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1 Introduction

The dilute A7, model [, ¥] is an integrable lattice model obtained by an RSOS restriction
of the face model of type Ag) [B]. It possesses several intriguing features. Among others,

we are interested in the following points.

i) At criticality, the dilute Az model in regime 2% is described by conformal field theory
(CFT) which belongs to the Virasoro minimal unitary series with the central charge
c=1-— M+M' The Andrews-Baxter-Forrester (ABF) model in regime III is known
to be a different off-critical lattice model having the same critical behavior. While
the ABF model corresponds to the (1, 3)-perturbation of the minimal unitary CFT,

the dilute Az model corresponds to the (1,2)-perturbation of the same CFT.

ii) In the particular case of L = 3, the model falls within the same universality class
as the two-dimensional Ising model in a magnetic field. The elliptic nome in the
Boltzmann weights plays the role of a magnetic field, as opposed to the usual role
as a temperature-like variable. In the field theory limit, the scattering process of

particles exhibits an FEg structure.

In [4], bosonization of the ABF model in regime III was achieved. By ‘bosonization’
we mean a free field realization of vertex operators (VO’s) of the model as formulated in
[G6]. It was also found that the deformed Virasoro algebra (DVA) proposed earlier in [{]
arises naturally, in such a way that the VO’s play the role of deformed chiral primary fields
for DVA. (More specifically, the VO’s of type I and type II correspond to the simplest
primary fields ¢9; and ¢12, respectively. Analogs of general ¢,,, are obtained by a fusion
procedure [7]. For an interpretation of the VO’s as intertwiners for elliptic algebras, see
[§].) The BRST resolution of Fock spaces which singles out irreducible representations
of the Virasoro algebra carries over to the deformed version as well. Thus the work [4]
presents an off-critical lattice version of the (1,3)-perturbation of the minimal unitary
CFT in the free field picture. In this paper we study a similar problem for the (1,2)-
perturbed CFT, by bosonizing the dilute Ay model. For this purpose we adapt the
construction of [3, 4, Y] to the case of AgQ).

In the trigonometric limit, bosonization of VO’s has been given in [1U, 11 using rep-
resentation theory of the quantum affine algebra Uq(Ag)). In principle, we are to follow
its elliptic analog on the basis of the face type elliptic algebra [12, §]. Because of some
technical difficulties in dealing with the latter, we take here a more pedestrian way and
solve the exchange relations directly to obtain the bosonic realizations of VO’s. In the
course we use the elliptic Drinfeld currents obtained by a ‘dressing’ procedure [§].

In view of the points i), ii) above, it is natural to expect that a different deformation

of the Virasoro algebra arises from the dilute Ay models. Such a deformation was found
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in [13] through bosonization of the A affine Toda field theory. (See [1%, %] for more
general deformed W algebras including the case Ag).) To make distinction from the
original DVA of [§], we use the symbol Vm,r(Ag)) to denote the DVA of [13]. In the
original case, the generating function of DVA (hereafter referred to as the ‘DVA current’)
can also be obtained from ‘fusion’ of the VO’s [18, 17, i8]. In the same way, we reproduce
the current of VI,T(AQQ)) by taking residues of products of the bosonized VO’s in the
present case.

For the dilute A; models in regime 2%, the space of states of the corner transfer matrix
is an analog of the minimal unitary representation [2] for Vx,r(Ag)). In order to obtain
them from the Fock spaces, we consider a Felder type resolution using the elliptic currents
of type Ag) as screening currents. Unlike the case of the ABF models, the BRST charges
are not simply a power of screening operators. Such a complication seems to be common
in the higher rank situations [19]. We prove the nilpotency of BRST charges with the help
of the Feigin-Odesskii algebra [1Y]. Assuming a cohomological property of the resulting
complex, we write down integral expressions for the two-point local height probabilities
(LHPs) and traces of general product of the VO'’s.

In the case of the dilute A3 model, it is of some interest to see how Zamolodchikov’s
Es structure of scattering process [2U] looks like in the free field picture. What plays the
role of the Zamolodchikov-Faddeev operator for creation/annihilation of bound states is
the DVA current [16]. Specializing to L = 3, we introduce eight kinds of DVA currents
by suitably fusing the elementary current of Vx,r(Ag)). We then find a curious similarity
between the operator product expansions of these currents and the so-called T-system
of Eg type for the transfer matrix [21, 22]. At present we do not understand its proper
meaning.

This paper is organized as follows. In section 2, we review the definition of the dilute
A model and give a brief description of the vertex operator approach. In section 3, we
give bosonization of the VO’s. We derive the current for Vx,r(Ag)) from them and state
a conjecture for the Kac determinant formula for Vx,r(Ag)). We also present a Felder
type BRST complex of the Fock spaces. Section 4 is devoted to an application of the
bosonization to the calculation of the LHP. In section 5, regarding the Vx,r(AQQ)) current
as the ZF operator for the particles in the A3 model, we discuss a similarity between
the T-system and the ‘bootstrap’ of the ZF operators. Appendix A is a summary of the
operator product expansion formulae for the elliptic currents and VO’s. In appendix B,
we prove the nilpotency of the BRST charges. Appendix C is devoted to an exposition
of the fusion properties of the deformed W currents for Ag\l,)_l, which should be compared

with those for the DVA currents associated with the dilute As model in section 5.



2 The dilute A; models

2.1 Boltzmann weights

Throughout this paper we fix a positive integer L > 3. In the dilute Az model, the local
fluctuation variables a, b, - - - take one of the L states 1,2,---, L, and those on neighboring
lattice sites are subject to the condition @ — b = 0,4+1. The Boltzmann weights can be
found in [2], eq.(3.1). For our purpose it is convenient to use the parametrization given in
Appendix A of [2], which is suitable in the ‘low-temperature’ regime. With some change
of notation we recall the formula below.

Let z = e72™¢ r = 7/(2)\) and u = —Ueig/(2)\), Where ), ¢ are the variables used in

[2] and iy stands for ‘u’ there. We shall restrict ourselves to the ‘regime 27’ defined by

L+1 3
O<z<l =2 — —— 0. 2.1
x , o (AT 2<u< (2.1)

Along with the variable u, we often use the multiplicative variable
z=x

Changing an overall scalar factor we put the Boltzmann weights in the form

W (% ale) = (¢ gle)

where p(u) will be specified in (2:4) below. To give the formula for the W factors, let us
set
[u] = 277 7O or (22Y), [u], = 2 4O (—x?), (2.2)

where

Op(2) = (29) o0 (P2 3 2)oo (15 D)oo

o0

ny,,nE=0

Then we have

=l

(3 al)-

a a a a +|xa — + 121y
(aai ) ( . il) ):_([i +[i/j]+[f/2]2+ = ) [1[—|—]u]’
(ajl a) ) (a, ail) ) i{i—;i/f/—g]u] [1[—11-]u]’

=l
I
%|

=l
I
%|
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(01 aj 1’“) - (G16)" %Ziﬂ [1%}’
W(ail Z’“) :W(Z atl’“) - (@) [j[_Ljila_—|—1172?]ﬂ]r+ 1 [—il—]u] [3/2M+ mk
W(a ; ail’ ) = ﬂle_ii“] [ [—il—]u] —G [ﬂ[i;alfu_ . [3/£U]+ u 1 [—ll—]u]’
W(Z Z)“) : [3]U] [1%} Eg:ﬁ H“%u[i]u]'

Here
G = S(g(if)” S(a) = (—1)“%, Ha:GI%+ ;%- (2.3)

We choose p(u) so that the partition function per site of the model equals to 1. Explicitly
it is given by [2]

2, 23y 2T 43, L 2r+4
r—1 pi(u o2, %2, % 228 2
) = Ly T e e e ()
p+(—u) (x%z,2%2,x z,xT’ z; 28, 27 o
where z = 22%, and we have introduced the notation
(ah Qi Pry 7pk)oo = H(aj;pla o 7pk)oo (25)

j=1

Graphically we represent the Boltzmann weights as follows:

U1
a el b
ab i b=a+e,
W( Ul—uz) = Ty W c=a+ e,
cd €2 . €9 ’
: d=b+c¢ch=c+e.
c €1 d
v

For definiteness we list below the basic properties of the Boltzmann weights.
Yang-Baxter equation

WD DLW

g

-yl e (! )



unitarity

crossing symmetry

initial condition

2.2 Vertex operators

Hereafter we assume that L is odd. The model has ground states labeled by odd integers
l=1,3,---,L—2[2]. They are characterized as configurations in which all heights take
the same value b. If L = 4m £ 1, then the possible values are b =1 (1 <1 <2m —1,1[:
odd)orb=1+102m+1<I<L—-2,1: o0dd).

Consider the corner transfer matrices A(z), B(z), C(z), D(z) corresponding to the NW|
SW, SE, NE quadrants, respectively. In the infinite volume limit, we have

C(z) = A(z) = 27", B(z) = D(z) = /S(k) "™,

with & denoting the value of the central height. The operator H (the corner Hamiltonian)
is independent of z. We denote by L;, the space of eigenstates of H in the sector where
the central height is fixed to k and the boundary heights are in the ground state [. It
was found in [2] that the generating function of the spectrum of H coincides with the

character of the Virasoro minimal unitary series. Namely

trﬁz,k (qH) = Xl,k(CI)> (2.6)
where
A p—c/24
Xik(q) = q(qT Z (qL(L+1)j2+((L+1)l—Lk)j _ qL(L+1)j2+((L+1)l+Lk)j+lk) 7
N 1/
c:l—L lk:((LJrl)l—Lk;)Q—l
L(L+1) AL(L+1)

Consider next the half-infinite transfer matrix extending to infinity in the north. We
denote it by

OFHRE () Ly e — Lok (e =0,£1).

6



Likewise we denote by
QMR (Y Ly — Ligye (e =0,£1)
the half-infinite transfer matrix extending to infinity in the west. We shall also write
BEAEI() = @u(z), () = @2(),

and call them vertex operators (VO’s) of type L.

u b

ONE) = f oy T = w g
a
u
a b

Intuitive graphical arguments based on the properties of the Boltzmann weights lead
to the following formulas. For the details we refer the reader to [23, 4.

0 (2) 0 (z1) = Y W (¢
g

Ol =) 20O () (2= a™),

wHCID(a’b)(z)w_H = @b (wz), CID*(b’a)(z) = ) (z7%2),

Z q)*(a,g) (Z)q)(g’b) (Z) = 5&()7 CI)(ab ( )q)*(bc (Z) 5@(:

&€
As explained in [§], multi-point local height probabilities are expressed as traces of
,a,) denote the
probability of finding these local variables to be (ag, - -, a,). Then we have

VO’s. Consider neighboring n + 1 lattice sites in a row. Let F(ag,---

Pl(a07 e 7an)
— Zz_ls(an)trﬁz,an (:LﬁHQ)*(anaan—l)(Z) .. q;*(al,ao)(z)q)(ao,al)(z) .. q)(an—lﬂan)(z))' (2.7)

Here the nomalization factor Z; is

- Zs(k)Xz,k($6)>

which can be expressed in product of theta functions with conjugate modulus [2]. In the

simplest case n = 0, the one-point function P;(k) is given by P(k) = Z; 'S (k)x1.(2%).
Remark. We follow mostly the notation of [H] but there are minor changes. The ®(¢™!)

in [9] corresponds to ®(z) in the present notation. We have also reversed the orientation

of edges of the Boltzmann weights.



3 Bosonization of vertex operators

3.1 Bosons

In this section we present a bosonic realization of vertex operators. The working closely
follows [4, H]. We set

h —
ke =

and introduce the oscillators a,, (n # 0) and P, () satisfying the commutation relations

(0] ([2n]: — [n]o)  [rnl.

n [(r — 1)n],

[Oéna O‘m] = 5n+m,07 (3 1)

[P,iQ] = 1.

Notice that [2n], — [n]. = [3n].[n/2]./[3n/2].. We shall also use

We denote by
Fip = Cla_y,as, - ]|, k)
the Fock space generated by

|, k) = eP+200,0),  P|l, k) = piill, k),

p”“_—_\/i F _l\/? "Wz L+1 (32)

(Recall that r = 2(L + 1)/(L + 2).) These Fock spaces are graded by

where p; 1, is

R n? [(T—l)n] N 1, 1
= e bl et A

n=1

—Nnay, [d,iQ] = P and d|l, k) = (A1 — ¢/24)|l, k). For later use,

which satisfies [d, o] =
b Fi — Fiu by

n]
we define operators Z

l|_7:l7k =[x ldfz,w k |_7:l’k =k X ld]:l’k.



3.2 Vertex operators

In the works [10}, 11], a bosonic realization of the level-one representation of the quantum
affine algebra Uq(Ag)) and associated vertex operators have been obtained. We shall
consider their elliptic counterparts.

The elliptic version of the Drinfeld currents are constructed from the trigonometric
ones by a ‘dressing’ procedure described in [§]. Applying it to the present case of Uq(Ag)),

we obtain
24 (2) : Fie — Fiog, x-(2): Fip — Frp-t1,
ry(z) =: eXp(— Z [Z—Tz_”) : xeVrT@ VPt (3.3)

n#0
/
r_(2) =:exp (Z [zT z_”) D xe VTR VE P (3.4)
n#0 x

The elliptic version of VO’s (of type I and type II) are defined in terms of their trigono-
metric ones and a ‘twistor’ given by an infinite product of the universal R matrix [24].
They satisfy the commutation relations of the type (3.11)-(3.13) in the next subsection.
As we do not know how to evaluate the twistor in the bosonic realization, we have solved
the relations (8:11)-(3.13) directly for ®.(z), ¥(2). We obtain the following.

Type I:
D.(2) 1 Fie — Frr—e
047, —-n r=1; r—1 r=1
O_(z2) = :eXp(—Zmz ) D xeV Ve P (3.5)

n#0 L

1—r 1 [u — Ui+ ]%]4_
Dp(z) = a2 dz,®_(2)x_(2z1) ) (3.6)
f Vo 1721, - 1y2), 1~ 172
0. = o f dnded (o ()22
S(k—1) 1 [u— uy + 2k — 3/2] [ul—uz—i—/%]Jr' (37)

S(k) [k—1/2]4[2k—2] [w—w+1/2]  [u1—uz+1/2]
Type II:
Ui(z) : Fix — Fizek,
ve0) = e D g ) e VA VA a3)

_ o [271] . —

1 [u—uy — /2]

[u—uy — 1/2]* (3:9)

U(2) = @0 ¢ dz, W (2)a (=)
7{%‘ I+ 1 /200 - 1)/21;
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Vi) = 07T dadent (e (e (a2

S(1/2—1) 1
s5+(1/2)

[ —uy — 1+ 3/2] [u1 — uy — Z/Q]i
(=12 [l =2 [u—ur—1/2] [ur —ug—1/2]*

- (3.10)

_ 2u . 2ug _ . .
Here z = 2%, z; = 2%, dz; = dz;/(2miz;) and

u2

ult = 71 O a2 (— ),
+

u2

[u]* = 271740202 ("),

S*(a) =

The poles of the integrand of (3.G)—(B.10) and the integration contours are listed in the
following table (n = 0,1,2,---). For example, Cj is a simple closed contour that encircles
2272 (n > 0) but not 7172z (n > 0).

inside outside
CO 21 = x1+2rnz 21 = .%‘_1_27%2
C+ 21 = x1+2rnz 21 = .%‘_1_27%2
20 = x1+27’n21 20 = x—1—27’nz7x—1—27’n21’x2—27’(n+1)21
Cg Z] = .’L’_1+2(T_1)n2 2 = .’13‘1_2(T_1)n2
C_T_ 2 = $_1+2(T_1)n2 2 = $1_2(T_1)n2
20 = x—1+2(7’—1)n21 20 = $1_2(T_1)n27$1_2(T_1)n21,$_2_2(T_1)(n+1)21

3.3 Commutation relations and inversion identities

The VO'’s given above satisfy the following commutation relations.

( k k+ ¢
k4+ey k+er+e9

Oey(22) Py (1) = Y W

rot
, 5/1’52
51+52=51+52

U (200 () = > W

1
51,52

)ul - /U/Q) D1 (21)Per (22), (3.11)

*( 1/2 1/2 + &,
[/2+¢) 1/2+¢e1+e

= ) Wy ()W (), (3:12)

/ /
51+52=51+52

D, (22) W7 (21) = T(ug — u) V7 (21) De, (22). (3.13)
Here we have set (for z = z?%)

a b —ra b
W*( ) - W( ) X o (u), 3.14
cd ¢ cd ¢ r—r—1 P (U) ( )

e, o5 (u . (232, 22, 2% 2, 2?2 28 2?72
r—1 = = 315
z P (U) pj_ (—U) I (U) (27 zz, 1‘27,4_327 $2T+42; $6, x2T_2)oo ) ( )
O (—227 1O (—a?271)

(3.16)



Note that
O (227106 (22271)

o1 O,6(12)0 6 (2%2)
We do not present the tedious but straightforward verification of (3.11)-(3.13).

For the description of correlation functions we need also the ‘dual’ VO’s. Define

p(u) = —p(u)

01 (2) = g\/S(h) D_.(a32)\/S(R), (3.17)

U.(2) = /S /2) 0" (2P S (/2) (3.18)

where
. _ (x;x2r)oo (.,13,571,671,27’ x2r+1 .’L' .’L' )
g (.’13'2, :L.2r)go(x2r—1; :L.2r)oo(x2r; :L.QT)ZéO (.’13'2, .’13'3, x2r+37 :L,2r+4’ .’13'6 x27’) ’
. (.’L'_l; x2r—2)oo (.’13'3, .’13'4, x2r x2r+1 .’L' x2r 2)00

(.’L'_Q; x2r—2)go(x2r—1; :L,2r—2)oo(x2r—2; :L.2r—2)go (.’L’, $67 x2r+37 :L,2r+4, .’13'6, x2r—2)oo

Then we have

66 €9
O, (2) @7, (2) = 02y, X id, - Wy (20) W, (22) = W +oe (= 2), (3.19)
— <1/ ~2

1—21/22

S 07 (2)0.(2) = id, SO W) Ua(z1) = e, (51— 2).(3.20)

3.4 Deformed Virasoro algebra

Brazhnikov and Lukyanov [13] pointed out that one can associate to the algebra A?

a deformed Virasoro algebra (DVA) which is different from the one found in []. The
original DVA of [b], associated with AW arises also as a ‘fusion’ of VO's [L@]. Let us

discuss this point in the present case of A?.
Let
As(z eXp( Z)\ i3/2 ) : xxiQ\/r(r—_l)P,
n#0
— [T_l/Q 22 n/2\y —n \ .
Ao(z) = /9, D ex p(%)\ 2 gn/?), ) : (3.21)
T(z) = Ai(2) + Ao(2) + A_(2),
where
PN ORNY (s MR (77 N
= = e e T T B =
— (g — gt 21 [n]o[rn]s[(r — Dn],
PWH)‘ ] ( ) n [2n]m . n]ac 6m+n,0



Then 7T'(z) is obtained from VO’s by fusing them,

q)sg (xr+3/22/)q):1 (x—r+3/22)
(.’L', $6, x5—27’) x6—2T; .,13.6)00

< —r
= (1 - Z) ( )61+1661 €2 (’Z) -t (.’13'3, .’13'4, .’IL'Q_QT, .’IL'B_QT; -’176)00 T (Z/ - Z>(322)

The T'(z) satisfies the DVA of [1]]

F(2) 1) -1 (2) e

= (z—a") r+ /2l [[1]/2[]?;[3/2]] r=3/2s (6 z° ) ( _32)) (3.23)

-z [r]a[r —[1§§i[r — 1 (5( )T(ng) — (5( _sz)T(-T_lZQ)) )

PR (_ 5ot e~ 1>n]xzn)

2n], — (1],

1 (2%, 23722 22, 052, 2% 2, 2% 2 %) o

= . 3.24

1 —z (P22, 25722 wz, a2z a2 32 a2z, 20) (3:24)

The notation of [13] is related to ours by x5, = 2%/2,0/Q = r, 1/(Qb) = 1—r, g(2) = f(2),
V(z) = T(2). In what follows we call this algebra V,,(AS). The relation (5.23) is

invariant under

re—1l—r oz T(z)— -T(2). (3.25)

We remark that T(z) = —A,(2) + Ag(2) — A_(z) also satisfies (B:23), which is obtained
from type II VO's,

‘1161 (x’"_H?’/Qz’)\IJ; (.’IZ'_(T_I)+3/22)
5—2r ,.6—2r

1 e1+1 T — (.TQ,.T?’,.T , L ;x6)00 /
— 5 —2) (=" - 2).
1 — Z//Z( ) €1,€2 ( Z) ( T )(.,13,57 .’13'6, .%_2_27,7 .’IZ'B_QT; -’176)00 + ) (Z Z)

Let us discuss some features of Vm,r(Ag)).

R

Conformal limit In the conformal limit (x = " — 1, r : fixed), (3.23) admits two

limits [i13] related by (3.25),
T(2)=3—2r+h? (87"(7" —1)2°L(z) + ér(r - -2r)+(2- ?")2) +O(R*),  (3.26)
T(2) = 1= 2 4 1 (=8r(r — D)E() + orlr = 11— 20) — (1)) + O(*),(3:27)
where L(z), L(z) are the Virasoro currents with the central charges c, ¢ respectively,
3(2 — r)? 6 _ 3(1+7)

ey Ty T e
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In the free boson realization (B:2T), T'(z) and T(z) have ‘natural’ expansions (3.26)

and (8.27) respectively, by the following identification:

m _ p—rn p(r—1)n _ p—(r—1)n 1
)\n:2h\/r(r—1)\/x Tz z

2hrn 2h(r—1)n 2" —14a™m i

P =an— _2-r _ T — _r+l

N ) R W (S VY

1 2 2 —
L(z) =: 5(8¢(z)) : —i—ﬁ@%(z),
~ 1/ ~ 2 1 ~
L(z) =: 5(8¢(z)) : +2??:(+T1)82¢(2)7
where [an, @m] = N0pim,0, 00(2) = >, anz” "1 and 09(z) = 0¢(z) . On the other

ap—ag

hand, T'(z) has an expansion of the form (3:27) with P = ay— —=l— 472D _ (), ¢ 7).

2¢/r(r=1) = 2h\/r(r—1)

Kac determinant Let T'(z) = > ., T,27", and let Uy be the algebra generated by
{T»}+n>0. As usual, the Verma module of highest weight A € C is defined as the free
left U_-module generated by a vector |A) such that 7,,|A) = 0 (n > 0) and TH|\) = A|N).
Likewise the right Verma module is defined by (AT, = 0 (n < 0), (\|Ty = A(\|, and
(AM|A) = 1. At level N there are p(IN) (the number of partition) independent states,
T Ty Tp|N) (N1 > ng > -+ >my >0, 22:1 n; = N). Let us number these
states by the reverse lexicographic ordering for (ni,ng,---,n), i.e., [\ N, 1) = T_n|N),
NN, 2) = Tonp1Ta|A), -+ A N, p(N)) = TN |A\). Similarly we define (\; N, 1| = (AT,
AN, 2] = N Ty, -, (N, p(N)] = (AT

We conjecture that the Kac determinant at level IV is given by

det(()\; N, il N>j>)

1<4,j<p(N)

rl —rl r—1)l —(r=1)I\ \ P(N—Ik)
= H (()\—)\z,k)()\—xz,k)(x mE Gt ))) . (3.28)

-1+ 27!

Lk>1
k<N

where

_ _ Cop(m [r—1/2],
)\l,k — Ir+2k(r—1) +.’L’lr 2k(r—1) _ L
[1/2].
~ _ _ —k(r— [r—1/2],
)\l,k — —x 2lr+k(r—1) _x2lr k(r—1) _
[1/2].
We remark that in the free boson realization To|l, k) = Nx|l, k) and Tpe*@|2l, k/2) =
Nee®@|21, k/2), where o = —mCD_ (5 € 7,),

2hy/7(r—1)
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3.5 Felder complex

The Fock spaces F; themselves do not give a bosonic realization of the space of states
L1, of the corner Hamiltonian. For this we need a cohomological construction using an

analog of the Felder complex [25]:

Xy X 4 X X,
'—’f2le—’ﬂk—’f—k—’ﬂ oLk — (3.29)
Xij_1:O.

In the case of the algebra Agl)

, Lukyanov and Pugai constructed the coboundary map X;
as a power of a single operator ([4], see also [2G]). In our case, the formula for X; is a

little more involved.

Set
- fut /2"
@ - %zud_z“(z) fut 172
(a) _ 1
= %ﬁl||22|1 d_Zld_22 -T+(Zl)$+(22) [Ul + 1/2]*[u2 + 1/2]*
[Ul - U2]* a) . .
X [u1 — Uy + 1]*[u1 — Uy — 1/2]*f2 (Ul + Z/Q,UQ + Z/Q),
where

£ ug) = 20+ 1*[a = 1/2)*[us — a]*Jus + a — 1]*[uy — us + a — 1/2)*
—[2a — 1" [a+ 1/2]"[u1 + a]*[uz — a — 1]*[ug — ug —a — 1/2]".

These operators are mutually commutative (see Lemma B.1). We define ‘BRST charges’
Q (1 <1< L-1) as follows:

0 Q105 - Q3" (1=2m+1),
((L+1>/2 QU (g gy

Note that QL = QZQL 1.

Proposition 3.1 Suppose I is odd and ' =1 mod L (1 <1< L —1). On the space

Fu g, Qi is expressed as

I dzyrg (2 ry(z) Hi(uq, -+, w), 3.30
Qﬂ{ﬂiﬂ L (21) w4 () H( ), (330

Hy(uy, - ,w) = £h(ug, -+, ) 1<£[]<l - +[?1L] @zuﬂ*u] sy (3.31)

14



where hy(uy,---,u) is holomorphic, symmetric and satisfies hy(uy + v, u + v) =
hi(ug, -+, u). We have

H(uy +r—1,-- w) = Huy, -, w), (3.32)
Hy(uy + 7, w) = H(u, -+, u) e~ M=/ (r=1), (3.33)

where T = mi/log x.

Hence (8.30) does not depend on R > 0.
Proposition 3.2 Under the same condition as above, we have
QQr. =0 (1<I<L-1).
Let us call Cjy the cochain complex (8:29) defined by

Xoj =Q1  Froojre — F-i—2iL.ks

Xojy1 = Qro + Faojre — Fioa(+1)Lk-

In the conformal limit where z — 1 and z = 2%* kept fixed, this complex formally tends
to Felder’s complex [25] for the minimal unitary series. In view of this, it is natural to

expect that
Hj(Cl’k) = Keer/Iij_l =0 (] 7£ O) (334)

By Euler-Poincaré principle, the 0-th cohomology H°(C) ) has then the same character
as the space of states L, (see (2.6)),
trHO(Cz,k)(qd) = trﬁz,k (qH)

Henceforth we assume (8.34) and make an identification

H(Cip) = Lo, d="H.

Proposition 3.3 Under the same assumption as in Proposition 3.1, we have on Fy
[CI)E(Z)> Ql] =0 (5 =0, :IZ)> (335)
[T'(2), Qi) = 0. (3.36)
Proof. (8236) is a consequence of (3.35) and (8:22). Let us show
d_ (Z)Ql = QZCI)_(Z)

15



The left (resp. right) hand side is well defined if we choose R < 1 (resp. R > 1) in
(8.30). As meromorphic functions we have ®_(2)x;(2;) = z4(2;)®_(2), and the product
has no poles. Since (); does not depend on R, the conclusion follows.

Next let us prove (3.35) with € = 0. The case ¢ = + can be shown similarly. Dropping

irrelevant constants we consider

%) = § do(2)a(2)

As meromorphic functions we have

[w— o' + k],
[u—u' +1/2])

z+ 2 _
z+x)(z+ax 1)

z_(2)z () :.

We use the expression (3.30) with 2%|z| < R < x72|z|. Taking into account the symmetry

r(2)r () =2y (27 (2) = (

in the integration variables z1,- - -, 2;, we obtain

[5(2), Q1] = 57{7{ - |:Rd_21"'d_zz Hy(uy, -+, w)

[/U/ - u/ + l%]‘f' dzl

X (r€Sz1= gz €S- g1, ) D (2)2 ()24 (21) - -x+(zz)m—‘

By noting the identity
cxy(2)r (a7 t2) =T (2P ) (—2? )

we can rewrite the right hand side as follows:
1§ ¢ doy oo f oA o) oo () i,
|z2|="=l|z|=R Cy

_7{)2 d_zlA(x2r_2z1,2)$+(22)"'$+(ZZ)HZ(U1>“'>“Z))> (3.37)

where

R
— k
A(z1,2) = resz/—fmq)—(z)x—(zl)x#zl)%d%
holomorphic function
- t P (= .
(—2221 /2, =222 21; %) o (2)a—(—z21)24(21)

The contours for z; are (n > 0)

inside outside
Cy |z = —.’IZ'QT(R—H)Z 2 = —p2-2rn,
02 2 = _$2+2rnz 2 = _x—2r(n+1)z

Moreover the product : z_(—xz1)z4(21) : £4(2;) is holomorphic in 2; for [#27z;| < |z1]. In
view of the periodicity (8.33), the two terms of (8:37) cancel out by shifting the contour

21 — 2222 O
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4 Local height probabilities

We present here a calculation of the local height probabilities (LHP) for the dilute Ay,
models in the regime 2.

4.1 Two-point LHP

We have already mentioned the result (2.6) about the one-point function. As the next
simplest case, let us consider the probability P(a — €, a) of finding two neighboring local
height variables to be a — ¢, a (¢ = 0,%).

F(a—¢,a) = — S(a) trg,, (xWCI):(z)CI)E(z))

7 gy S(a)S(a—ce) tre,, (xWCI)_E(x_Bz)CI)E(z)). (4.1)

Note that P(a — ¢, a) is independent of z. From (4.1) and the property of the type I VO
(8.20), we have the following relations.

6
Z Pl(a—s,a)zw, P(a—e¢,a) = Pla,a—¢), PF(0,1)=0.
e=£1,0 !

The evaluation of the trace yields the following expressions.

a—l

Ala=1,a) =~ [a—— 24 — 2]

dw, dwy Z(wy,ws)

C+(1
— 31 — 2a + 2)[v1 — vo + a]
[Ul+2][ — 3l[v1 — v2 + 3]

Y

S(a) z'+ w e Tl w (1 —a+ 3] [va — a]
ot 1, [ —11 ﬁowd ﬁomd > Zlon, ) =, =

RAla+1,a) =

P(a,a) =

dw, dwy Z(wy,ws)

C+(CC_3
y [v1 —2a + 1][v1 — v + a + 1)1 [vs + 2]
[v1 + 1][vr = vz + 5][v2 — 3]

Here w; = 2% (i = 1,2) and

T (wq,ws)
= trg,, (270 () () B_()a_(ws))

(.’13‘5, .,iji; .,iji’ x27’)go (x27’+2w1, x27’+2/w1’ x27’—1w2’ .’IZ’2T+2//1U2; .,1;,3’ x2r)oo

(223, g2r+4; 16 32r)2_ (zhwy, 24 Jwr, Tws, T /wa; 23, 227 ) oo

= O (wr, ws)

Goo (2271 wo fw1) Gy (22, w2 Jw:)
Goo (22772 wo Jw1)Gae (T, wa /wy)

X (3367 wa/wr, 336w1/w2; 336)00
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where O (w1, ws) is the zero-mode contribution

< I(L+1)—aL .
Ol,k(w17w2) — (x )Al“ (x3w1w2) 2(L+1)a +4(L+1) Z x w1w2 Lj
JEZ
v ((xfi)L(L+1)j2—(l(L+1)—aL)j _ (xfi)L(L+1)j2+(l(L+1)+aL)j+la ( x3w1w2)‘l)
9

and
Gao(A, 2) = (2°4; 2% 222 (Az; 2%, 27 oo (2% A) 2, 25, 27 oo

The contours C (1), Co(z™3)UCy(1), Cy(x~3) are chosen as follows (n,m > 0); For all the
44-3m—+2rn

contours, the poles w; = x , Wy = gpA3mA2rn pAtbm2r(ntl)y, 1 +6(mA D42y, are
inside and the poles wy = .,L,—4—3m—2rn7 wy = .,L,—1—3m—2rn7 x2—6m—2r(n+1)w17 x—1—6m—2rnw1
are outside. In addition,
inside outside
C+(1) wy = x—1+2r(n+1) wy = p—1-2rn
Wo = x1+2rnw1 wy = ',L,—1—2rn7',L,—1—2rnw17x2—2r(n+1)w1
C()(.’L'_g) U 00(1) wy = x—2+2rn wy = x—4—2rn
Wo = x1+2rn Wy = x—1—2rn
C+ (l.—B) wy = x—2+2rn wy = x—4—2rn
wy = .,L,1+2rn7 x1+2rnw1 wy = .,13,1—27’(77,—}—1)7 ',L,—l—2rn,u]17 x2—2r(n+1)w

4.2 General case

Integral representation of the N-point correlation functions can be derived in a similar

manner. It is written in terms of the traces of the type I vertex operators as in (2.7%):
Z7 'S (k) tre,, (CID; (2021) -+ ®F (2%2n)Pepy (202n) - - - Dey (2021 6”) (4.2)

Here we give only the integral formula for the traces over the Fock module in a general

situation
7, (<I>51 (z1) - ®., (ZN)Q;W). (4.3)

We assume Y~ | &, = 0. Otherwise (4.3) vanishes.

First we prepare several functions.

(.T5+2TZ; .’13'6, x2r) F(Z)
F - G =
(2) (27226, 227) 7 (2) F(x2)F(z12)’
H(z) = (282, 292, 294272, 10427 5 46 46 421

(.’L’HZ, .’13'122, .’L'6+2TZ, .’L'7+2TZ; .’13'6, .’13'6, :L.ZT) ’
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Define he, (zn, {wni}, k) (en = 0,4) by normal-ordering the integrand of (3:6),(8.7),

., (2, —7{( H dw,, ): —(zn) H T (Wn;) hsn(zn,{wn,i},l%),

i€l(e) i€l(e)

1(0) = {1}, I(+) ={1,2}.

Explicitly we have

$(2u—2v+k+1/2)(k—1/2)/r2—k+1/2(xz2) or 2r—2k

h0(27 w, k) =

(22w, —2¥ w2 07 ) o

h+(2, wi, W2, k) =

S(k; _ 1) ${4(k—1)(u—v1+k—1/2)+(k—1/2)(2111—2v2+k+1/2)}/r2—3k+5/2(xz2/w1) L

VIE+1/24 [k —1/2]4 (zw/z, 22 /w; 2o

S(k) [k —1/2]1[2k — 2]
y (x2r—1w2/z7 x4k_3z/w1, x2r—4k+3w1/z; -T2r)oo
(zwa/z, xw1 /2, 22 /w1 2%
X (22w /w1, —27Fw; Jwa, —1% Fwy f1w1; 1) o (1 — ﬂ)
(zwa /w1, 2> 2w fwr, TW1 JWe; T ) wy /)

We use the symbol (A(z)B(w))) to denote the normal ordering factors

(See the list in Appendix 'A.)

With this notation we have

trr, (e, (21) - @y (20)2™)

7{ 7{ H H dwmj) em zm,{wm]}kJrZat

1<m<N j€l(em)

< 1 ((‘D—(Zm)@—(zn)» II (o (wng)e—(wa))

1<m<n<N lsm<nsN
— — i€l(en),j€I(em)

< I €e-Gae-(wa)) I Co(wng)®-(z))

1<n<m<N 1<m<n<N
G€I(em) GE€1(em)
xtrflk( O (1) (zn) [[ @ (wmy) x6H),
1<m<N
JE€EI(em)
where
trfl’k(: D_(z1)--P_(2n) H x_(wm,j):xfm)
1<m<N
J€I(em)
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= I HG/z) ]I Glwnifwng) [] Fln/wmi)F(wn,/z)  (45)
1<m,n<N 1<m,n<N 1<n,m<N

- i€l(en),j€1(em) J€I(em)

V=T
287 /4=1/24) ( =1
g (I w) /(I =) (IT o IT =)
(2 2%)cc 1<m<N 1<n<N 1<m<N 1<n<N
JjE€I(em) JjE€I(em)

where p; ;. is given in (8.2). The following are the list of poles of the integrand as functions

of wp, ;. The contour for dw,, ; encircles only those denoted ‘inside’(a,b € Zxo) :

inside outside
ho(Zm, Wi, k) Wyt = 2202, T
Py (Zm, Win,1, Winy2, k) W = 217202, Wy = 371722,
Who = 220, Wino = a2 12
(@ (W )P_(2)) e
<<q)—(zn)x—(wm,j)>> Wiy j = 1=,
(x_ (W) T— (W) Wiy = 220,
Wy j = w220y
G(wni /W, ;) Wy j = a1 T2rbHBay
Wpn,j = x27’(1+b)+6(1+a)wn’i
Wpn,j = x4+27’(1+b)+6awn’i
F(zn/wm,;) P Wiy = 220y,

The formula for the N-point correlation function (4.2) can be obtained through special-

izing (4.5) and noting
1

Since the result is lengthy we do not present it here.

H(z*2)H(2) =

5 Discussion

As was discussed in the main text, the DVA for the dilute A;, model (which we have
denoted by Vx,r(Ag))) exactly coincides with the one found by Brazhnikov and Lukyanov
[A3]. In the paper [13], Va, (A with |2| = 1 was treated as the Zamolodchikov-Faddeev
(ZF) algebra for the Bullough-Dodd model (A% Toda field theory). We regard V, (AP
with 0 <z < 1,7 =2(L+1)/(L+2) as the ZF algebra for the dilute A7, model (restricted
face model), and apply the idea of bootstrap method to study the fusion of the Vm,r(Ag))
current 7'(z).
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The two-dimensional Ising model at the critical temperature T' = T, is described by
the ¢ = 1/2 minimal CFT. Perturbing it by a magnetic field while keeping the same tem-
perature (7' = T,), an off-critical integrable model is obtained [2U]. A fascinating feature
of this theory is that the Lie algebra Eg appears as a hidden symmetry; one can check that
the integrals of motion P, appear at the exponents of Fg, s = 1,7,11,13,17,19,-- -, the
bootstrap program closes within eight particles, the mass ratios are given by the Perron-
Frobenius vector for the incidence matrix of Fg, and so on. Further discussions of the
model as the ¢; o-perturbation of the ¢ = 1/2 CFT can be found in [27]. It is argued that
the dilute A3 model is in the universality class of the magnetic-perturbed Ising model [1].
As in the case of the ABF model [4], our free field realization for the dilute A3z model
properly reduces to that of the ¢ = 1/2 CFT, including the VO’s, Vm,r(Agz)) and the
Felder complex. Our description of the the dilute A3 model, therefore, provides a lattice
analogue of the ¢; o-perturbation of the ¢ = 1/2 CFT.

In this section, we study an FEg-structure arising from Vx,r(Ag)) for the dilute As
model (r = 8/5). We construct eight fused DVA currents 7 (u) (a = 1,2,---,8) from
the fundamental VI,T(AQQ)) current 7'(z) using a bootstrap procedure. We show that these
fused currents obey a set of relations which resembles the so called level-two restricted
T-system of type Eél) [21].

The T-system of type ES” [21] is written as

1w 1 a a a
T3 = 5 T (u+ 55) = T ()T () + 989 (w) [T 780 (w), (5.1)
b~a
where T\ (u) (a =1,2,---,8) denotes the eigenvalues of the transfer matrix, the symbol

b ~ a means that b and a are adjacent nodes in the Dynkin diagram of Es, and ¢(® (u)’s
are some functions. (We have rescaled the u variable of [21] to fit the present notation.)
If the face model is restricted, then we have the truncation 1 < m < ¢. The integer ¢ is

called level. If ¢ = 2, T. Q(Q) (u) becomes proportional to the identity, and (5.1) reduces to

1
T (u — = )T (u +

1 a a b
20 o) = 9w + 0" () [[ 11" (w), (5.2)

b~a

with some functions ¢(® (u). This is called the level-two restricted T-system of type Eél).

In the paper [22], the T-system in (5.9) is realized in terms of the ‘quantum’ transfer

matrix for the dilute Az model.

Now we come back to the deformed Virasoro algebra Vm,r(Ag)) for the dilute A3 model.
Before going into the technical details, let us roughly state the type of formulas we find
for V, . (AY) with r = 8/5.
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Definition 5.1 Define the eight DVA currents T (u) (a =1,2,---,8) corresponding to

the simple roots of Eg by

T (u) = Ty(u),

T (u) = Ty(u) a=1,23,4,5,

TOW) = fig(uz = w)Ti(un)T5(wa)|
.

T®(u) = fig(us — ) T1(ur)Ta(uz)| e
ul =u+t 35
ug:u—%

Here the fused DVA currents T,,(u), Ts(u) and the structure function fom(u) are defined

in Definition 5.5 below.

Proposition 5.2 The following relations hold:

PO, un) T () T (uz)
@, u2) T () T (up)
PO, ua) T (ur ) T (uz)
PO, ua) T (ur ) T (uz)
PO, u2) T () T (un)
O, u2) T () T (uz)
PO, un) T () T (uz)

f(S) (uy, UQ)T(S)(Ul)T(S)(Ug)

u1=u+%
U =u— %

u1=u+%
U =u— %

u1=u+%
U =u— %

u1=u+%
ug=u— %

u1=u+%
U =u— %

u1=u+%
U =u— %

u1=u+%
U =u— %

u1=u+%
U =u— %

=T (),

= ¢ (ur, u2) T (w1 ) T (uy) ,

u]=u
ug=u

= ¢¥(ur,un) TP () TW(ug)|

u]=u
ug=u

= gD (w1, us)T® (ug) T (u) ;

u]=u
ug=u

= g™ (ur, u, uz) T (ur) T (u2) T (u3)

=g (u1, U2)T(5)(U1)T(7)(U2) ;

u]=u
ug=u

=T ),

=T ),

,(5.7)

u]=u
ug=u
uz=u

(5.8)

(5.9)

(5.10)

with appropriate functions @, g\ (see Definition 5.15). Both sides are regarded as

operators on the cohomology H°(Cyy.). Likewise we have the relations

3
[uz — w1 — 5]]]‘"(“)(%, up) T (ur )T (us) = “id,

uq =u+%
L
20

IS NS

+

ug=u—
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fora=1,2,---.8, where ¢\*’s are some constants and the symbol [ ] is defined below in

(B-14)-

We notice that (5.3)—(5.1L) for the fused Vm,r(Ag)) currents look very similar to the
T-system (5.2) arising from the analytic Bethe ansatz. There is, however, an obvious
discrepancy between them; while the T-system (5.2) comprises two terms, (5.3)-(5.11)
consists of only one term. More precisely, the right hand side of (5:3)—(5.10) corresponds

= -

to the second term in (b:2), whereas that of (5.11) corresponds to the first term. In the left
hand side, the spectral parameters u; —us of (5.3)-(5.10) and (5.11) differ by r. Such a shift
by r is irrelevant in the T-system (5.2), because the transfer matrix eigenvalues 7, (@) (u)
(with appropriate normalization) are periodic, T, @) (u+r)="1T, @) (u). This is a reflection of
the quasi-periodicity of the Boltzmann weights. On the other hand, the Vx,r(A?)) currents
T@(u) are by no means doubly quasi-periodic; we have T (u + mi/log ) = T(¥(u) but
T@ (1 ) £ TO(w).

We have not understood yet the reason why we have such similarities between the
T-system for the Bethe ansatz and the exchange relations for the DVA. For the purpose
of comparison, we summarize in Appendix C the fusions of the DVA current and the

‘I-system’ for the algebra Ag\l,)_l.

In the rest of this section, we briefly sketch the derivation of Proposition 5.3.

5.1 OPE’s

Let r be generic, for a while. We set

rf=r—1, (5.12)
t—a

[ue = — = (5.13)

[u] 1

[u+7r* 4+ 1], - [—u—rs—1]

[u] =

(5.14)

In this section we prefer to use the additive notation and write f(u) for the structure
function f(z) (z = 2?*) in (8:24). It satisfies the relations:

Lemma 5.3

=
<
+

N[

: ) [u—r—1/7]
f(u) [u—1/2] ~
3. [£u —r*] [u—r*+1/2]
] [£u-+1/2]

(idd)  flu—1)f(u)f(u+1) = [[u[[;r_ 1—]] 1] [[u[[;?"_ 1—/21]]/2]] [u [[;]]r*]].
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The operators Ay (z), Ao(z) are defined by (3.21).
Lemma 5.4 The operator product expansions (OPE’s) among A;(u) are
fluz = un) (@) Ay (2*)

= :Ai($2u1)/\j(x2u2) .
(! * (i) = (+ +),
% (¢,4) = (+,0)
[ur —ug — 7] [us — up — r* 4 1/2]
[ur — us] . Hul —uy +1/2] (4,7) = (+,-),
B e (,9) = (0,+),
ST (i.4) = (0,0)
o e (i) = (0.-).
[ur —ug —r* — 1] [us — ug — 1 — 3/2] B
[[ul—u2—*1]] [ur —us — 3/2] (6, 5) = (=),
Hm[[u—lu—zuj—;]] (i,5) = (=, 0),
*1 (i,7) = (— ).

5.2 Fused VJ;,T(AEQ)) currents T, (u) and T (u)

Suggested by the bootstrap program for general r, we introduce the following fused cur-
(2)
rents of V, ,(A5”).

Definition 5.5 Define the fused DVA currents T,,(u) and Tr(u) by
To(u) = To(u) =id, Ti(u) = Tr(u) = T(z™),

= I flw—w) Ta(w)Ti(uz) - Ti(uy) o
1<i<j<n ;LQZZ: o B
= J] fw ) - Ti(w)Ti(uz) - - Th(un) et 1 i
uj=u+t+ 5= (r*—5)—(i-1)(r*—3)
1<i<j<n 1<i<n
Define the structure functions for T (u), Tr(u) by
i=1 j=1
fmﬁ(“):HHf(UJF 5 (r —5)—(3—2)(7" —5))7
i=1 j=1
- T n+1, m+1,, 1 . .1
fmn(u):fnm(u):HHf(U‘f‘ 9 ro—= 2 (T _5)_]T +Z(T __))
i=1 j=1



These fused DVA currents enjoy the ZF exchange relations.

Lemma 5.6 As meromorphic functions, the following exchange relations hold.

Jn (V= )T (u) T (V) = from(u — 0) T (v) T (u),
fmﬁ(?} - U)Tm(U)Tﬁ(U) = fﬁm(
fma(v — )T (u)T7(v) = fam(u — 0)Tr(v)Th(u).

Lemma 5.7

_ Fh(vT1/2)
u=vFl [[_1/2]] [[_1]] ’

B B Fid
) emvx3pllo—ahlhl)] = [asrer

(i) [u—vE£1]f(v—u)Ti(u)T1(v)

(222) [[Ul — Uy — 1]] [[UQ — Uz — 1]]

x fug — ur) f(us — ur) f(us — u2)Ti(ur)Ti (uz)Th(us)

. ugmup—1
[0 302

We need the analyticity properties of the operator products. (Some details of the

derivation are given in Appendix for the case of Ag\l,)_l.)

Lemma 5.8 The product fpn(v — u)T,(u)T,(v) has poles only at

U—1v = —(2m+”—k)?"*—2|—71 k=1,2,--- ,min(m,n).
2 9
(-0

All the poles are simple.

Lemma 5.9 The product fmm(v — u)Tm(u)TH(v) has poles only at

simple pole :

u_vz{(%?—kﬂﬂ_%y_%

= (k) (=) 4

and

poles with multiplicity min(min(m, n), min(l,m +n —1)) :

u—uz{(%?—ooﬂ_a_l

ol =1,2,---,m+n—1.
~(m o) (o b,
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Lemma 5.10 The product fmn(v — u)Tm(u)T,(v) has poles only at

bt (B0 (= ) - 1
b+ ()

Sy — (22 0) (7 - })
St () (- )

Uu—v=

All the poles are simple.

5.3 The case of the dilute A3 model

The parameters for the dilute As model are given by

L+1 8 3

*

T Ty T T

For L = 3, we expect to have the following extra symmetry for T,,(u).

Conjecture 5.11 As operators acting on the BRST cohomology H°(Cy ) (k=1,2,3,1 =
1,2), we have

| _ _Dw)

(i) Ts(u) = [[12_0]] [[13_0]]’

i) Tu(u) = ]

() L) = 2 EEET

—id
R A e e E A EA R AR

One of the grounds for this conjecture 5.1T is the degeneration of the structure func-

(idi) T5(u)

tions.
Lemma 5.12 For r* = 3/5, we have

[u— Gllu— 3
[v— 51w — 51
o | Ol

)
[u— 551lu— 5
[v— $o0lw — 3

C[u+ Elu- 2]

(i) fis(u) = fia(u)

(i) fra(u) = fua(u)

(idi)  fis(u)

---------

T5—m(u) will not affect the analyticity in any of the OPE’s acting on the BRST cohomology
space.

To obtain the correct proportionality constants in Conjecture 5.1T, we calculated
(L, E| T (uw)|l, k) for k =1,2,3,1 =1,2.
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5.4 Fusions of Ty(u) at r* =3/5

If we study the bootstrap for Eg-symmetric particles carefully [2U], we realize that it is

helpful to consider the fusions of T5(u).

Lemma 5.13 For r* = 3/5, the following equalities hold.

(2) f22(U2 - Ul)Tz(Ul)T2(U2)

u1=u+%
ug=u— %

[ [ PV,
= T T ot~ i) o)

= [[_[[_w_[[_w_ﬂ_wmﬂ Jor(uz = w) Tg(u)Tiua)| | s
(“) f22(U2 - Ul)Tz(Ul)T2(U2) S
o0l s — )Ty ) T
- RIS |

[[__ 5(u u
[[__ [[__ [[__ f51(ug — uq)T5(ur)Th( 2)'u1=u+%,

ug=u— %

To prove these, we use

. 3 2 3
55 = 0, To(u) = [[1—0]] [[E]]TB(“)>

and Lemma 5.7.

5.5 Tx(u),Tz(u), T=(u) at r* = 3/5

The fused DVA currents Tx(u), T5(u), T5(u) for r* = 3/5 can be rewritten as follows.

Lemma 5.14 For r* = 3/5, we have

3) = =101 (R ) b
X fa1 (w2 — ur) fzy (uhy — wn) faz(us — ur) fra(uh — u2) frz(us — uh) fiz(us — uz)

x Ty(ur) T1 (uz) T1 (u5) T5(us)

u1=u+% )
ug:u—%

! —utd
ug=u+t35
uz=u— s

3=UT 30
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oo - SRR -

X f31 (g — ua) fzy (uhy — u1) fz5(us — ur) fra(uy — ug) frz(us — uy) frs(us — ug)

X Tg(u1) T (ug) Th (uh) Ta(us) |

I+ 1+
oot

e g g €
[SCRE SR U

T5(u) = fao(uz — u1)T5(u1)To(usz)

1_

- -

X fz1(ug — ur) far (uy — u1) fzz(us — ur) fra(uy — ug) fiz(us — uy) fiz(us — ug)
X T5(u1) T (u2) Th (uy) Ts(us) | o

w
I
[ ¥
glpmh—tml»—tglp

5.6 Structure functions
In accordance with the currents 7 (u), we introduce the following structure functions.

Definition 5.15 Define @) (a =1,2,---,8), ¢ (a =2,3---,6) by

F 9 (ur, u2) = faa(uz —us) (1<a<5h),
9w, u0) = fimgam(ue —w)  (2<a<4),

(5)u U Us) = _1 . [[ 10]][[ 10]][[ 10]][[ 10]][[_10]][[__ [[_ ]][[ 10]][[__
e [ § [ N | T ) YU [

><f43(Uz—ul+23)f41(Uz wr = 35) fia(us — -+ 5) fraloss — w1 — o)
*[us = ua] fi1 (us — w2 + 55) fra(us — w2 = %)
><f11(u3 — Ug + 1)f—( — Uug + 20)
1 —S=-5-5 - 1
FOur, ) = [-3]1-1] (=3 H%_ H%__) b [“] ey —p - 1
< fuslu ul+140)f§§(u = )l = w15 f oz~ o+ 1),

9(6)(U1>U2) = f52(“2 U1)

Y. o e
S w) = e T 3
£, 02) = [ ][1] (%) s = w2~ 5]

X faa(ug — uq),
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5 8 18 5
* fraluz = wn = 55) faa(uz —wua + o) fuluz — wn = op) fn (w2 — wa = o).
Collecting all the information together, we easily obtain the ‘I'-system’ with the FEjg

symmetry stated in Proposition5.2.

Acknowledgments. We thank Atsuo Kuniba, Yaroslav Pugai and Junji Suzuki for discus-
sions and interest. M. J. is grateful to Olivier Babelon and Jean Avan for kind invitation

and hospitality during his stay in Paris VI, where a part of this work was done.

A Operator product expansions

We list the normal ordering relations. For operators A(z), B(w) that have the form

: exp(linear in boson) :, we use the notation
A(z)B(w) = (A(2) B(w)) : A(2)B(w) :

and write down only the part (A(z)B(w))).

2r 27’—2)

r (722921, 2% 29215

(w4 (21)x1(22)) = 207 (1 = 22/ 1)

r1 (2229/21,

(z-()r-(2)) =27 (1 = 22/21)

o0

(x7 20/ 21, % 20 )21 0272 ) og

21y Lo 22 ) oo
(z22/21, 2% 229/ 215 2% ) |
1 1+ z/z
(1+z22/21)(1 + 27 20/21)’
21 Lo 22 ) oo
(z22/215; 2% ) oo
P _ = (@ e
o ()0 (a)) = 55 7 S
(P (21)74+(22)) = 24(22)P—(21) = (21 + 22),
e (a2 o 22
(z7129/215 2777200
. e (2 a2
(o) () = 5,77 e
(VZ(21)3-(22))) = (2-(22) VL (21))) = (21 + 22),
(@ ()0 () = =7 2Tl R 5
(xP29/21, 2820/ 21, &% 29 ) 21, x? M 29/ 21; 25, 227 ) o
(W () () = o7 e o T e -
(x329/21, k%2021, X% 20 ) 21, €229 /210 28, 22772)
(=220 )21, —2529 ) 215 25) o
(—x29/21, —x%29/21;2°%) 0
(=221 )20, — 2521 [ 205 25) o
(—wz1)22, —2%21 /20 08) oo

(we(2)z=(22)) = 21

=1 (x

(@-(21)r-(2)) =2 7

Y

Y

Y

2r+4

22/21; 1.67 xQT)oo

Y

. 4.6
22/21;37737 0o

Y

(- (20)V(22))) = 21

Y

(U2 (22)®(21))) = 2z
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As meromorphic functions we have

[ug —ug + 1% Jug —ug — 1/2]*
[ug — ug — 1* [—ug + ug — 1/2]
[ug —ug — 1] [ug —ug +1/2]

uy — ug + 1] [—ug + ug + 1/2]

r4(22)4(21),

z-(z)r-(21),

- [ul—uQ—l—l/Q]
) - g + Uy + 1/2] x—(ZQ)CI)—(Zl)?
)

D_(21)P_(22) = plug — uy)P_(22)P_(21),
= p*(ur — ug) W (22) V" (21),
T(Ug — ul)‘ll*_ (ZQ)CI)— (21)

)
@D
=
@
=
=
S

*
=
o
=
(o
P
=
o
=
D
%,
<
D
=
=
D
n
e
D
(@)
an
<
@,
<
-
<
=
- 1
b
=
=
e
&
=
(oM

B BRST charges

We give here a proof of the properties of BRST charges stated in subsection 8.5. The
method is a proper adaptation of the work [I9] to the present situation.

B.1 Feigin-Odesskii algebra

First let us prepare the notation. Let A, be the set of all functions F(uy, - - -, u,) which is
holomorphic on C", symmetric in u, - - -, u,, and enjoys the quasi-periodicity properties
(r*=r—1)

Fuy +7%ug, - un) = (=1)"F(ug, ug, - -+, Uyp), (B.1)

F(uy +71ug, -+ upn) = (=1)"F(ug, ug, -, up)

2mi - n—1 7
i T TR B.2
X eXp( - (nuy 2. U 5 +n2)), (B.2)
where 7 = 7i/logx. Clearly

A =Cfi, filu)=[u]"
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We have also dim A, = 2. If F' € A, is not identically 0, then it has n zeroes {ugj) "

j=1
iuﬁj) = i?@—l— n; .
j=1 =2

Let F € A,,, G € A,. Following the line of [I4], we define the s-product F*G € Apn
by

mod Zr* & Zrt satisfying

(F*G)(ur, -y Umgn) = Sym(F(u1 — Ny Uy — )G (Umg 1y Umetn)

Uy — Uy 1*ui—uj—12*
[ |leowe i 2y

X
[u; — u;l*

1<i<m
m4+1<j<m+n

Here the symbol Sym stands for the symmetrization. A= 6930:0121” equipped with the
s-product is an associative graded algebra with unit. We denote by A = &:° (A, (4, =
fln N A) the subalgebra of A generated by Al and Ag.
Let us say that a function F'(uq,---,u,) has the property (P) if either n = 1,2, or
n > 3 and
F(uy, -, up) =0 for any distinct ¢, j, k.

uj—u;=up—uj=1/2

Lemma B.1 (i) Elements of A has the property (P).

(ii) A is commutative.

Proof. From the definition of * we can verify that, if F € A,, and G € A, have the
property (P), then so does F' « G. Hence (i) follows.

Let g € Ay be an element linearly independent from f; * fi € As. To see (ii), it
suffices to show that f1 xg = g* fi. Set h = fi x g — g * fi. A simple check shows
that h(u + 1,u,u — 1) = 0. By symmetry and the property (P), h(u1, ug, us — 1) viewed
as a function of u; has zeroes at us + 1,us — 1/2,us — 2. Since their sum is different
from 2us mod Zr* @ Zt, we have h(uy,us, us — 1) = 0. By symmetry, this implies that

h(uy,ug, us) has 4 zeroes u; = ug + 1,u3 = 1. Hence h = 0. 0O

B.2 BRST charges

For F' € A,,, we define

Q) = oo f T 2o ol e

J=1

*

X( 11 [Uz‘—uﬂr[?f]i*@?i]ug'—l/ﬂ*)F(u1+i/2’”'>“n+i/2)>

1<i<j<n
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where the contour is |z1| = -+ = |z,| = 1. Because of the quasi-periodicity (B.2), the
integrand is single valued. Using the exchange relation

[ur — ug + 1" [ug — ug — 1/2]*
[up — uy + 1]* [ug — uy — 1/2]*33+(Z2)33+(21)

T4 (21)w4(22) = —

~

along with [z, (2) = 24 (2)(I — 2), we find
QIF)Q(G) = Q(F * G). (B.3)
Now set

fi(u) = [u],
£ ug) = 20+ 1*[a = 1/2)*[us — a]*[us + a — 1]*[uy — us + a — 1/2)*
—[2a — 1]*[a + 1/2]*[u1 + a]*[ug — a — 1]*[ur — ug — a — 1/2]",

and introduce h; € A; (1 <1< L) by
m L—-1
homsr = fux 5 s ox i, (OSmST)>
- 2((L+1)/2_m) *m*fQ((L—g)/z) *f2((L—1)/2)7 (1 <m< L2—3)'

We have hy = hy* hp—; (1 <1< L —1). We define the BRST charges by

Q= Q).
Propositions 8.1,3.4 reduce to the following assertions.

Proposition B.2 hj(uq,---,w) can be written as

I1 [« ; | o)
hl(ub“'?ul) = Bl(u17'“7ul) X i71 (B4)
L—-1417*

H [uz 5 } (1 : even),
i=1

where h; are holomorphic and satisfies

Bl(ul + T*7 e 7“1) = (_1)1_1}”(“17 e 7“1)7

Moreover it is translationally invariant, i.e.,

hi(up + v, u +v) = hy(ug, -+ w).
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Proposition B.3 We have hy = 0.

Proof of Proposition B.3. Let 0 < m < % In the equality hy, = hopmy1*hp_om_1 We set
u; = —m — 1. Using Proposition B.2, we find that each summand in the symmetrization
(B.3) vanishes. Similarly, if we set u; = m, then each summand of hy, = hp_9m—1 * homi1
vanishes. Therefore hy has L — 1 zeroes uy = 0,1, -, %, -1,-2,---, —%.

Suppose hy did not vanish identically. From the quasi-periodicity, h; has a zero at
up = Zf:z uj + L — 1. By symmetry, u; = us — Zf:g uj — (L — 1) must also be a zero.

This is a contradiction. =

In the next subsection we prove Proposition B.2.

B.3 Proof of Proposition B:2

We prove Proposition B.2 for odd I = 2m + 1. The statement is obvious for m = 0.

Assuming m > 1 we proceed by induction on m.

Lemma B.4 Form=1,---, % we have

hom+1(m,m £ 1, us, - -+, ugmi1) = 0. (B.5)
Proof. ~ We use the property
A (+a,£a+1) = 0. (B.6)

In the definition of hopi1 = hom—1 * fém), set u; = m,us = m + 1. Using the induction

hypothesis hop—1(m — 1,--+) = 0 and f2(m) (m,m + 1) = 0, we see that each summand

vanishes. Similarly if we set u1 = m,us = m — 1 in hgpq1 = f2(m) % hom_y and use
2(m)(_m7 —m + 1) = 0, the result is zero. -

Lemma B.5 Fort=2,3,---, we have

h2m+1 (m7 /U/Q, e 7/U/2m+1) ugs41=ugs+1/2 = 0 (B7)
t<s<m

Taking t = m + 1 we obtain the first assertion of Proposition B.2.

Proof.  Denote the left hand side of (B.7) by ¢;. We show ¢, = 0 by induction on ¢.
Let ¢t = 2, and consider first

h2m+1(m,mj: 1/2,U3,"',U2m+1) (Bg)

ugg1=us+1/2 :
2<s<m
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As a function of ug, (B.8) has 2m+1 zeroes at m+1,m—1,mF1/2 and ugs+ 1, ugs — 1/2
(2 < s < m). Comparing with the quasi-periodicity, we conclude that (B.§) vanishes
identically. This means that g as a function of us has 2m + 2 zeroes at m £+ 1,m + 1/2
and ugs + 1, u9s — 1/2 (2 < s < m). Therefore go = 0.

Suppose we have shown g, = 0, and consider

git+1 = h2m+1(m7 U, «« vy Uty Ut41, U2t+2, U242 T 1/2, <o, Uom, Uom + 1/2)- (B-9)

From the induction hypothesis, it vanishes for ug;11 = w9 +1/2. By symmetry it vanishes
for
U2 = U3 + 1/2, s, U2t + 1/2

It also vanishes for ug = m £ 1 and ug = ugs — 1/2,;uss +1 (t +1 < s < m). Since the

number of zeroes exceed 2m + 1, we conclude g1 = 0. =

In the case of even [, we note that
_ L L— 17 L—17* L7~
= ] o 55 o £ -
has a zero at u; = (1 — L)/2. Using this the proof goes similarly.

Lemma B.6 The function h; in (B.}) is translationally invariant.

Proof. Consider
ha(ur v, up + ).

It is holomorphic and doubly periodic in v, hence is a constant. The conclusion follows

by setting v = 0. 0

C Deformed W algebra for sly

We discuss here the fusion of the deformed W algebra (DWA) associated with sly [28, 29].

C.1 Basic current

Fix complex numbers z,7* € C, 0 < |z| < 1. We keep the notation [u], (5.13) and [u]
(5.14). In this appendix we consider the case of ‘generic’ 7*, i.e., we assume that m,n € Z,
[m + nr*], = 0 implies m =n = 0.
In the free field realization, the simplest current of DWA for the algebra sl is presented
in the form
N

W(l)(u) = ZAZ(U)

=1



Each A;(u) is a normally-ordered exponential of bosonic oscillators. Their explicit formula

2r* 42

is irrelevant here (see e.g. [28], eq.(2), wherein z = 2%, ¢ = 2% 2t = 22" in the present

notation). We need only the following normal ordering rule for their products:

J[u—v—1—=7r"

[u—v—1] (i<J)
flu, v)Ai(w)Aj(v) =: Aj(u)Aj(v) - x < 1 ) (1=7), (C.1)
[[U[[;U_—U]]T . (i > j)
where the structure function f(u,v) = f(v —u) is given by
1 (@2FN=1) g2t 14r7) g 2ur), 2Ny

flu) = (1 — 22v) (20t D), g20 s Ntr7) g 2(utN—r—1); 72N

Lemma C.1 We have the exchange relation as meromorphic functions
f(u, U)W(l)(u)W(l)(U) = f(?), u)W(l)(v)W(l)(u). (02)
Both sides are regular except for simple poles at u—v = +1 mod I', where I' = (7i/log x)Z.

Notice that the pole u = v which appears in (C.1)) is canceled in (C.2). In general, each

matrix element of the product

IT e ue) x Wy (ua) - Wy ()

1<s<t<m

is a rational function of z*“ with at most simple poles at u; — u; = +1 (i < j).

C.2 Fused currents

Let A = (A1,---,A) (A > -+ > N > 0) be a partition. We identify A with a Young
diagram. For j,s = 1,2,---, we attach a variable u(j, s) to the box on the j-th row and

s-th column of \:

N — (s =u— (- 1) — (s — 1)

For partitions A = (A, -+, A), po = (1, -+, fm), We set

Poalwo)=TT TI G s)vk1). (C.3)

1<j<l 1<k<m
1<K 1<t<py,
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We shall associate ‘fused’ currents Wy (u) with each . First consider the case of a

single row diagram A = (m).

Definition C.2

Wimy(u) = ( H flus, ug) x Wy (uy) - - - W(1)(um)) wemum (ot °

1<s<t<m 1<s<m

In view of the remark after Lemma C.1} the right hand side is well-defined. Alternatively
Wiy (u) can be defined inductively as

W () = om0 OWen-ny ()W (W)| - - (C.4)
= Jay v (w, YWy (WWen-ny ()| (C.5)

Lemma C.3 We have
Fyom) (s, 0 )Wy (@) Wimy (V) = Fmy, (1) (05 @) Wiy (0) Wiy (w). (C.6)

Both sides of (C.4) are reqular except for simple poles (mod T') at u—v = —1,1—(m—1)r*.

Proof. The exchange relation (C.6) is obvious. Let us verify the statement about the
position of poles by induction on m. The case m = 1,2 can be verified by direct calcula-
tion. Suppose it is true for m — 1. Using the expression (C.4) and (C.5) and the induction

hypothesis, we see that the possible poles in u are confined to

{v—-Lv+l—-(Mm—-2)p"vxtl—-—(m-1r'}n{vlv—r"—Lov+1—(m—1)r"}
={v—1v+1—(m—1)r}

Arguing similarly, we have

Lemma C.4
Fomy, () (5 0) Wiy (W) Wiy (v) = iy, (m) (05 0) Wy (0) Wiy (). (C.7)
Both sides of (C.7) are regular except for simple poles (modI') at

u—v = 1—jr" (max(0,n —m) <j<n-—1),
= —1+4jr" (max(0,m —n) <j<m-—1).

For a general partition A = (A1, -+, ), we define
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Definition C.5

-1
Waw) = (T = wisr =10 TT Fouan (i) - Wiy () -+ Wiy ()
i=1 1<i<j<l

This definition makes sense by Lemma, C.3. We have

Prul, 0) W)W, (v) = W (0)Wa(u) fua (v, w).

In the case of a single column diagram A\ = (1%), W a)(u) coincides with the funda-

mental DWA currents W, (z) in [28, 29] up to a numerical factor and a shift of u (see

(C.10) below).

We remark that another fused currents can be constructed similarly by replacing

u(js) =u—(j—1)— (s = )" withu — (j — 1) + (s — L)y (r =7* + 1),

C.3 Tableaux sum

Let A be a partition. Denote by SST'(\) the set of semi-standard tableaux of shape A on

the letters {1,2,---, N}. For T € SST()\), we set

Ar(w) =: T Arg (uG9)) =

1<5<1
1§s§)\j

where T'(j,s) € {1,---, N} signifies the letter in the (7, s)-th position of T

The current W) (u) is given explicitly as follows.

Proposition C.6 We have

WA(U) = d>\ Z Ccr - AT(U)
TeSST(N)

The coefficients dy, cr are given by

l

= I [F—g—=1=Xrln 11 [=Aear ],

[[k —J- 1]]>\k k2 [[T*]]Ak—l 7

1+j<k
op = f[ Hz]\il H_l]]wji ) H [[k —-J- )‘jr*]b\k
=1 [[_1]]>\j i<k [[k —Jj—1- )‘jr*]]kk

N .
[k =37 — 14 (ski1 — 85i-1)7" Ty,
<I111

[k =7+ (ki1 — 85.)7* [y

Y

where wj; is the number of the letter i in the j-th row of T (1 < j < 1,1 <i < N),

Sji = Wi +~--+wji, and

[u = [u][u+r*] - Ju+ (n— 1)r*].
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We omit the proof. Notice that ¢z, = 1 for the tableau Tj with To(j,s) = j for all j, s.

Ezxample.

W) = 3 Hz[[ 1[[1]]:}]% Ar(u), (C.9)

w1y, ,wy >0
w1+~--+wN=m

where T' = (1%, 2%2 ... N~),

Wae(u) =daey Yt Ay(u)- A (u—a+1):. (C.10)

1<ip<++<ig <N

C.4 Wy(u) in terms of Wja(u)

Wi (u) can also be obtained from W(jay(u). First note the following fact which can be

shown similarly as Lemma C.4.
Lemma C.7 We have
f(la)’(lb)(u,?})W(la)( )W(lb ( ) f(lb ),(19) (U U)W(lb)( )W(la)(u), (C.ll)

where f,\,“(u,v) is defined similarly as in (C.3) with f(u,v) replaced by

u—v =1r"—j (max(0,b—a) <j<b
= 1"+ (max(0,a —b) <j <a-—1).
We remark that the exchange relation (.8) holds true with fy ,(u, v) replaced by fi,.(u, v).

Returning to the general A, denote by gy > -+ > p,, its column lengths (hence the
transposed diagram is X' = (u1, -, fim))-

Lemma C.8
WA(U) = (H[[Ui_l — U; — ?"*]]_“H—l
i=2
< T Fave e (i ug) - Wi () -+ W(lﬂm)(um)) wimm ity
1<i<y<l 1<i<m

Proof. Let A be the diagram obtained by removing the last column of A so that N =
(N, fm). We show

Wa(u) = fu— v — (m = DT f5 (1, 0) W) Wiy (0) (C.12)

v=u—(m—1)r*
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by induction on y,,. The lemma follows by repeated use of this equation.
If pt, = 1, then (C.12) is immediate from the definition. Assuming the statement is
true for fi, (fm-1 > ftm + 1 > 2) we consider (C.12) with N = (X, g, + 1). We have

[ = v = (m = Dr* 17 f5 gy (0, V) W3 (@) Wiasm 1y (0)
= [u—v—(m =] u— 0" = = (m = )] f qm) (w0, 0) fr,0) (w0, )

x[v =" = pn] famy, ) (0, VYW (@) Warm) (0) Wiy (0) | : (C.13)

V' =v—pm

Let us verify that the right hand side of (C.13) (before specialization v/ = v — p,,) is

regular at v = u — (m — 1)r*,v" = u — iy, — (m — 1)r*. From the induction hypothesis,
[u— v — (m = D) T f5 g (1, 0) Wi (@) Wiy (0)
is regular at v = u — (m — 1)r*, and

[v— 0" = ] Framy 1y (0, VY W iemy (0) Wiy ()

is regular at v = v — ,,. Finally Lemma C.7 implies that
g K ot

Fr. (w, "YW (w) Wy ()
is regular at v' = v — p,, — (m — 1)r*, and

b — o — (- A

f?\,(l)(u7v,)
/ *T—1 u—v'—(j—1)—kr
= [u—v" = py, — (m — 1)r*] H %U_U,_EJ_ (k)_ 1)?”*%

1<k<m-—1
1<j<pg

is also regular (since -1 > fm + 1).
We let v = u — (m — 1)r* in (C.13) and change the order of specialization. Using the

induction hypothesis for the diagram X = (N, fm), we obtain

[u—v" = o — (m — D)r*] u— (m — 1)1 =0 — ]

X fxm) () famy @y (u = (m — 1), 0" )Wy () Wy (v)
= [ (u, V)W5 ()W (V')
= WA(U)

v'=u—pm —(m—1)r*

v =u—pm —(m—1)r*
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C.5 Rectangular diagrams

For a rectangular Young diagram A = (m®), we write W, (u) = Wimay(u). The following
relations may be viewed as an analog of the T-system for the transfer matrices discussed
in [21].
Proposition C.9

Fiome) (o) (1, 0) W () Wi (0)

= (_1)a—1f((m+1)a)’((m_1)a)(u,U)ng_l(u)wr(le(v) S (014)
Fomy me (0, YWD (@)WD ()|
= (—1)m_107(_’$)f(ma+1)’(ma—l)(/U/7U)W#g—’—l)(u)wx_l)(v) v:u_17 (015)

where

C(“ B H [[a—l— (s —t)r*

|
1<s,t<m (A +s=0)r]
Both sides of (C.14),(C.13) are well defined.

We sketch below the proof of (C.14). First we check the regularity of both sides at
v = u — r*. For the right hand side, this can be shown from Lemma C.4. For the left
hand side, we use Lemma C.7, to find that

Foaney me (w, V)W (@) Wi (v)

has poles of order at most 2(m — 1) at u = v — r*. Since
Fome),(me (; v)

f(ma)’(ma) (u, U)

the desired regularity follows. In the same way (using Lemma C.4) we see that

Fome) (m—1yoy (1, 0) WD ()W ()

has poles of order at most (a — 1) at u = v — r*.

= Offu—v 4 ) (),

Consider the expression

A= fmey,((meryy (1 @) fomay,10) (1, 0) f(moryoy, 1oy (1, VYWD @) W (YW ().
From the definition of W)y (u), we have

A=[u-v—(m- l)r*]]“_lf(ma)’(ma)(u u’)W(“ (u)Wf,f (u')
+O([u — v — (m —1)r]?) (v —u —(m—1)r"),
= [u—v =m0 f o) (my (s YW ()W ()

O(Ju—v —mr*]?) (v —u—mr).
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Writing y = u—v—mr*, y = «'—v—(m—1)r* and multiplying both sides by [u—u/—r*]*"!
we have the equality of the form

o, y) = W 'ly—v]"wy—y)+0u") (y—D0),
= W 'ly-vy1*"Wy-vy)+0E" (¥ —0),

where go(y,y) Y(y —y') and ¢'(y — ¢') are regular near y = 3y’ = 0. This implies that
(—=1)*"14(0) = ¢'(0), and (IC.14) follows.
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