; = e(a)a, Z bi3S(c;) = e(a)p, (A.5)
forae A, Ala) =", b; ®c;, and
ZXBS VaZ; =1, (A.6)

where ® =5 X; ®Y; ® Z;.

Definition A.3 A quasi-triangular quasi-Hopf algebra is a set (A, A, e, ®, R), where (A, A, e, )
15 a quasi-Hopf algebra and R € A ® A is an invertible element such that

A'(a) = RA(a)R ™, (A.7)
(A @id)R = @D RINGI3) ™ R (A.8)
(id @ A)R = @D RONHEI R12g128) 7, (A.9)

Here A'=00A (0(a®b) =b® a) is the opposite comultiplication.

In (A.8)-(A7),if = ,X,®Y;® Z, then we write dC? =3 7, @ X; @ V;, d21¥) =

(il

> Yi® X; ® Z;, and so forth. Similar notations will be used throughout.
The properties (A.7)-(A.9) imply in particular the Yang-Baxter type equation

R(12)q)(312)R(13)®(132)_1R(23)®(123) — ®(321)R(23)¢(231)_1R(13)¢(213)R(12). (AlO)

There is an important operation called twist, which associates a new quasi-bialgebra
with a given one. Let (A, A, e, ®) be a quasi-bialgebra, and let F' € A® A be an invertible
element such that (id®e)F =1= (e ®id)F. Set

Aa)= FA(@)F™'  (Ya€ A), (A.11)
b= (F®)(ide A)F) & (FI(A®id)F) . (A.12)
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Then (A, A e, &D) is also a quasi-bialgebra. We refer to the element F' as twistor. If in
addition (A, A, e, @) is a quasi-Hopf algebra, with «, 3, S satisfying (A.5) and (A.G), then
(A, A e, ®) defined by (A.11) and (A.12) together with

5':5, @—ZS e, BZZfiﬁS(gi)>
is also a quasi-Hopf algebra. Here we have set >, d; ® e, = F~ ' and )., f; ® g; = F.

Finally, a twist of a quasi-triangular quasi-Hopf algebra is again quasi-triangular, with

the choice of new R given by
R=FCHRpOD™! (A.13)

An important special case is a twist of a quasi-triangular Hopf algebra (A, A e, R)
(i.e. a quasi-triangular quasi-Hopf algebra with ® = 1) by a shifted cocycle. Let H be an
abelian subalgebra of A, with the product written additively.

Definition A.4 A twistor F(\) depending on X\ € H is a shifted cocycle if it satisfies the

relation
FIN) (A®id) F(\) = F® O\ 4+ aW) (ide A) F(\) (A.14)
for some h € H.

Let (A, Ay e, ®(N), R(A)) be the quasi-triangular quasi-Hopf algebra obtained by a
twist by F'(A). The shifted cocycle condition (A.14) simplifies the properties of ®(\) and
R()) as follows.

Proposition A.5 We have

d(\) = FEINFE(\ 4 pW)~1 (A.15)
(Ay ®id)R(\) = dCIDNRIDNRE) (A + p1), (A.16)
(id ® AN)R(A) = R\ + @) RUD(N)12) ()7L, (A.17)

As a corollary the dynamical Yang-Baxter relation holds:

RN+ MY RBBINREP) (X + V) = REI(N)RII (A + APYRUD (). (A.18)
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