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1 Introduction

The conformal field theory (CFT) is a theory which is invariant under the conformal
transformation. CFT in 2 dimensions [1] can be applied to the string theory as a world-
sheet theory and statistical critical phenomena in 2 dimensional space. This theory has
made a remarkable progress contacting with various branches of mathematics [2, 3]. The
main reason is that in two dimensional space (or 141 dimensional spacetime), the group
of conformal transformations is infinite dimensional. Its algebra is known as the Virasoro
algebra in the field theory realization, and this symmetry is very powerful. By using its
detailed representation theory one can determine the spectrum and even calculate cor-
relation functions. Statistical critical phenomena in 2 dimensional space are understood
systematically by CFT and the list of critical exponents is obtained by the representation
theory of the Virasoro algebra. In the first superstring revolution (middle 80’s), the string
theory was regarded as CFT on a worldsheet, and the knowledge obtained in the study
of CFT developed string theories very much. Recent progress in string theory (the sec-
ond superstring revolution (middle 90’s)) is based on spacetime symmetry consideration,
e.g., duality, D-brane, and also AdS/CFT correspondence, but importance of worldsheet
symmetries remains unchanged.

Quantum field theory and critical phenomena are the systems with infinite degrees
of freedom. Consequently they are difficult to treat. However we can sometimes solve
some models, so-called solvable models. Here we loosely use the word ‘solvable’ if some
physical quantities of that model can be calculated exactly, for example, 2D Ising model,
XYZ spin chain, solvable lattice model, CF'T, 4D super Yang-Mills theory, etc. Although
solvable models themselves are interesting for us, a main purpose for physicists to study
solvable models is to create new idea and concept and to develop them through the study
of solvable models. Physics should explain the real world. The matter in the real world is
very complicated and we need some approximations to study it. An approximation is not
a bad thing if it grasps the essence of the problem. Physicists have developed a variety
of concepts, approximation methods, calculation techniques, etc. through the study of
solvable models, in order to apply them to the real world.

Symmetry is one of the main idea of modern physics. If the model has some symmetry,
its analysis becomes much simpler by using the representation theory of the symmetry
algebra. By reversing this direction, symmetry is also used for a model building. For
example, the general relativity and the gauge theory are constructed by imposing the
invariance under the general coordinate transformation and the gauge transformation

respectively. From symmetry point of view, ‘solvable’ in the system with infinite degrees



of freedom is stated as the following ‘equation’:

System of infinite degrees of freedom

(1.1)

Infinite dimensional symmetry
= System can be described by finite degrees of freedom.

This is the reason why we are interested in infinite dimensional symmetries.

Common feature of many solvable models is the factorization of the scattering S
matrix [4], in other words the Yang-Baxter equation [5, 6, 7]. Solutions of the Yang-
Baxter equation are related to the Lie algebras [8, 9, 10], and three types of solutions
are known; rational, trigonometric and elliptic. Associated for each type of solution (R

matrix), algebras are defined [11],

rational —  Yangian,
trigonometric — quantum group (quantum algebra),

elliptic — elliptic quantum group (elliptic algebra).

This elliptic algebra is one of the topics in this lecture.

Since CF'T is invariant under the scale transformation, CFT has no scale, in other
words, it is a massless theory. If we add to CFT the perturbation which breaks the
conformal symmetry, then the theory becomes massive. General massive theories are
very difficult. So we restrict ourselves to its subset, massive integrable models (MIM).
If we perturb CFT in a ‘good’ manner (for example (1,3) or (1,2) perturbation [12, 13,
14, 15]), infinitely many conserved quantities survive. In the terminology of statistical
mechanics, CFT corresponds to on-critical theory, and perturbation corresponds to off-
critical procedure, and a lattice analogue of MIM is a solvable lattice model. CFT is

controlled by the Virasoro symmetry, but MIM is massive, therefore there is no Virasoro

symimetry.
CFT on-critical massless Virasoro
Jgood perturbation lOff_Cﬁtical l J
massive solvable massive no
integrable model lattice model Virasoro

A natural question arises:

What symmetry ensures the integrability or infinitely many conserved quan-
tities of MIM or solvable lattice model ?

We would like to answer this question. This is our main motivation for recent study.
In some cases the Yangian or the quantum group symmetry plays an important role.
Kyoto group investigated the XXZ spin chain and clarified its symmetry, the quantum



affine Lie algebra Uq(;\[g) [16]. They studied XXZ spin chain from the representation
theory point of view and developed vertex operator calculation technique. But naively
one expected some deformation of the Virasoro algebra. Such algebras, deformed Virasoro
algebra (DVA) and deformed Wy algebras (DWA), were constructed in different points
of view [17, 18, 19, 20], using a correspondence of singular vectors and multivariable
orthogonal symmetric polynomials or using the Wakimoto realization at the critical level.
Later it was shown that this deformed Virasoro algebra appears in the Andrews-Baxter-
Forester (ABF) model as a symmetry [21]. This DVA corresponds to Agl) algebra. DVA
corresponding to Ag) was obtained in [22].

Another possibility is elliptic quantum groups (elliptic algebras). Corresponding to the
two types of elliptic solutions of the Yang-Baxter equation, there are two type of elliptic
quantum groups [23, 24]. These two elliptic quantum groups have a common structure
[25]; They are quasi-Hopf algebras [11]. Along this line, explicit formulas for the twistors
were presented and the vertex type algebra Aq,p(s:\[n) and the face type algebra B, \(g)
were defined in [26].

In this lecture we would like to (i) introduce the deformed Virasoro algebras and
elliptic algebras, (ii) present free field approach and vertex operator calculation technique
for the solvable lattice models. Contents of this lecture is presented in previous pages.
In section 2 we review the Virasoro algebra which is needed to understand the deformed
case. The deformed Virasoro algebra of type Agl) is defined and its properties are given
in section 3. In section 4 we review solvable lattice models and introduce the elliptic
quantum groups. Section 5 is devoted to an application of these idea to the ABF model.
ABF model in regime III corresponds to the (1,3)-perturbation of the minimal unitary
CFT. Vertex operators are bosonized and local height probabilities (LHP’s) are calculated.
Another deformed Virasoro algebra DVA(AgZ)) is defined in section 6 and the dilute Ay,
models are studied by free field approach. Dilute A; model in regime 2% corresponds to
the (1, 2)-perturbation of the minimal unitary CFT. In section 7 we mention other topics
that are not treated in this lecture. Appendix A is a summary of notations and formulas

used throughout this lecture.

2 Conformal Field Theory and Virasoro Algebra

2.1 Conformal field theory

The conformal field theory (CFT) is a theory which is invariant under the conformal
transformation. In two dimensional space (or 141 dimensional spacetime) the conformal
transformation is any holomorphic map z — w = w(z) where z is a complex coordinate

of the space. Therefore the conformal group is infinite dimensional.
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An important property of the CET (bulk theory) is the factorization into a holomorphic
part (z, left mover) and an antiholomorphic part (z, right mover). We can treat them
independently. Usually we treat z part (chiral part) only. To get final physical quantities,
however, we have to glue chiral and antichiral parts with appropriate physical conditions.

As a quantum field theory, infinitesimal conformal transformation,
ly + 20> 242"t (2.1)

is generated by the chiral part of the energy momentum tensor, L(z). The algebra gener-
ated by this L(z) is called the Virasoro algebra. Invariance under the conformal transfor-
mation imposes that correlation functions satisfy the conformal Ward identity. Correlation
functions are severely controlled by this infinite dimensional Virasoro symmetry.
General review of the CFT is not the aim of this lecture. Since many good review and

books are available now, for various topics of the CFT, see [1, 2, 3].

2.2 Virasoro algebra

In this and next subsections we review some properties of the Virasoro algebra in order
to compare them with the deformed one in the next section.

2.2.1 definition and consistency

Definition The Virasoro algebra is a Lie algebra over C generated by L, (n € Z) and

¢, and their relation is

c
Ly, L) = (n —m) Ly + E(n?’ — N)0n+m,0, [Ly,c] =0. (2.2)

In terms of the Virasoro current L(z) = Zan’”’Q, this relation is equivalent to the

nez
following operator product expansion (OPE),
B c 2L(w) OL(w)
L(z)L(w) = —w) o wpe + P— + reg. (2.3)
As a formal power series this can be written as
1, /1wy c 1, w 1 /w
[L(2), L(w)] = - (;) S+ (;>2L(w) + ;5(;)8L(w), (2.4)
or ,
2 2 _(WN\ Ty (W € W, W 2 2
22 L(2), w?L(w)] = (z) 5 (2)12 +=3 (Z)(z L(z) +w L(w)), (2.5)

where §(z) = Z 2" (see appendix A.2). Meaning of (2.5) is that the coefficient of z"w™

neZ
in (2.5) gives (2.2).



Consistency Mathematically the Virasoro algebra is a one dimensional central exten-
sion of diff(S'), Lie algebra of diffeomorphism group of a circle S'. Vector fields on S*
form a Lie algebra,

[lny lm] = (0 — m)lnym, (2.6)

—zntld (z = € is a coordinate of S1). Let us consider its central

dz

- inf d

where [,, = =" 5

extension,

[Lna Lm] = (n - m)Ln-I—m + Cf(na m)a (27)

where ¢ is a central element and f(n,m) is a number. From antisymmetry of bracket [, |
and the Jacobi identity, f(n,m) should satisfy

f(n,m) = —f(m,n), (2.8)
(n—m)f(l,n+m)+ (m—=10)f(n,m+1)+ (—n)f(m,l+n)=0. (2.9)

Its nontrivial solution has the following form,

f(n,m) = const - 16,4 m.0- (2.10)

Proof.  From (2.9) with [ = 0, we have f(n,m) = =" f(n +m,0) for n +m # 0, which

satisfies eqs.(2.8,2.9) with n +m +1 # 0. By setting L;, = L, + =f(n,0) (n # 0) and
Ly = Ly, (2.7) becomes
(L L) = (n = m) Ly, + €Opamo f (n, —n).
Hence we are enough to determine a,, = f(n, —n). Eq.(2.9) with [ = —n — m implies
—(n—m)apim + 2m +n)a, — (2n + m)ay, = 0.
For m = 1, we obtain

(n® —n)as + (n — t(n* — n))a,

=

Ay =

and this solution satisfies eqs.(2.8, 2.9) for all cases. The term proportional to n in a,,
say bn, can be deleted by L) = L;, + 500y 0. O

The central term in Virasoro algebra is chosen so that it vanishes for n = 1,0, —1.

2.2.2 representation theory

We consider the highest representation of the Virasoro algebra. The highest weight state
|h) (h € C) is characterized by

Lalhy =0 (n>0),  Lo|h) = hlh), (2.11)
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and the Verma module is

M= € CL - Lylh). (2.12)

[>0 n1>--->n;>0

! !
Descendant L_,,, --- L_,,|h) is also an eigenstate of Ly with eigenvalue h+z ;. Z n; is
i=1 i=1
called a level of the state. Since Ly corresponds to energy (exactly speaking Hamiltonian

is Ly + Lo), this representation has energy bounded below. The highest weight state
|h) is created by a primary field with conformal weight h, ¢,(z), from the vacuum |0)
(L,|0) =0 for n > —1); |h) = ll_r)I(l) ®n(2)]0).

At level N there are p(N) independent states, L_,, -+ L_p,|\) (ngy > -+ > n; > 0,

l
Z n; = N). Here p(N) is the number of partition and its generating function is given by
i=1

(0] o0 1
>V = ] —— .13
N=0 n=1 y

Let us number these states by the reverse lexicographic ordering for (nq,---,n;), i.e.,

|h; N, 1) = Lo |A), [h; N, 2) = Loy a Ly |A), -+, [h; N, p(N)) = LY, |A).

The first problem of representation theory is whether M is irreducible or not, namely
M has Virasoro invariant subspaces or not. If M has a singular vector at level N, |x),
which is defined by

L) =0 (n>0),  Lox) = (h+ N)]x), (2.14)

then |y) generates an invariant subspace and we have to quotient out it from M in
order to get an irreducible module £. Existence of singular vectors can be detected
by considering an ‘inner product’ (bilinear form). Let introduce dual module M* on
which the Virasoro algebra act as L) = L_,. M* is generated by (h| which satisfies
(h|L, = 0 (n < 0), (h|Ly = h(h| and (h|h) = 1. At level N there are p(N) states
(i NA| = (AL, (b N,2| = (A|LiLy 1, -+ (b N,p(N)] = (hILY. A state [u) € M
is called a null state if it is orthogonal to all states, i.e., (¢'|¢)) = 0 for V(¢'| € M*.
Descendants of |x) are null state, because (i) (h|x) = 0 (consider (h|Lo|x)) and (ii)
(h|*+ LymyLm, L_p,L_p,--]x) =>_(---){(h]x) = 0. Physical meaning of quotienting out
invariant subspaces is projecting out null states which decouple from all the states.

We give an example of inner product at level 1, 2, 3.

(h|L1L_1[h) = 2h,

(h|LyL _o|h) (h|LoL?|h) _ 4h_|_%c 6h
(RILIL_2|h) (h|LIL?,|h) 6h  4h(2h+1) |’

9



(h|LsL_s|h)y  (h|LsL_oL_y[h)  (h|LsL?,|h)
(h|LyLyL_s|h) (h|LiLyL oL _1|h) (h|LyLoL3 |h)
(R|LIL_slh)  (R|LIL_2L1[h)  (h|LIL?,|h)
6h + 2c 10h 24h
= | 10h  h(8h+8+¢)  12h(3h+1)
24h 12h(3h+1) 24h(h+1)(2h+1)

A determinant of this matrix is called the Kac determinant and its zeros indicate existence
of null states. The Kac determinant at level 2 is 2h(16h* + 2(c — 5)h + ¢) which vanishes
for h=0and h =hy = £(5—c£ /(1 —c)(c—25)). For h =0, L% ,|h) is a null state

which is a descendant of the singular vector at level 1 L_;|h). For h = h., there exists a

new singular vector,

X)) = (L—2 - mﬁl) ). (2.15)

At general level N, the Kac determinant is given by [27]

= 1T (2 - hl,k))”(”), (2.16)

Lk>1
k<N

det (b N, ilh; N, j))

1<i,j<p(N)

Here we have parametrized the central charge ¢ and conformal weight h;; by a parameter

B,
c=1-6ap, (2.17)
hiy = 1<<\/Bl . ik)Z . a2> (2.18)
> 4 \/B 0>

where qq is

ap =/ — % (2.19)

These 3 and «y will be used throughout this lecture. Remark that ¢ and h;  are invariant
under 3 — 7L,

Detailed study of the Kac determinant shows that representations of the Virasoro
algebra are classified into several classes. The most interesting class is so-called minimal
series [1]. In minimal series [ is a rational number (we take 3 > 1.),

/!

ﬁ = %7 plap” € Z>07 p” > pla (plap”) = 17 (220)

and in this case eqs.(2.17, 2.18) become

(p// _ p/)2
¢ = 1-6t (2.21)
(p"l _ p/k)Q _ (p// _ p/)2
hiy = el : (2.22)

10



An operator algebra of ¢p(z) closes for the following finite number of h = hy,
1<I<p—1, 1<k<p"—1, p'l—pk>0. (2.23)

If one prefers 0 < 8 < 1, it is achieved by p' <> p" (3 +> 37'), and then h;; <> hyy.
Let denote the Verma module with A = h;, as M;;. From the Kac determinant and
the property of hy,
hig = h_i—k = higpnjipm (0 € Z), (2.24)
hy— = by + 1k, (2.25)
there are two basic singular vectors in M; ;. One is at level Ik (h;_, = by + Ik, hy_p =

h—l,k) and the other is at level (p, — l) (p” — k) (hl,k = h’p’—l,p”—ka h_pI_H’pH_k = hl,k + (p' -

D" — k), hopiipr—k = h_132y k). Therefore we have
Ml,k D) (M,lJrgp/,k + Mfl,k)- (226)

To get an irreducible module we have to factor out invariant subspace, M /(M_; 1oy +
M_, ). But the story has not ended yet because M_; 9, 1 + M_; ;. does not coincide with
M oy ® M_p.
From the Kac determinant, M_,;; also has two singular vectors,
M_yp = My_iprik D M_piiprir = Mi—op i
= My 10— D Moy —ipr—k = Miyop k-
Here indices (p' — I,p" + k) and (p’ + [, p” — k) are positive and minimal with respect to
translation of (p', p") (see (2.24)). Similarly
M _jiop e = Moy _1p D M oy = Mj_gp 4
= Miopr—t, O M_jopr_ = Moy .
These submodules of M_; 9, and M_;; coincide, because if they do not coincide it

implies more zeros of the Kac determinant. Therefore M_; 9, and M_;; share two

invariant submodules and we have
M_y o+ M oy =(M_1p®M 1oy i)/ (Mi—op i + Miyop )

General embedding pattern is illustrated in the following figure

S1 S9 S3 Sq
oo
s sh | ' (2.27)

11



Conformal weights of singular vectors are given by

so Lo =hy,=A(0)+ %L, (2.28)
Slmel . LO = h*l+2mp’,k = B(—m) + 62;41 (m Z 1), (229)
Som+1 - L() = h,lfgmplyk = B(m) + 62;41 (m Z 0), (230)
SIQm . LO = hl—?mp’,k = A(—m) + 02;41 (m Z ].), (231)
Som - L() = hl+2mp’,k = A(m) + 02;41 (m Z 1), (232)

where A(m) and B(m) are given by

"— 'k 4+ 2mp'p")2 " 'k + 2mo'n'")2
A) = TIZEEERE) - ) - CIEERERWET (o
Irreducible module £, is

Lijg=Mp— (M oy ® M 1) + (My_op s @ Moy ) — . (2.34)

This information is encoded into the character.

The character of a representation is a tool that counts the number of states at each

level,
ch = tr ¢ro7%1 = Z dim{level N states} - ¢"*V =31, (2.35)
N=0
where 57 is included for the modular transformation property. For the Verma module M

with h we have -

c c 1
trag™ s =g [[ (2.36)
_ qn
n=1
From this and (2.34), the character of the irreducible Virasoro module £, is [28]
c ].
Xtk(q) = tre, g % = —= ) (qA(m) —q° (m)>, (2.37)
77(7—) me7Z
where the Dedekind eta function n(7) is
n(r) =g¢= [J(1—q"), q=€"" (2.38)
n=1

The representation is called unitary if the inner product is positive definite. The

unitary minimal series is [29]
m m—1 6
= =1-—¥ =3,4,--). 2.39

This is shown by drawing the vanishing line of the Kac determinant in (¢, h) plane. Use

g = %(13—@ \/(l—c)(25—c)> 21, (2.40)
1—c¢c 13—c 2 —Fk?
Tk = = (Ik —1) + 5 T & V(1L —¢)(25 —c). (2.41)

12



2.2.3 primary fields and correlation functions

Primary fields are fundamental fields in CFT. Under the conformal transformation, a
primary field with the conformal weight h, ¢(z), transforms as a rank h form (¢ (z)dz").

We have the OPE,
h¢h(w) I 0¢h(w)

L = . 2.42
(Z)¢h(w) (Z—’U])Z 7 — w +reg., ( )
or in mode
L fnn] = (B = D= m) S vim (2.43)
where ¢y, (z) = Z dnnz " " (¢n(z) is called a quasiprimary field if (2.43) holds for

n€Z—h
n=1,0,—1.) We remark that the zero mode of a h = 1 field commutes with the Virasoro

algebra, [Ly, ¢10] = 0.
States are created by fields from the vacuum, [¢) = liII(l) 1(2)]0), and they are one-
z—r
to-one correspondence. The highest weight state corresponds to the primary field and

descendant states correspond to secondary fields. For example,

h) < on(2),
L_4lh)y <+ 0¢u(2),
L_sL oh)y < L_sL_y¢4(2),

where L, is

Eoai(z) = f Wy Ly)(e). (2.44)

2
In quantum field theory physical information is obtained from the Green functions
(correlation functions). In CFT conformal symmetry imposes that correlation functions
obey the conformal Ward identity [1], which enables us to reduce calculation of correlation
function of secondary fields to that of primary fields. Moreover if null states exist, the
correlation functions satisfy differential equations [1]. We illustrate this by taking an

example. For h = hy 5 or hgy, from (2.15), we have a null field

~ 3 ~
Y P R ) . 2.45
x(2) = (L2 = 5y 4nle) (2.45)
Since a null field decouples from all the fields, correlation functions including it vanish,

= (£oa(2) = gy £ (22) ) X) (2.46)

- h; 1 3 )
- (Z<(Z — 2i)? Tz zzaz) B m@) (on(2)X),

=1

13



where X = ¢y, (2) - -+ dpy(2). Here we have used

(Lwtn()X) = P3Lu=2" " LaEX) (02 )

2m1
h; 1
N _27{ 2m a (m(d)h(z)X> T y_ziazi<¢)h(z)X>>
= L_n(2){on(2)X), (2.47)

L) = Z((n—l)f: - _lz)n—la“>' (2.48)

= (= 2)

Due to translational invariance, we have £ 1(z) = 0,. By solving this differential equation
the correlation function can be calculated. Another method for calculation of correlation

functions is free field realization, see [30, 2].

2.3 Free field realization

In the previous subsection the Virasoro algebra is treated in abstract way. In this subsec-

tion we treat it more explicitly by using our familiar free boson.

2.3.1 free field realization

Let us introduce free boson oscillator a,, (n € Zy) and zero mode aq, @,
[, Gm] = 2100 1m 0 5 [, Q] = 20,0 (2.49)

Here 2 is the Cartan matrix of A; Lie algebra. The Fock space with momentum «, F,, is

defined by
Fo=P P Coan - -anla)s, (2.50)

>0 ny>-->n;>0

where |a)p is characterized by
ap|la)g =0 (n>0), apla)p = ala)p. (2.51)

|a)p is obtained from |0)g (a,|0)s = 0 for n > 0),

)s = e2°9|0)p. (2.52)
A boson field ¢(z) is
1
— l _ _ —-n — _n_l, 2
#(z) = Q + aglog z n%éo T 0¢(2) nEGZ (p2 (2.53)

14



(¢(2) here and usual one used in string theory is related as ¢(z) = iv/2¢*""9(z). @ here

is antihermitian.) Normal ordering prescription : : is defined by
move ay,(n > 0) and ag to right, (2.54)
move a,(n < 0)and @ to left. '
The Virasoro algebra is realized by a free boson in the following way,
1 1
L(z) = 1 0p(2)09(2) : —i—iaoa%(z), (2.55)
where the back ground charge ag is given in (2.19). In mode it is
1 1
L, = 1 Xm:an_mam : —50[0(71 + 1)ay, (2.56)
or more explicitly,
1 1 1
L, = 1 Z Ay Oy, + 5 nto — iao(n + Da, (n#0), (2.57)
m#0,n
1 1
Ly, = 3 ,7;] Ay Oy, + 1 ((ag — ) — ag). (2.58)

This Virasoro current realizes the Virasoro algebra with the central charge (2.17). |a)p is

the highest weight state of the Virasoro algebra with the conformal weight h = h(a),

la)p = |h(a)), (2.59)

and the corresponding primary field is
Valz) =: e20%) ;| (2.61)
Due to the background charge ag, 0¢(z) is not a primary field,
[Ly, @) = —Mapim — @on(n + 1)0p4mo- (2.62)

The dual Fock space F; also has the Virasoro module structure by the pairing < , >
 Frx Fo — C,

<'Afv>=<fAv> feF:, veF, A: operator. (2.63)
Here 'L,, and ‘a, are given by
‘L, = L_,, (2.64)
'y = —a_, (n#0), (2.65)
tao = —ap+ 2010, (266)
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and
< |a)g, |a)p >= 1. (2.67)

We write the following pairings as in the last lines,
< 'Ly 'Ly @), Loy Ly, ) >
= <|a)g, L, - Liny L, -+ L_p,|0)p >
=: y(a|Ly, Ly, L_p, -+ L_y,|)s, (2.68)
<Lyt Q) Ay Ay, |0 >
= < |Q)B,Amy =+ Oy Oy -+ Ay, | Q) >
= ]y Ay Ay - Ay | ). (2.69)

By (2.65) and (2.66), F is isomorphic to Fan,—q as a Virasoro module,

Fr 2 Fonya (Vir. module). (2.70)

)y < 200 — a)p. (2.71)

Of course h(a) = h(2ap — ) by (2.60).

For later use we define ag by,

ap = ap — ap, apla)p = (o — ag)|a)s, ‘af = —ay. (2.72)
The Virasoro current (2.55) can be rewritten as
2L = 5 DY) s + 500D (2), (2.73)
where ¢'(z) and D are
Y=o, . 06() =00() +ane, .11
ao—al,
D= z%. (2.75)

2.3.2 singular vectors and Kac determinant

In the case of h = h; there are singular vectors. In the free boson realization they can
be expressed by using the screening currents. Screening currents Sy (z) are primary fields
with h =1,
-1
Si(z) = ‘/ZOéi =: eai(b(Z) 5 QG = \/57 == ﬁ .

Hence their zero modes (screening charge) commute with the Virasoro algebra,

[Ln,f dz Si(z)] —0. (2.77)

0 2t

(2.76)
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We will use S (z) in what follows. S (z) can be treated similarly. We follow the method
in [31].

The representation with i = hyy, is realized on F,, ,,

hig = hloug), (2.78)

e = VB —1) - %(1 k). (2.79)

In the following we write F,, , = F;. To contact with our previous paper [32](a., there
is oc a_,_s here.), we consider dual space Fie = Fompe In the Verma module with

h_i _ = hi 1, the singular vector at level [k is expressed as
|X—l,—k>

_ /H%-S+(zl)---5+(2z)|az,—k>3 (2.80)

l

l l
= /g@] H (z —zj)Qﬂ_Hziﬁ(l—l)—k .Eexp(ﬂz:%a_nz?> oy _k)s.

1<i<j<l i=1 n>0

Here dz; is given in (A.14) and the integration contour is summarized in appendixA.4

(for example take I5prp). Since this integral of S, ’s, which is a map from F; _; to F_; _y,

commutes with L,, |x_; ) is annihilated by L, (n > 0). This state |x_; ) is non zero
because of (A.48).

To prove the Kac determinant formula, we first study the relation between states in

the Verma module and Fock space. Let us introduce following notation,

I={ny,---,m}, n>--->n>0, oI) =1, (2.81)
Li=1Ln- L, Lg=L Ly, (2.82)
Ar = Ap,**Apyy  Oop = Qepy * Gy, (2.83)

and I is ordered by the reverse lexicographic ordering. States at level N in the Verma

module are linear combinations of those of Fock space,

L_floys =) C(N,a)rsa_s]a)p. (2.84)
J
For example,
L o) = %Oza,1|a>3,
Loola)s \ _ [ sla+ar) a—2|0)p
L?,|e)p 30 o a\le)p )
L_3|CY>B %CY + «p % 0 a_3|a>B
L_QL_1|a>B = %O[ iOZ(CY + O!()) %CY CL_QCL_1|OZ>B
L3, |a)s « 302 s’ a®]a)s



The determinant of matrix C'(V, «) is given by

det C(N, )1,y = H (%(a - &z,k))p(N_”c)

. (2.85)
Lk>1
k<N
Proof. Since L_, = 1

5a_nag + - - -, leading term of o in det C'(IV, ) is

g)kl _ <g>p(N—lk).
H [1(5) =115
iik; =N

k<N

Here we have used (A.30). In the last paragraph we have constructed singular vectors as
same number as this order of .

O
Next we consider a dual F;. With the notation,
(tL)I = t(LI) = tLTLl te 'thu 2 86)
(ta)I = t(af) tan1 te tanp (287)
we define a matrix C'(V, «),

(L)rlayy =Y C'(N,a)rs('a) sla).

(2.88)
By (2.64) and (2.65), the left and right hand sides of this equation are
LHS = L_;|a); =Y C(N, 200 — o)1 xa_gl|a)y, (2.89)
K
RHS =Y C'(N,a)r,sDsxa—x|o), (2.90)
J,K
where matrix D is
_DJ,K - (SJ’K(—I)Z(J). (291)
Hence C' can be expressed by C,
C,(N, O{)[,J == ZC(N, 20[0 - CY)[,KDKJ, (292)
K
and its determinant is
det CI(N, O{)[,J det C(N, 2&0 - Oé) ~det D
1 p(N—lk)
- 11 (§(a - a,l,,k)) . (2.93)
Lk>1
k<N
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By gathering these results, the inner product of two states in the Verma module
becomes

(WLiL_slh) = < (‘L)i|a)p, L_sle) >
= <Y C'(N,a)rx('a)kla)s, Y C(N,a)sra_rlo)s >
K

L
== Z CI(N, &)[,KGK7LC(N, a)J,L. (294)
K,L
Here Gk 1, is
Grr = < (‘a)kla)y, a-rle)s >

*
= B<a|amk © o my Qepy t " Oepy |a>B

= OK,L J;<a| " 'a?alflalillalizz R [e)):

= O | J(20)F ks, (2.95)

where (my,---,my) = 1%2%2 ... By using (A.28) and (A.30), its determinant becomes

detGrp = [ TJi)ht= H(mk)pw_lk). (2.96)

{k;} i Lk>1

ik, =N k<N

Therefore we obtain the Kac determinant (2.16),
det(h|L;L_s1h) = detC'(N,a)-detG - det ‘C(N, a)
p(N—lk)
= I (2te(n—mn))”™ (2.97)

L,k>1
k<N

Here we have used (o — ayy)(ov — a—y—x) = 4(h — h(ayy)).

2.3.3 Felder complex

Irreducible Virasoro module £ is realized on the Fock space Fj, but this F;, is bigger
than £;;. So we have to discuss how L; is obtained from F;;. The Virasoro structure
of F . was investigated by Feigin-Fuchs [33] and Felder [34]. Here we review it following
[34]. We consider minimal series egs.(2.20)-(2.23).

The Becchi-Rouet-Stora-Tyupin (BRST) charge @, is defined by using the screening
current S, (z),

Qn = /1_[1%-5+(21)---S+(2m), (2.98)

271
e de 20
= [TI52- TI (2™ Sie) - Sulem) &
j=1 1<i<j<m
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where the integration contour is taken as Ipj/p in appendixA.4. On Fyj conditions
(A.32) and (A.33) become

(i) m=0 (modyp'), (ii)m=10 (modp). (2.99)

For example (); is well defined on Fy , (I' =1 (modp')), and the contour can be deformed
to I type by (A.47). Important property of the BRST charge is commutativity with the
Virasoro algebra,
Ql . -7:l’,k: — ﬂl_Ql’k, l, = (mod pl), [Lna Ql] = 0, (2100)
Qp—i : Frp = Froap—nk I'=—1 (modp'), [Ln,Quy]=0, (2.101)
and the nilpotency,
QQp—1 = QpQi=Qy =0. (2.102)

Here QQp—1 = @y and Qp_;Q; = @y are shown by Iy p type contour, and @y = 0 is
shown by (A.47). The singular vector (2.80) can be written as |x_;_x) = Qi|cu_k)5-

Let us consider the Felder complex Cj,
o, B, So o Mo, (2.103)
where C; and X; : C; — Cjy (j € Z) are

Coj = Frapjks  Cojrr = Foiapjn (2.104)
ng - Ql, X2j+1 == Qp’—l- (2105)

X satisfies the BRST property,
XX, =0. (2.106)

Structure of the Felder complex is illustrated in the following figure:

C,——c, oo
LN
U RV aS T
BT PSR ¥oN RN PaS NIE
IS TR VoS R VoS TN VoS NP

(2.107)
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Each Fock space has the structure

Wo U1 wn )
®. ®. ®. ®.
oo
\. ®. ®. ®.
Uq V_1 U9 V_9

: < 5><;><I><2><2 ......

(S S S
o.< XXXX ......

(2.108)

V0, Uy Win—1, U—m, Um (M > 1) have the same conformal weight as sg, sh,,_1, Som—1, Shms

Som 1n (2.27) respectively. sb, _, is u,, but ss,,_; vanishes on the Fock space. At the level
2m—1

of som_1, there is a state which does not belong the Verma module. That state is w,, ;.

We write states in C; with superfix (j). Conformal weights of v, u, w are following:

o Lo = A(—j) + 51,

o Ly = B(j) + S,

ugj) : LozB(—|j|—m)+02;41 (m>1
up s Lo= AR A m) + 5 (m 2 ),
W) Ly = A(—|jl—m)+ 5L (m>1)
DI AR LozB(L?‘_l—i— )+<t (m >
@) Lo=A(ljl+m)+ S+ (m>1),
UnfjJrl) : LOZB(_|2j+21|+1 m)+62—41 (m
wit? Lo = B(j|+m) + %5 (m>0),
wi ™ Lo = AP —m) G (m

2.109
2.110
2.111
2.112
2.113
2.114
2.115
2.116
2.117

(
(
(
(
(
(
(
(
(
(2.118

)
)
)
)
)
)
)
)
)
)



where A and B are given in (2.33). BRST charge X, maps u, v, w in the following way:

<0 Xwd =09 (m>0), X0 =ultY (m>0),

Xud =0 (m>1), Xp9 =0 (m>1), (2.119)
i>0 0 X;uwd =09 (m>0), X;p0 =u0t) (m > 1),
Xud =0 (m>1), XpY% =0 (m>0). (2.120)

The cohomology groups of the complex C) are [34]

0 J7#0,

] (2.121)
»Cl,k J=0.

H’(Cy)) = Ker X;/Im X;_; = {
Using this fact, the trace of operator O over the irreducible Virasoro module can be
converted to the alternated sum of those over the Fock spaces. If we can draw the

commutative diagram

s, X0 X, 0 X
lo(m lo(m lom e (2.122)
s, X, X, 0 X

where @) is an operator O realized on Cj, then by Euler-Poincaré principle, we have

tre, O = tI'HO(Cl,k)O = trg-(c, ) O = Z ]trc (2.123)

JEZ

For example let us calculate the character. Since the trace over the Fock space is

_c L _ 1 _c _ L 1
trc2qu° M =q 21 T A=) H 1— ¢ tYCZquLO M =q 27+ 5(m) H W’
n>0 n>0

we obtain the Virasoro character (2.37),

e, g 5 = 3 (<1t g E = S (A0 — P, (2.124)

JEL 77(7—) meZL
If we use S_(z) instead of S;(z), another complex in which &" of Fj; changes is
obtained.

Ezample: ¢ =% (Ising model)

Parameters and conformal weights are

_1 r_ "n__ _ 4 _ 1 _ 2 _ V3
C=73 p=3, p'=4, 5—5, @ =353 O+ =5 =T T

1 _ 2 1
hip =0, hyy= 93 ha2 6 1 =0, a1 = —V3 227 T34



h =0, ;, 1—16 correspond to identity operator, energy operator, spin operator respectively.

Remark that

_ 1 _
hoz =0, hig=35, hia=

1 _ 1 _ _ V3
2 60 M3 =5 Q13= V3, = o

Basic two singular vectors are

h=0 : |x)=L_0), (2.125)
IX') = (Lo + 2L 4Ly — %L* 5 — 3£L°,)[0)
+(byL_5 + 172[,,4[,,1 +bsL 3L (2.126)
+byL_3L% | +bsL* 5L 1 +bgL_oL*, +b7L7 ) |x),
1
h=5 ¢ b= (L= 5L2)5), (2.127)
IX') = (L_s — $L°1)|3) + aL_1]x), (2.128)
1
h = 6 - IX) = (Lo — 5L7)|55), (2.129)
IX) = (Loa+ 0L 5Ly — 2L )|L) + (bLy + V'L2))|x), (2.130)
where
b1:_247157 bZZ_’;_ga b3:%7 b4:g_§7 b5:%7 b6:_§7 b7:%7
a=—4 p=JT p_ _d01
57 3100°? 7757

are determined by the requirement that |x’) is orthogonal (with double zero) to descen-
dants of |y).
In the free field realization these singular vectors become as follows. For h = 0,

0) = len)s = [x) =0, (2.131)
X') = =575 (a6 +6V3a_sa 1 —32V3a_4a » —5la_4a’,
+Y362 4 T5a 3a sa y — 18V3a sa®, — La®,  (2.132)
—l—ﬂ_aQ_za_1 + 6a_qa’ | + 2\/§a_1)|a1,1>3,
0) = |aa3)s @ |x) = ma—1|042,3>3, (2.133)
X) =0, (2.134)
for h =

2.135
2.136
2.137
2.138

30 =lazi)s + |x) =0,

) = g (as + VBa_sa_y + 2d%,)|az.)a,
|3) = lawz)s - |X>—7(a —§G—1)|a1,3>37

X) =0

~—~~ ~~ —~
~— ' N~
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and for h = 16,

V3

|X,> 310(a 4 — 8\/_a 301 + 2\/5 _2 — 2a_ 2@2_1 2.142

li6) = lazg)s © ) = 5u5(a-2 + Fa2y)|aza)s, (2.139)
Xy =0, (2.140)

I16) = larz)s = ) =0, (2.141)
(2.142)

+2\/_Cl )|Oél 3>
On F,, BRST charges are

Creng 2T
dz 2 1 2 1 20 2,

= ¢ — exp(— —a,nz”) exp(—— —anz’”>eﬁ 28 (2.143)
0 271 V3 ; n V3 ; n
1 2mial ot / le dZQ

— I (p2miag 1 matra g S

Q2 2(6 +1)(e ) o 2miomi +(21) 54 (22)

= 1(627”% + 1)(e2m j[ / du 2?4 1 —u) % %Qz%aou%ao,

2 27r2 21z

xexp(\/_z —a_p2" (1 +u") )exp( Z —apz "(14+u" ”)),(2.144)

where we have taken I, contour (see appendix A.4) and changed integration variables
z1 = 2z, 2o = zu. We give lower level examples. We perform fo dz first, and next use
fol duu®'(1—u)’~' = B(a, b) for ‘arbitrary’ values a, b (analytic continuation). For h = 3

and |%> = |a2,1>Ba

Loslogy)s = 312, |on)p = %3 (a2 — =02 ,)]02.)s, (2.145)
Qh|aa)s = 3%(&—3 +V3a_sa_y + 2d® Dlaz1)s, (2.146)
Qs(Aa_y + Ba® )| )p = 172732 (A+ V3B)|a_s)s, (2.147)
Q2(A'a 3+ B'a_sa 1 +C'a*))|ay, 1)3

%hfr C(A+ LB —3C"a 1 ]os)p, (2.148)

therefore we have

Qilas)s = 41X), Q2L slagi)p = Q2L Jag)p =0, Q2Q1]au)s = 0. (2.149)

For the complex Cy;, we have

U(()_l) = |a4,1>Ba U(()O) = |a2,1>B, U(()l) = |C¥—2,1>B, (2.150)
= leé_l) = %(a_g + \/ga_za_l + 2037 )|C¥2,1>B, (2151)

1
Q) = v, w = —%—WUFF((%?’)’ (a—z + Y202, 0g1)s. (2.152)
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Remark that the last equation is the dual of the following state,

I'(2)?
Qalas, 1)p = 2 r(é)) (a5 —L2a o s 1)p. (2.153)

For more examples and explicit expressions of the Virasoro singular vectors, see [2, 35,
36].

2.3.4 Calogero-Sutherland model and Jack symmetric polynomial

In this subsection we review the relation between the Virasoro singular vector and the
Calogero-Sutherland model (CSM) [37, 32]. Calogero-Sutherland model is a many body
quantum mechanical system on a circle with length L under the 1/r? potential. Its

Hamiltonian and momentum are

No =3
1 ., pB(B—h) m\2 1
Hes = Z_pui(_) e (2.154)
= 2m ’ m L) e, AU
No
. . h o
Pos = Y b D= EEPE (2.155)
j=1 G

where ¢; is a coordinate of j-th particle, p; is its momentum, Ny is a number of particles, m
is a mass of particles, 3 is a (dimensionful) coupling constant and 7 is a Planck constant.

Since this Hamiltonian can be rewritten as

1 ,82 ™ 2N3—N0
Ho.o = S 21t _(_> o — % 2.1
(o) EJ:Qm 5 ]+m I 6 ) ( 56)
~ ST ™
I = p;+ifp D cot (g5 — ), (2.157)

k#j
the ground state ¥ is determined by II; ¥, = 0,

W0:N<}:[Sin%(qi—qj))ﬁoc <1:[ \/g( —%))B (2.158)

where N is a normalization constant, and § and z; are dimensionless quantities,

B=L, z;=emt, (2.159)

St

Under the interchange of particle, this ground state gives a phase (—1)” which means
that this system obeys fractional statistics. Excited states that we seek for have the form
U = )W, where 1 is a symmetric function of z; because ¥ has same statistical property

as ¥y. By removing the contribution from the ground state,

-1 L (2mhy2 1 3203
Wy oHeso Wy = %(T) (Hﬁ+ 0 (Ng _N0)>7 (2.160)
2mh
Urlo Pago Wy = %P, (2.161)
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Hamiltonian and momentum that act directly v are

No

Hy =Y D245 Y %(Di—@), (2.162)
i=1 1<i<j<Np ~ " J
No 8

P =)D, D = Tz~ (2.163)
i=1 ¢

Here we recall basic definitions of symmetric polynomials [38]:

M=) M=) imi, (V) = max{); > 0}, (2.164)

i

partition: )\:(Al,)\Q,"'):lmIQmQ"', )\1 Z)\ZZZO, mz->0,

dominance (partial)ordering: A > p

S A=, M-t N=pe o (Vi) (2.165)

monomial symmetric function: my = E x4 x% =Pl

[0

« : all distinet permutation of A = (Ag, Ag, - - ), (2.166)

power sum symmetric function: pyx = px,px, -+ Panys P = Zx:’, (2.167)
i

inner product: (px,pu)s = Oxu Himimi! BT (2.168)

The Jack symmetric polynomial .J, = Jy(x; ) is uniquely determined by the following
two conditions [39, 38],

D) @) =) unmu(z), wan=1 (2.169)

B<A

(i) (Ja, J)sg =0 if A # L (2.170)

The condition (ii) can be replaced by (ii)’,

No
(i) Hylr=cgadn, g = Z(A? FB(Ny+1— 22’))\2-). (2.171)
i=1
Therefore excited states of Calogero-Sutherland model are described by the Jack sym-
metric polynomials. Using properties of the Jack symmetric polynomial, some dynamical
correlation functions were calculated [40].

There exists another inner product,

(1) = $ 1 dey - A7 2)g(a), (2,172

A(@:H(l-ﬁ)ﬁ, f(x):f(xil,x%,---), d_szzizj. (2.173)

a
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This is a usual inner product in quantum mechanics. These two inner products are

proportional,

Let us introduce two transformations for symmetric polynomials,

Gr : (gkf>(x1,---,xl):ﬁxk-f(xl,---,xl), (2.175)

Noy (M,,lf)(x;,---,x;,):j[Hd_xj-ﬁ(x',x)A(x)f(xl,---,xl), (2.176)
j=1

Then the Jack symmetric polynomial satisfies the following two properties,

Jwty+x = GeJx (I variables), (2.178)
(Jx, In)g (Jy in LHS : I’ variables)
= . 2.1
= 1 Jy, J/\>15M A (J\ in RHS : [ variables) (2.179)

By successive action of these two transformations to Jy(x) = 1, an integral representation

of the Jack symmetric polynomial can be obtained [37, 32],
J/\(:L‘) X M,llgklMl,lzgk2 oo 'MN—z,lN—lgkN—lMN—hO : 17 (2'180)

where the partition \ is X' = ((I)*1, (I)¥2,- -+, (Iy_1)¥~-1) , namely corresponds to the

following Young diagram,

kl k2 e k'N—Z k'N—l

v b Iy SR [V

For example, the Jack symmetric polynomial with a rectangular Young diagram (k') is

l l l
T Moo 1) TH0- 2 Tt e

Jj=1
We will show the relation between the Jack symmetric polynomials and the Virasoro
singular vectors [32]. States in the Fock space and symmetric polynomials have one-to-one

correspondence,

F. — {symmetric function}

1f) = fz) aIeXp( fz anpn>|f (2.182)

27



Namely oscillator a,, and power sum p,, correspond as,
a_p, o Qn o 2n 0
Pny —= & A
vB T VB B op,

Using this correspondence, Hamiltonian Hz (2.162), which is a differential operator with

(2.183)

respect to x; (or p,), is bosonized,
Hg a|exp( \fz npn> a|exp( \fz npn> (2.184)

Bosonized Hamiltonian Hg is an operator on F,. It is cubic in a, and can be rewritten

by using the Virasoro generator L, (2.56),

Hﬂ = i\/B Z (afnfmanam + 2a7na7ma/n+m) + % Z a_pQp <(1 — ﬂ)n + NOB)

n,m>0 n>0
= VB L+ ana, (NOB F4—1- \/Bao). (2.185)
n>0 n>0

When Hg acts on the singular vector (2.80), the first term of Hg vanishes because of the
property of singular vector, and the second term is already diagonal,

Hg|x 1) = lk (Noﬂ +8-1- \/BCLZ,#O IX—1,-k) = €p,6) [X—1,-k)- (2.186)

Therefore |x_;_) is an eigenstate of flg, i.e., it gives the Jack symmetric polynomial by
the map (2.182). In fact the polynomial obtained from (2.80) by (2.182) agrees with the
integral representation of the Jack symmetric polynomial with the partition (k'), (2.181).

The Jack symmetric polynomial with general partition whose Young diagram is com-
posed of N — 1 rectangles is related to the singular vector of Wy algebra [32].

3 Deformed Virasoro Algebra (Agl) type)

3.1 Definition and consistency

Definition Deformed Virasoro algebra(DVA) (A type) is an associative algebra over
C generated by T, (n € Z) with two parameters x and r, and their relation is [17] (see
(3.128) for correspondence of parameters)

Tn7 T Z f@ n— leJrl m lTnJrl) (l’ - xil)Q[r]m[r - 1]1[2n]m5n+m,07 (31)

where the structure constants f; is given by

oM (TR TR (r—-1)n _ ,.—(r—1)n
N O S === ) I

n>0
—2(r—1)

1 (z%2,x 2 1% oo
1— 2 (2222, 22 20Dz gh)

28



Here we have used the notation (A.l), (A.3). By introducing DVA current T'(z) =

E T,z ", the above relation can be written as a formal power series,
nez

i

w g

JT(T () ~ T@)T()F(2) =~ — el — 11, (3672) — 5622)). (3.3
For later use we add a grading operator d,
[d,T,] = —nT,. (3.4)
The above relation (3.1) is invariant under
T, — —T,. (3.5)

It is also invariant under the following two transformations:

i) 0: z—=a™', reor (3.6)
w:

(i)

In the case of (i) f(z) is understood as the first line of (3.2). Let us introduce (3 as

r—x, re—1-—r (3.7)

r
=", 35)
then
0-6=0, w-f=p" (3.9)
ap in (2.19) is
ap = ! (3.10)

Consistency In subsection 2.2.1 the central term of the Virasoro algebra is determined
by the Jacobi identity. Here we will show that the structure function f(z) is determined
by associativity [41].

Let us consider the following relation,

[T (T (w) = T()T(2) f(2) = o (6(2*2) - 3z ~*2)), (3.11)
where ¢y is a normalization constant and z is a parameter, and f(z) is an unknown Taylor
series f(z) = ifgzl. By using this relation, f(2£)f(2)f(2)T (21)T (22)T'(z3) is related
{0 F(2)7(2)/ ()T (A)T(z2)T(=1) in two ways

(123) — (132) — (312)
\J \J
(213) — (231) — (321)
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These two results should agree. So we obtain an equation containing delta functions,

T () (0(2°2) = 8 22) ) (/(2)£(2) = J(2)f(2)) +eyclie =0, (312)

This is equivalent to

T (21) (0(a*2)g(2) = 3 22)g(2) ) + cyelic = 0, (3.13)
where g(z) is
9(2) = f()f(a7%2) = f(z7)f(2%27") = —g(a®27"). (3.14)
In mode expansion g(z Z gn2", this equation becomes
neZ
(xQn _ x2m)gn+m + (QO _ $2l)gm+z + (le _ an)gH_n — 0, (3.15)
gn=—2"g,. (3.16)
From (3.16), we have gy = 0. From (3.15) with (m,l) = (n—1,1-n), (m,l) = (n—2,2—n),
we have go,_; = %ﬁnl)gl and go,_o = # And from (3.1 5) With (m,l) =
(n —1,n+1) we have g, = (142~ ?)g;. Combining these we get g, = +—2= > ¢ and this
satisfies both (3.15) and (3.16). Therefore the solution is
Go=c(1—a ), g(z)=d, (5(z) . 5(:(22/)), (3.17)
where ¢, is a constant. By setting F'(z) = f(2)f(2?z), (3.14) and (3.17) become
F(z) = F(z %z ") = —¢{ > _(1—a2"")2". (3.18)
nes

Since F'(2) is also a Taylor series, this equation implies

F(z) = ¢, (a +3 - xQ”)z”>, (3.19)
n>0
where a new parameter « has appeared. If we express this a by a new parameter r as

x—z !

(ajr _ x—r)(ajr—l _ x—(r—l))’

o =

(3.20)

then F'(z) becomes
(1 —=*2)(1 —
1-2(1-= z)

From this equation f(z) is calculated as (|z| < 1)

FG) o0 F() Fla's)
F(222) f(@'2) F(a22z) F(252)

n _ 2 _ x72(r71)n

— 1(0) exp(zz(l )a )). (3.22)

1+ a2n
n>0

We choose the normalization of f(z) as f(0) =1 (¢ = —a!), then this f(2) is just (3.2).
—1
a t.

F(z) = —cya )

(3.21)

f(z) = x f(0)

We fix the normalization of T'(z) by ¢y = —
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3.2 Conformal limit

Quantum group(algebra) U,(g) is a deformation of U(g) and it reduces to undeformed

one in the ¢ — 1 limit,
g—1

Uy(g) —— Ulg).

The deformed Virasoro algebra defined in the previous subsection is a deformation of the
Virasoro algebra as expected from its name. Then in what limit it reduces to the usual

Virasoro algebra?
DVA —~— Vir.

Since DVA contains two parameters x and r (or § (3.8)), it admits various limits[41]. In
this subsection we will show that DVA reduces to the Virasoro algebra in the conformal
limit.
The conformal limit is
r—1, r (orf): fixed. (3.23)

To study this limit we write x as
_Llooh
x=e 2% (3.24)

Y

where « is given in (2.19) and % is a fictitious Plank constant, and take i — 0. f(z) has

the expansion,
f(z) :1+h2f[2](z)+h4f[4](z)+..._ (3_25)

Taking into account the invariance under (3.6), we assume the expansion
T(z) =2+ B2T?(2) + BT (2) + BT (2) + - - -, (3.26)
(Remark that —7'(z) is also a solution.) and we set
TB(z) = 22 L(2) + Lal. (3.27)
Then LHS of (3.3) is
a(70) - 72 )+t ([196:). 7 w)
+2(20) = 1P¢ ™) (TP + TP(w) ) + 4 (71(6) - fw(cl))) o

= hQ( — 2C5'(C)> + ( [ZQL(Z), wQL(w)]

~0) (220 + wLiw) - O 28 - L) s
where ¢ = %. On the other hand RHS of (3.3) is
(= 2000) + 1t~ 2L - )R ) (329)
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Comparing these equations and (2.5) shows that L(z) in (3.27) is the Virasoro current
with the central charge (2.17).

Therefore the Virasoro current L(z) is found in A? term of the DVA current T'(z).
And also (conformal)spin 4 current T™(z), spin 6 current T!%(2), - .- exist in the DVA
current. In massless case only one Virasoro current L(z) controls (chiral part of)CFT. In
massive case, however, L(z) and infinitely many higher spin currents T1"(z) are needed
to control massive theory, and they gather and form the DVA current 7'(z). DVA current

is a ‘dressed’ Virasoro current.

3.3 Representation theory

Let us consider the highest weight representation. The highest weight state |A) (A € C)

is characterized by
LX) =0 (n>0),  To|d) = AN, (3.30)

and the Verma module is

M= P CI.- TN (3.31)

(>0 n1>-->n;>0

M is a graded module with grading d,
!
d|)‘> = d/\|)‘> (d)\ < C)a d-Tp, - 'T*n1|)‘> = (d)\ + an)T*nl o 'T*nz|)‘>7
i=1

and we call Y°'_, n; as a level.

To obtain the irreducible module from the Verma module we have to quotient out
invariant submodules, which are generated by singular vectors. Singular vector at level
N, |x), is

Tlx) =0 (n>0), Tolx)=Xlx), dlx) = (dr+N)|x), (3.32)

where ), is some eigenvalue. Existence of singular vectors is detected by zeros of the
Kac determinant. To define the Kac determinant let us introduce the dual module M*
on which the DVA act as T = T_,. M* is generated by (\| which satisfies (\|T}, = 0
(n < 0), (\|To, = M| and (A|]A) = 1. At level N there are p(N) states |\; N,1) =
T_n|AY, [Ny N,2) = Ty TN, -+ JA N, p(N))y = TN N in M, and (\; N, 1| = (\[T,
(N N2l = (AN Ty—1, -+, (NN, p(N)| = VTN in M*.

The Kac determinant at level N is given by [17, 42]

o x—rl)(x(r—l)l o x—(r—l)l)

wt + !

(:U” p(N—Ik)
det<A;N,¢|A;N,j>=H( (A?—A?,,a) L (339)

Lk>1
k<N
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where A is
)\l P = xrlf(rfl)k 4 x*Tl‘F(T‘*l)k. (334)

A dependence appears through A\? because of the symmetry (3.5). Conformal limit (3.23)

of this determinant is

H (# R2(h — hyy) ,4>p(N_”c) T

Lk>1

IhEN
(N—1k)
— A H (2lk(h—hl,k))p +-, A=4 Zp(N—lk). (3.35)
Lisl N

This is just the Kac determinant of the Virasoro algebra (2.16), and the order of 7 is
consistent with (3.26) (use (A.30)).

For generic values of = and r, this Kac determinant (3.33) has essentially the same
structure as the Virasoro one (2.16). Therefore embedding pattern is same as (2.27),
and the character which counts the degeneracy at each level (tr¢?) is also the same. For
special value of x and r, for example 2" is a root of unity, the Kac determinant has more

zeros. In this case we need special study, see [42].

3.4 Free field realization
3.4.1 free field realization

Let us introduce free boson oscillator h,, (n € Z),

71)21[71]:1:[7“”]:1:[(7“ — Dnle
n [2n],

Py hin] = (. — @ Ontm.0s (3.36)

and use zero mode ay and @ defined in (2.49) (or af in (2.72)). The Fock space F, is
defined by

Fo= @ @ (Chfm T h*nz |a>B7 (337)

>0 n1>--->n;>0
where |a)p is given by (2.51) with replacing a,, by h,,.
The DVA current T'(z) is realized as follows:

T(z) = Ay (2) + A_(2),

AiL(z) =:exp (:I:Zhn(xilz)_”> : x TVl (3.38)
n#0

To prove this we need the OPE formula,

%)Ai(z)/\i(w) = Ai(z)Ai(w) o
FAL()A5(w) = : Ar(2)Az(w) 1 (7' 2), (3-39)



and the relation of Ay,
cAL(m )N (22) =1 (3.40)

Here v(z) is

— 3.41
7(z) (1—2z2)(1—2"12) ’ (3:41)
and from (A.24) we have
1(2) =7z = =z — 2 Olalr = 1], (8(22) - 8(z72)). (3.42)
The grading operator d is realized by
d — dOSC _|_ dZeI‘O,
n?[2n] 1 1
do¢ = z h—nhn e —— 2 = 4
; (e — 2 Vbl = Dnls " 1 ~gp B4
which satisfies
[d, hn] = —nhy, [d, Q] = ay, dlak)s = (hik — 53)|owk)s, (3.44)
where ¢ and hyy, are given by (2.17) and (2.18) respectively.
|a)p is the highest weight state of DVA with A = A(«),
) = [Aa)), (3.45)
Ma) = gVTr=Nle=eo) 4 g=+/rir=Dia-ao), (3.46)
The dual space F; becomes a DVA module by (2.63) with
', = T, (3.47)
'hy = —h_n, eq.(2.66), (3.48)
and (2.67). By (3.48), Fr is isomorphic to Faa, o as DVA module,
Fr = Fong—a (DVA module). (3.49)
la)sy > 209 — a)p. (3.50)

Remark that A(a) = A(2ap — a) by (3.46).
In the conformal limit (3.23), oscillator h,, is expressed by a, in (2.49) as follows:

A 2 m _ p—rn p(r—1)n _ .—(r—1)n
hn:—\/ S . an. (3.51)

" +x"  rnagh (r — 1)nagh

Substituting this expression into (3.38) and expanding in %, we get (3.26) with L(z) in
(2.55) (or (2.73)).
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3.4.2 singular vectors and Kac determinant

In the case of A = );, there are singular vectors. In the free boson realization they can
be expressed by using the screening currents. For later convenience we denote screening

currents as x4 (z). x4(z) is defined by

ri(z) = :exp(—z n ) L xeV TV T (3.52)

n#0 [n]m

!/
z (2) = :exp( [a]" z‘”) xe VTV Gt (3.53)

—

where oscillators a,, o], (n € Zy) are related to h, as
- — 1)n] NG

h, = (z — 1_1n[(7" A o 54
R e e (3.54)

Conformal limit (3.23) of z_(z) is 2S_(2) in (2.76) and that of z,(2) is 25, (—2) (up to
phase) due to (—1)" factor in (3.54).

Commutation relation of DVA generator and screening currents is a total difference

(T (w)] = (o —a™)((~a"™"w)" As (0"~ w) = (—a= V)" A (270 w) ) (3.55)

[T,z (w)] = (27! — x’(’"’l))((x’"w)”A,(xrw) . (x*rw)”A,(ag*rw)), (3.56)
where Ay (w) is

Al(w) = 2 Ap(—w)zy (2T D) -, (3.57)
A_(w) = 2=V A (w)z_(eTw) ;. (3.58)

Hence their zero modes (screening charge) commute with DVA,

[Tn,f dz xi(z)] ~0. (3.59)

0 2z

(Exactly speaking we have to specify the Fock space on which they act. See subsection
3.4.3.) We will use 2, (z) in what follows. z_(z) can be treated similarly.

The representation with A = Ay, is realized on Fy ), = Fq, ,,
Ak = Magg), (3.60)

where «; is given in (2.79). To contact with our previous paper [17, 18] (a5 there is
oC a_y s here.), we consider dual space F;, = F_; . Like as the Virasoro case (2.80),
singular vectors of DVA are expressed by product of screening charges. Moreover this

product becomes more clear for the deformed case, if we include Lukyanov’s zero mode
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factor (see subsection 3.4.3). In the Verma module with A_; _j, the singular vector at

level [k is expressed as

X1, k>_Ql|al —k)B (3.61)
(Zz T (7‘ 1))
/Hdz H (2 2 20 szk H€Z">° PR sy ),
1,j=1 25 =1 7j=1
i#j

where dz; is given in (A.14), the BRST charge @; will be given in (3.77), and C(2) is

(222220 D)o (@222 o e gp1a

— J . k
C(Z) o H (%;xZ(rq))oo (xQ(r—l)%;xZ(rq))oo Z;

1<i<j<l i=1

(3.62)

Here we have used the notation (A.6) with r* = r — 1 and z; = 2. Since the BRST
charge ();, which is a map from F; _;, to F_; _j, commutes with 7,,, [x_; k) is annihilated
by T,, (n > 0). This state |x_;_¢) is non zero because its conformal limit gives non zero

state (2.80).
Like as in subsection 2.3.2 let us introduce matrices C'(NV, ) and C'(N, «),

T_[|a>B = ZC ]Jh J|CY> (363)
('T)|a) = Zc N, ) s(*h)s]a)s. (3.64)

C" can be expressed by C' as (2.92) with (2.91). Their determinants are given by

(N—lk)
det C(N, o) H( Vrirlean) ’“(’"*”(”‘*”‘M")p : (3.65)

Lk>1
k<N

det C'(N,a)r; = detC(N,2ap — «) - det D
— H <1‘ r(r—1)(a+a; r—2a0) — r(r—l)(a—l—al,k—?ao))p(]\]lk)‘ (366)

Lk>1
k<N

The inner product of two states in the Verma module becomes (see (2.94))

ATy 1N = < ("T)ile)s, T-sle)s >

= ZC,(N, Oé)[yKGK,LC(N, Oé)]yL. (367)
K,L

Here G 1, is
Grr = < (‘h)kla)s, h-rla)s >

1 (gt — e (r=1)i _ .—(r—1)i\\ *i
:(SK,LH(g(x v e )> ki, (3.68)

.’I;Z _|_ x*l
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and its determinant is (use (A.28) and (A.30))

1 i .—Ti (r—1)i _ ,.—(r—1)i k;

{ki} i
¥, ik;=N
(xrl _ xfrl)(x(rfl)l _ xf(rfl)l) p(N—Ik)
= 1] — . (3.69)
Lk>1 x + x
k<N

Therefore we obtain the Kac determinant (3.33) [17, 42],

det(\|T;T_;|\) = det C'(N, ) - det G - det'C(N, )
rl _ .—rl (r—1) _ .—(r—1) p(N—lk)
- 11 <(5” GG ’ )()\2 - Aik)> . (3.70)

ot 4

Lk>1
k<N

3.4.3 Felder complex

We consider the representation of A = \;; in (3.60) with (2.20) and (2.23), i.e.

/!

p

T:p//_p/'

(3.71)
We set,
r*=r—1.

Let us define the screening operator X (z) as the integral of x(2’) plus extra zero mode
factor [43],

w—u +L—1]
X6 = f et 3.72)
c [u—u' =3
where z = 2%, 2/ = 22, d2 = %7 and the integration contour C' is a simple closed

curve that encircles 2/ = 272~z but not 2/ = x~ 12D 5 (n = 0,1,2,---). [ is
[=1xidon Fix (see subsection 5.2). z is an arbitrary point, for example we take z = 1.
This X (z) is well defined on Fy 5 (VI', k)

X(2): Fos v Foone (3.73)
Product of X (z)’s is [43]
X(2)"  Fop = Froomp
B PRI | RS S R
j=1

B bu-d

= %ﬁ@] 4 (21) 24 (2m)
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1 e — o + 5 — (L= 2(m — )]
ol ; ' h* (ta(i) = Uo(j))
m) UGXS; g (U — Ug(iy — %] ISi];'[Sm j
(>0 ()
= Tz, o))
7j=1
X— [Z]* H [U—UJ]*H[U Wi =3 7:1 ] , (3.74)
meia [1] 1<i<j<m (i = uj +1] im1 [u—u; — 5]*
2u

where z = 2%, z; = 2®* and dz; is given in (A.14). Here we have used x(21)z4(2) =

h*(u; — ug)x 4 (29)x4(21) (as a meromorphic function) with h*(u) = %ZJ_FH (see subsection
5.2), and the formula (A.12) with » — r — 1. From the factor [¢]* in the last line of (3.74),

we have (use (A.10))

X(2)V =0. (3.75)
Moreover X (z) has the property,
[T, X(2)'|=0 on Fypy I'=1 (modyp). (3.76)

This can be proved by (3.55) and careful analysis of location of poles [43]. We define the
BRST charge @, as
Q= X(1)™. (3.77)

Let us consider the Felder complex Cj,
e, o, oo o, (3.78)

where C; and X; : C; — Cjy (j € Z) are
C2j = Ef2p’j,k; C2j+1 = f*l*ZP'jJ“ (3'79)
Xoj =@, X1 =Qp_y. (3.80)

X satisfies the BRST property,
Xij_l == 0 (381)

We assume that this Felder complex has the same structure as the Virasoro case because
it formally tends to Virasoro one in the conformal limit (z — 1 and r and z = z** fixed

kept). Then the cohomology groups of the complex C;, are

. 0 j#0
Hi(Cpy) = Ker X;/Tm X, , = 770, (3.82)
»Cl,k ] = 0,

where £;, is the irreducible DVA module of A = ); ;. The trace of operator O over L;
can be written as (see (2.122))

trg, O = tI'HO(Cl,k)O = trg-(c, )0 = Z ]trc (3.83)

JEL
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where O is an operator O realized on Cj.
If we use r_(2) instead of x,(2), another complex Cj, in which k" of F s changes is

obtained. The corresponding screening operator is

[u—u' — 3+ k]
X’(z) = %I@/x_(z') [U_ul+%] , (384)
where [u] in (A.5), 2 = 2", 2/ = 2*, d2 = #‘z;,, and the integration contour C’ is a

simple closed curve that encircles 2/ = xHQT”z but not 2 =z~ (n =0,1,2,---).
kis k = k x id on Fi (see subsection 5.2). X'(z) is well defined on Fyp (VI',E),
X'(2) : Fopr = Fpar—2, and X'(2) satisfies

X'(2)7" =0, (3.85)
[T, X'(2)¥] =0 on Fipy k' =k (modp"). (3.86)
By setting the BRST charge as @], = X'(1)™, another Felder complex Cj, = {C}, X} :

CJI - CJI"FI} is Cé] = :Fl,k—Qp”ja Céj«kl = ﬂ,—k—?p”ja Xé] = , Xé]«kl = Q;”fka and the
cohomology is HJ(CZ’JC) = Ker X}/Im X1 =060L1k-

3.4.4 Trigonometric Ruijsenaars-Schneider model and Macdonald symmetric

polynomial

The trigonometric Ruijsenaars-Schneider model (tRSM) is a relativistic version of the
Calogero-Sutherland model. The Ruijsenaars-Schneider model is a many body system
with sufficiently enough conserved quantities Hyy (k= 1,---, Ny) [44] (see also [45]),

Hy= Y J]h(E(g—q))2 - eF Zier” Hh )2, (3.87)

I1C{l,--,Ng} i€l

[|=k Jgl ]ez

where 0; (i = 1,---,Ng) is a rapidity and ¢; is its conjugate variable and ¢; = &g
mc

a coordinate. Their dimensions are [f;] = 1, [;] = h and [¢;] = L. (Exactly speaking

0; and §; are related to the coordinate ¢; and momentum p; by ¢ = mcg; cosh§; and

p; = mesinh §;. But we skip this procedure. See [46].) 6; is
h 0 1 h O

0; =~ o, " imedg’ (3.88)
and h(q) is arid)
_og+z
h(q) = @) (3.89)

where 3 is a coupling constant and o(z) is the Weierstrass o function. These conserved

quantities commute mutually

[Hy, H] =0 (k,1=—Np,---,No). (3.90)
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This model is a ‘relativistic’ model because it has Poincaré invariance,

H= mc (H,I—FHI) [H,P] :0,
P= mc(H \ — Hy), [H, B] = ihP, (3.91)
B=-1yM g, [P, B] = ih-5 H.

C
In the ‘non-relativistic’ limit (the speed of light ¢ — o0), the Hamiltonian H becomes
g
No

lim (H — Nymc?) = Z ! (h a> %B(B—h) > olai—a),  (3.92)

c—00 2m \ 1 aq] 1<i<j<No

where p(z) is the Weierstrass p function and we have rescaled the periods of o(z).
tRSM is a trigonometric case of RSM,

sin (g + i)

h(q) = e 3.93
=""m (393)
Its ‘non-relativistic’ limit is
lim (HtRS — NOmCZ) = Hcs, (394)
Cc— 00

where Heg is given in (2.154). Let us introducing dimensionless quantities z; and § in
(2.159) and

q= e’%ﬁ, t=4¢". (3.95)

Removing the contribution from the ground state, we obtain

A7 Hy A = (FakNo=D (g £, (3.96)
Here A is 4
No (28 ¢) o0
A=A(r)=Az;0.1) = [] W (3.97)
Sh (D)

i
and Dg(q,t) (k=1,---,Np) is the Macdonald operator

Di(g, ) = £556=0 37 Hm_x N (3.98)

IC{1,+,Ng} i€l I er
m_k JEI

where -Dz = l‘l% qu is a q_Shifta quf(xla Ty Tyt '71‘]\/0) = f(xla 4T, 71‘N0)‘

The Macdonald symmetric polynomial Py, = Py(z;q,t) is a multivariable orthogonal
polynomial with two parameters ¢ and ¢, which is determined uniquely by the following
conditions [38],

(1) Py = Zu,\,umu(x), U\ = 1, (399)
B
(i) (PyPugi=0 if A, (3.100)
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where the inner product is

O o
<p)\apu>q,t = 5/\,u Hlmlmz' : H 1— N (3101)
i i=1
The condition (ii) can be replaced by (ii)’,
No
(i) Di(q,t)Py=Y_ tV7'¢* - Py, (3.102)
i=1

Moreover the Macdonald symmetric polynomial is the simultaneous eigenfunction of the
Macdonald operators,

i(—u)ka(q,t)P)\(x;q,t) = ﬁ(l utNo M) - Py(z; ¢, 1), (3.103)
Di(q™ t*)Pi(z50.) = > HtNO wghin . Py(x;q, t). (3.104)

1< <-<i) <Np I=1
Remark that Py(z;q,t) = Py(z;¢7 1 ¢71) and (f, g)g-1.-1 = (¢t )°(f, g)gs- In the ‘con-
formal limit’,

t=¢%, q—1, pB: fixed, (3.105)

which corresponds to the non-relativistic limit (¢ — oo) (see (3.95)), the Macdonald
polynomial reduces to the Jack polynomial

lim Py(2;9,t) = Ji(z; B). (3.106)
t:qﬁ
# — 1 limit of the Jack polynomial is the Schur polynomial s,(x) = %HI{ In(z; ). t = ¢q
—
limit of the Macdonald polynomial is also sy(z) = %im Py\(z;q,t).
—q

There exists another inner product,

(Fr )y = fde (0, (@)g(e),  diy = o (3.107)

which satisfies
< ) >;;q,t X < ) >q,t' (3108)

Like as the Jack symmetric polynomial, the Macdonald symmetric polynomial has an

integral representation obtained by the following two transformations,

Gr (gkf>(x1,---,xl):ﬁxk-f(xl,---,xl), (3.109)



l
Niy (M,,lf)(x;,---,x;,):fHd_xj-n(x',x)A(x)f(xl,---,xl), (3.110)

(tziy;; 4
M(z,y) =(z,y; 4t HH S (3.111)

zy];

The Macdonald symmetric polynomial with A (N = ((I;)%, (I)%2, -+, (Ixn_1)*¥-1)) is ex-
pressed as [47]

P)\(‘T) X M,llgk1M17l2gk2 o 'MN—Zle—lgkN—lMN—lyo ' 17 (3'112)

because the Macdonald symmetric polynomial has two properties

P(kl)+/\ = ng/\ (l Variables), (3113)
(Py, P\)g.t (Py in LHS : I’ variables)

Py=—"—"—Ny,P . 3.114

TPy, PQZMN * (P in RHS : [ variables) (3:114)

This second property is valid if Ny ; is modified in the following way [18],

'
P/\ 0.8 M’,ZPA7

(Nouf) to o) = Hd_ T D)A@C @) f (1, w), (3.115)

where C'(z) = C(z4,---,x;) is an arbitrary pseudoconstant with respect to the g-shift,

¢”'C(z) = C(z) (Vi). (Remark that (Di(g,t)f, )0 = (f, D1(¢,)9)1q,-)
For example, the Macdonald symmetric polynomial with a rectangular Young diagram

(k') is

3 j=1

%Hdz Hexp( 1—27”2 1) - ﬁ z;q —- 115" @1

Next let us consider bosonization of the Macdonald operator D = D(q, t) [17, 18]. D
can be expressed by power sum polynomials,

Zﬂm_%- D; (3.117)

1=1 j#i
tN

= 11__t]:0 +t— <%dzexp(z (1=t ™)pnz )exp(%(q”—l)%z”) —1).

>0

Proof. Since ¢”ip, = p, + 2% (¢" — 1), ¢" can be written as

0 0
= G (—m—=——:q), 3.118
o) > (g, ) (3.118)

¢ = eXp(
n>0 "
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where Gn(Pm;t) = qn(Tm;t) is (see [38] p.209)

qn(; (1—1t) Z sz — an z;t)z —exp(Z%(l—t")pnzn) (3.119)

=1 e n>0 n>0

Then we have

ZHtm,—xj Zx Qn )

1=1 j#i i n>0 apn
1L — Mo ¢No 0
= n m;til In(— ; 3.120
— +t_1§q(w Jin(=mz —34) (3.120)
and get the result by (3.119). O

To bosonize this operator we introduce boson oscillator @, (n € Z),

1 — ¢l

T g Onmo- (3.121)

[Gn, Q] =1

A state in the Fock space is mapped to a symmetric function by

11—1¢"
= - nPn 3.122
)= f(2) <a|exp(n>0 T g nn) 1) (3.122)
namely
1—q™ 0
i Pas 2 17 _zn S (3.123)

This normalization for a, is chosen so that it produces the inner product (3.101). Then

D is realized on the Fock space :

11— T N
D{(a| exp (Z Wl g anpn) = (o] exp (Z P T anpn)D. (3.124)

n>0 n>0

The bosonized operator D is

— tNo No
D = 11 _tt + tt_ 7 (%@exp (Z %(1 - t_")d_nz”> exp(— Z(l - t”)dnz_"> - 1>

0

n>0 n>0
1 — N ¢No ,
= + ] (%@(w(z)T(z) - exp(— Z hn:v”z’”)x’Q ”(’"’1)“0> - 1)
—1 - 0 n>0
1 — o ¢ ,
= —— (Z V_pT, — 2~ 2Vrr=Day _ 1), (3.125)
n>0

where T'(z) is the DVA current (3.38) and (%) is
=Y "= exp(Zh Wz ") r(r=1)aj, (3.126)

n>0 n>0
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Here a,, is expressed by h, in (3.36)

1 n —n
ap, =N————hy, G, = nx’”uh,n, (n > 0), (3.127)

:L-rn i :L-—rn xrn — 1-—7‘7’7,

and parameters are identified as

q=22"V =g =2 p=q'=2z?% = X (3.128)

When D acts on the singular vector (3.61), Y nso YT}, term vanishes because of the

property of singular vector and the remaining terms are already diagonal,

No
Dlx—i—k) = > _ "7 |[xo1mi), (3.129)

i=1
where the partition X is A = (k!,0¥~!). Therefore |x_;_;) is an eigenstate of D, i.e., it
gives the Macdonald symmetric polynomial by the map (3.122). In fact the polynomial
obtained from (3.61) by (3.122) agrees with the integral representation of the Macdon-
ald symmetric polynomial with partition (k') in (3.116) up to z; — —x; and C(z) in
(3.62), which is irrelevant because C'(z) is a pseudoconstant with respect to the g-shift,
qP=C(2) = C(2) (Vi).

The Macdonald symmetric polynomial with general partition whose Young diagram
is composed of N — 1 rectangles is related to the singular vector of the deformed Wiy
algebra [18].

We have established the relation between the Macdonald symmetric polynomials and
the singular vectors of DVA in free field realization. When the DVA was firstly formulated
in [17], this relation was not the derived property but the guiding principle to find the
DVA. At that time we knew the two facts:

(i) In the free field realization, the singular vectors of the Virasoro and Wy algebras

realize the Jack symmetric polynomials [37, 32].

(ii) The Jack symmetric polynomials have the good ¢g-deformation, the Macdonald sym-

metric polynomials [38].
Based on these, we set up the following ‘natural’ question:

e Construct the algebras whose singular vectors in the free field realization realize the

Macdonald symmetric polynomials.

The resultant algebra are worth being called quantum deformation (g-deformation) of the

Virasoro and Wy algebras in this sense. This scenario is illustrated in the following figure,
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Vir free field realization Jack s
- . <>
Wy singular vector polynomial
g-deformation! g-deformation
w Y
q-Vir free field realization Macdonald
. ol a1l tRSM
¢-Wx singular vector polynomia

See [17] how the DVA was found.

3.5 Higher DVA currents

In this subsection we present higher DVA currents. We define higher DVA currents 7{,)(2)
(n=1,2,--+) by ‘“fusion’,

T(l)(Z) = T(Z), T(O)(Z) = 1,

T(n)(z) = f(l),(nfl) ($rn§)T(1) ($_r(n_1)ZI)T(n,1)(.TTZ) , (3130)

where fi,) m)(2) is given by

n—1m-—1

foem (2) = [T [ #0770 2) = Fony iy (2), (3.131)

i=0 §=0

with f(z) in (3.2). In free boson realization (3.38), we have

= BiAai(2), (3.132)
i=0
where ,B; and A, ;(2) are
bi bn—i ks [Til + ]-]:1:
nBi = o b= v 3.133
b, H [r(i" + 1)), ( )

i'=0
HA r(2i'—n+1) HA+ 7(2¢' —n+1) ) . (3.134)

T{ny consists of n+1 terms, which corresponds to the spin § representation of A;. T{,)(2)

satisfies the relation



a

= —(z—x~ ZnBamBa [ral, m+1xH

b=1
> (6(xr(n+m72a)+2 z_z) OT(n—a) (x ZI)T(m—a) (ib'imZQ) Z

21

[rb =1Js

Tb Ty (3.135)

21

_5(m—r(n+m—2a)—2 Z_Q) zT(nfa) ($_m21)T(mfa) (meQ) z) )
Here normal ordering | Ti,)(a2)T(p)(2)? is
T (aZ)Tw) (2)5

Y 3 e (37 T T + 0 Ty Tlas) 2

n=—o0o m=0 =0

= ]{ W (Z(%)j'ﬂa),(h)(i)T +Z e )T<a>(y)f(a>,<b>(%)>

2Ty

d 1
— f{ Y * fay ) (2) Ty () Ty (2)

y>laz| 2miy 1 — <5 y
dy % .
* ly|<|az| QWZyl_j ) T(b)(Z)T(a)(y)f(a)y(b)(;)
y az oz
dy 1 .
= P omiy—a: J00G) 0 TG, (3.136)

where mode expansions are

=Y fwwezs Tw(z) =Y Twaz™ (3.137)

=0 nez

This is a generalization of the normal ordering for currents used in the CFT,

dy 1
AB = - A(y)B(2). 3.138
B = f 3% A B() (3.139)
We remark that 7,)(z) is a composite field of 7'(z),
STy (" 2) Ty (272) 3 = Tiogmy (2. (3.139)

We remark also that another higher currents are obtained by replacing r with 1 — r.

Concerning the higher currents for the deformed Wy algebra, see appendix C in [48]
where delta function terms are neglected. (The arguments of W,)(u) and fu) m)(u,v) in
[48] should be shifted in order to compare them with T(,(2) and f,),m)(2) here.)

4 Solvable Lattice Models and Elliptic Algebras

4.1 Solvable lattice models and Yang-Baxter equation

A statistical lattice model is a statistical mechanical system on a lattice [6]. In this lecture

we consider classical systems on two dimensional space square lattice. There are two types
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of lattice models, vertex models and face models. For vertex models dynamical variables
‘spin” are located on edges and the Boltzmann weights are assigned to each vertex. On
the other hand, for face models, dynamical variables ‘height’ are located on vertices and

the Boltzmann weights are assigned to each face.

v U

Vertex model :
H& W Ruwgu(u), = —u ﬁ_ "
v u
Face model : b a b :
u W(c J u), U= U — U q-- U
d ¢ 5 (4.1)

Here p, v,/ V' are spins, a, b, ¢, d are heights, and R, ,,, (u) and W(Z Z‘u) are Boltz-
mann weights. We have assumed that the spectral parameters enter in the Boltzmann
weight only through their difference u. Roughly speaking, a vertex model on a lattice is
a face model on its dual lattice. A face model is also called an interaction round a face
(IRF) model or a solid on solid (SOS) model. If the height variable takes a finite number
of states, a SOS model is called a restricted SOS (RSOS) model.

So-called solvable lattice model is a statistical lattice model whose Boltzmann weight
satisfies the Yang-Baxter equation (YBE) [5, 6, 7],

R (y, — v) R () R (v) = R (v) R"D) (u) R1?) (u — v), (4.2)

for a vertex model and

b c a b f g a b g c a g
zg:W<g d U_U>W<f g‘u)W<e d U) - zg:W<g C‘U)W(e d U>W(f e‘u—v),
(4.3)
for a face model. Here R(u) = (R (1)) is @ matrix on V ® V and (4.2) is an equation
on V@V ®V and the superscript (12), (13) etc. refer to the tensor components, e.g.,
R (u) = R(u) ® id. YBE (4.3) is also satisfied by the new Boltzmann weight obtained

by the following transformation (gauge transformation),

w (5 al) = Fa e (¢ al) (44

where F'(a,b) is an arbitrary u-independent function of a and b. The following graphical
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expression of the Yang-Baxter equation will help us.

—u
Y U —v - u—v v
v u ,

where summation is taken over the height g at site e.

(4.5)

Solutions of the Yang-Baxter equation were studied by many people and the relation
to the Lie algebras was clarified [5, 8, 9, 10]. Three types of solutions are known; rational,

trigonometric and ellipic. Associated for each type of solution (R matrix), algebras are
defined [11],

rational —  Yangian,
trigonometric — quantum group (quantum algebra), (4.6)
elliptic — elliptic quantum group (elliptic algebra).

Elliptic quntum groups will be introduced in subsection 4.4.

Example: Vector representation of A, algebra [10].

a a+j [T+
W(a+/l a+2f u> o]

L O 1 el (47)

a+fia+p+v [a, — a,]
( a a+v u):M<[au—al,+1][au—a,,—1]>% (14 )
a+i a+ig+v 1] [a, — ay]? '

Notation is as follows. a is an element of the weight space of ALY, fris i =g, — (1 +

n+1
ot epg) (=1,2,--+,n+1), where ¢, is an orothonomal basis of C"*'. a,, is (a+p, /1),
where p is a sum of fundamental weight of Agl). Soa+p= 233 Ay, ZZE a, = 0.

The partition function of a lattice model is

Z = Z H(Boltzmann weight), (4.8)

config.
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where the summation is taken over all configurations and the product is taken over all
verteces or faces. This partition function can be calculated by using the transfer matrix.

The row-to-row transfer matrix 7 (u) is

v v Vy
T(w) = (T(ey) = > m}u/m }u S }um
e v 12 2\ ’
(4.9)
ap Qs aN
T(w) = (T(Wap) = { u { u u
b by v b
where v = (vy,---,vN), V' = (v],---,Vy), a = (a1, --,ayn) and b = (by,---,by). Here

lattice size is N (horizontal) by M (vertical), and we assume the periodic boundary

condition. Then the partition function is
7 =tr (T(u)M>. (4.10)

In the thermodynamic limit (N, M — o), only the maximal eigenvalue of the transfer
matrix contributes to the partition function. Once we know information about the eigen-
values and eigenvectors of the transfer matrix, we can calculate various phyical quantities.

If the Boltzmann weight satisfies the Yang-Baxter equation, the transfer matrix has
good properties. For example the trasfer matrices with different spectral parameters

commute each other,

[T (w), T (v)] = 0. (4.11)
To show this let us introduce the monodromy matrix 7’(u)
Vi v vy
T(U) B mgw /h}u,uz }u 199 }ﬁNJrl,
v, Uy UN
(4.12)
ai a9 an AaN+1
7A~(u) — 1 ou U e U
b by by byt

Then the transfer matrix is expressed as a trace of the monodromy matrix

T (u) = tr T (u) (tr = Z Opur i1 OF Z 5a1,aN+1>- (4.13)

PN 1 anN+1
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The following figure (for face model see similar figure in (4.50))

v |v v v /YT o o Ay (w=u—w)
(4.14)
shows
R(u—v)T (u)T (v) = T()T (u)R(u — v) (4.15)
or  W(u—v)T(u)T(v) =T )T (w)W(u—uv). (4.16)

(Here we do not write tensor product explicitly.) Therefore we obtain (4.11) by taking a
trace of R(u — v)7T (u)T (v)R(u—v) ' = T (v)T (u).

If we interpret a R matrix as a L matrix (L operator), whose entries are operators

acting on vertical vector space,

L(u) = <L(u)w,u>, (L(u)u:,u)yl = M#“» . (4.17)
’ v
then (4.2) is rewritten as
R (y — ) LW () LP (v) = L@ (v) LY () RY?) (0 — v). (4.18)
The monodoromy matrix is
T(u) = Li(u)La(u) - - Ly (), (4.19)

where L;(u) acts nontrivially on i-th component, L;(u) =1®---® L(u) ® ---® 1.
The R matrix obtained from the Boltzmann weight of the face model satisfies the

dynamical Yang-Baxter equation [24],

R (y — v; A+ AR (u; \) R (v; X + AV
= R®) (0; VYR (u; A + ADYRWD (4 — w3 )). (4.20)
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Here h is an element of the Cartan subalgebra (see subsections 4.3, 4.4). For simpliclity
we consider A, vector representation case. Associated to the face Boltzmann weight (4.7),

R matrix is introduced by

A AL
R(u, \) = W( T ‘)E E, ., 121
pkv=pl vl

where E,; , is a matrix unit, (E ,)»p = 0 00 . h acts on Ey , as hEy , = ('Ey .
E,  h= [E, ,. Using this and (4.3) we can show (4.20). Similariy L(u, \)

L(u,A)z( “)‘uu> ZLuAMM 1o

)\ A+
L Ny = 3 W()\Jrﬂ )\+ﬂ+ﬁ‘u)E,/7V, (4.22)

v,/

petv=p! !

satisfies the dynamical RL L-relation

R (u — v; A+ h) LW (u; \)L® (v; X + hV)
= L (0; \) LY (u; A + h@)RID (u — v; N). (4.23)

4.2 Corner transfer matrices and vertex operators

In the previous subsection the row-to-row transfer matrix is explained. There is another
powerful method, corner trasfer matrix (CTM) method, which was developed by Baxter
[6]. In the following we consider face models in which heights take values in a set I.
Vertex models are also treated similarly.

Let us consider the square lattice. We take the central site as the reference site O and

devide a lattice into four quadrants.

(4.24)

For each quadrant we assign a matrix A, B, C, D, which are called corner transfer matrices.

We take a multiplication of matrices counterclockwise. Sites on each column (row) are
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numbered increasingly from south to north (from east to west), ---,—2,—1,0,1,2,---

where the zeroth site is the reference site O. For example A(u) = (Agp(u)) is

Agyb(u) = 50&0,()0 uyc o,
ba
u u 'y
by
r U u uy

0
- A2 a1 Qo

(4.25)

where a = (ag, a1, a9,-), b = (b, b1, ba, - -+), and summation is taken over inner sites e.

Using these CTM’s the partition function is expressed as
Z =tr (DCBA), (4.26)

and one-point local height probability (LHP), which is a probability of finding local height
at O to be k, is

P, = Z 7 'trgy—1(DCBA). (4.27)

To discuss these quantities, however, we have to specify the ground state.

We restrict ourselves to consider the following ground state configuration

ia i2 2'1 ia 2'2 2'1
uyu
Uuyuyu

(4.28)

which is invariant under the shift in the NE-SW direction. Many interesting models have
this type of ground states. We label this ground state configuration (i.e. an ordered set
(11,19, -+, 1) Whose cyclic permutations are identified) as an integer [. On each column or
row the height sequence is - -, 41,99, *, 1q,t1,%2, * *, ta, * * +, but there are o configurations
because the height on the zeroth site takes one of o values i,,,1. We distinguish these

configurations by an integer m € Z/aZ. Namely the ground state configuration (I, m),
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which we denote a(l, m), is

@jm(l,m) =i (0<j<a—1),
aja(l,m) = a;(l,m) (j € Z). (4.29)

When we discuss this face model, we impose the condition that heights at the boundary
(or sites far away from O) take one of the ground state configurations.

In the north and west directions the ground state configurations are - - -, i1, 49, - *,iq, - - -
Let Hl(lizl denote the space of states of the half-infinite lattice where the central height
(i.e. the one on the zeroth site) is fixed to k& and the boundary heights are in the ground

state (I, m). Formally it is

HZ(I:?)v, = Span{(aj)?‘;o ‘ aj €1, a0 =k, a; =a;(l,m) (j > 1)} (4.30)

In the south and east directions we relabel the numbering of sites : 0,—1,—-2,--- —

0,1,2,---. Then the ground state configurations are in the south and east directions are
Ce Dyttt 12,00, 0 0 . D0 we introduce

i = Spand ()7

a; €1, a9 =k, a; = ay(l,m) (j > 1)}, (4.31)

where aj(l,m) = a_;(l,m). We have

a(l,m)
A D
a(l,m) L a'(l,m)
@)
B C
a'(l,m) (4.32)

For later convenience we define
1 =P, H=PH", HY=Pn", H=Pn"Y (133
m k m k
Since the factor d,, 4, in (4.25), A(u) has a block structure

A=A, (4.34)
k
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where A®) is a matrix in ay = k sector. B, C and D have also this block structure. CTM’s

are linear maps:

AW H}’;Eﬁ%}’j;,
Bk . ’H —>7—[
c® 7{;,‘:} %%l’fr’f),

o e

(4.35)

One-point LHP P, (I, m), which is a probability of finding local height at O to be k and
the boundary heights in the north direction on the column through O is in the ground
state (I,m), is

Pi(l,m) = Zptr, o0 (DHICHBW AB), (4.36)

il

where Z,,, is the partition function for the ground state (I, m)

Zim = Yty (DWCOBH AW), (4.37)
k

Baxter’s important observation is the following. Let us assume that the Boltzmann
weight W satisfies the YBE (4.3),

initial condition

W(Z Z 0) = Spes (4.38)
unitarity
ZW(; Z u)W(Z fl —u) = pes (4.39)
9
and the second inversion relation
ZG W(“ b‘)\—u)W(z ; A+u) = GéGC(sa,d, (4.40)

where A and G, are some constants, and W is a double periodic function in u. Then in

the thermodynamic limit (infinite lattice size limit), u-dependence of CTM becomes

A () = 2wHE Hirp = i

B@(u) = G, P@ TAD N —u) o HY - HW (4.41)
C@ (1) = P@ ' A@ () p@ M — |
D(a) (’LL) _ /GaA(a)(A _ U)P(a‘) %ll(:z) — Hl(% ’

where H(Ca) and P are u-independent matrices and z is a parameter of the model. We
have neglected multiplicative constant factors (normalization of CTM’s) because they do

not contribute to LHP. P(® gives an isomorphism of vector spaces
P@ 3\ ) (4.42)
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The spectrum of the corner Hamiltonian Ho has properties
bounded below, discrete, equidistance.

The multiplicity of the spectrum of H- depends on the model and it is summarized in a
character

(k)
Xt;mk(q) = RV g"'e. (4.43)

By using these, one-point LHP (4.36) becomes
— —axg® — —
Pk (l, m) = Zl,nlsz tI',Hl(k) T MHGT — Zl,nlsz Xl,m,k(a'} 4/\), (444)
where the partition function (4.37) is

lim = Z G Xz,m,k(«?f“)- (4.45)
k

We remark that this Z;,, is independent on m because we are considering an infinitely
large lattice.

To formulate multi-point LHP let us introduce the vertex operator (VO) of type I
[49, 50]. Foda et al. [49] presented a formulation of VO’s in solvable lattice models.
We explain a face model case following refs. [49, 50]. Here we use intuitive graphical
argument. For precise representation theoretical argument, see subsection 4.4.

Graphically the Boltzmann weight is

Uy
a el b
: b=a+¢e],
a b !
W( U1—U2) = <ty W2 c=a-+eg,
cd €2 | £h ’ /
: d=b+el,=c+e.
c 1 d
v

(4.46)

Let %P (2), @ (z 1), @ (2) and & (z71) be the half-infinite transfer matrices
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extending to infinity in the north, west, south and east direction respectively (z =

a(lym+1) | & | al;m)
= 2"(2)
u vy
uy
a b
a(l,m) b a a' (l,m+1)
Uy u Uy Uy
a(l,m—1 a'(l,m
( ) a ; a b (1,m)
a,b _ a,b _
= o (=) u = o=
u vy
a,b
= 0§ (2)
a'(lym) | : | @ (I,m-1)
They are linear maps:
a,b b a
BN (2) My = Himwan
(I)(Sa’b)(z) Hzl,(;)) — %ll,(:z)fl )
b ) b
oW () ¢ HY S HY
a,b b a
(1)55 )(2) %ll,(m) — Hll,(m)—l—l .

For CTM’s and type I VO’s we suppress [ dependence.

@%’b)(z) satisfies the commutation relation

a,b b,c a g
oV ()0 () = Y w ()
g

= 1z) 0 ()00 (z) (35 = ™),

which can be shown by repeated use of (4.3),

RAS = |+ | = | = . | : | =LHS.

a2 Co a2 Co

Ur v U2 1 U U2
a1 C1 ay 1 C1 a2 Co

Uy 1 Usg Ug 7 UL Y
a . . C a U1 — U C1 a C1
a : U1 — Uy : C ay : : C1 a C

| U2 7 U1 b
a c
b b

26

)

(4.47)

(4.48)

(4.49)

(4.50)



Similarly we have (z; = %)

a Cc & b a Cc
i ()2l () = S (0 — ) 0l (1) (22),

g g a

a,b b,c g c
o ()8 () = > W (7
g

up — U2) B9 (2) B0 (21),

and

a c c b
GV (2200 (1) = YW (

9 g a

The initial condition (4.38) implies

AD )@ (2) = 2G(1)AO (), Y (:7)AY (u) = A (D (1),

B (uw)ap” (1) = 0§ () BV (u),  @¢"(1)BY (u) = B (u)e” (=),
CO(w)d (2) = 8¢ (1)CO (u), GV (z7)CO (u) = O (u) D" (1),
D@ ()" (1) = d§" (2) DV (u), @GP (1)DO (u) = D (u) 2" (=),

and therefore by combining (4.41) we have

) — x?quL)q)%ab) (1)1‘_2qu)

N

b

q)W,b) (2) = L) q)%l;b) (l)x_Q“Hg)),

P(a)(pga,b)(z)P(b)_l _ ) (a)q)ga,b)(1)P(b)_1xf2qu’),
P(a)(I)(E‘.l’b) (Z)P(b)f1 — x?uHéa)P(a)q)(Ea,b)(1)P(b)71x—2uHéb),
a - Ga - (ab), —
PORED () PO~ = | [ Zeph (72Az),
Gy
a a,b -1 Gb a,b
POREY () PO = | [ 2o (a2)

The unitarity (4.39) gives
> ()8 (2) = id,
g
S0l ()0 (2) = id.
g
So (4.49),(4.38) and (4.61) imply
o\ ()0 (2) = id.

The second inversion relation (4.40) entails

G;! Z G009 (22 2) D0 (2722) = id.
g

o7

(4.51)

(4.52)

(4.53)

(4.54)

4.55
4.56
4.57
4.58

—~~ I~ —~
~— N N

(4.59)

(4.60)

(4.61)

(4.62)

(4.63)

(4.64)



Consider neighboring n + 1 sites in a row, whose most east site is the reference site O.
We divide a lattice into 2n + 4 parts,

(I)N (I)N
A(u) D(u)

oln eln—1 ea1 (Qeaop

B(u) C(u)
dg dg

(4.65)

Let P, ...a1.00 ([, m) denote the probability of finding these local variables to be (a,, - - -, ap)
under the condition that the boundary heights in the north direction on the column

through O are in the ground state (I, m). P, (I, m) satisfies obvious recursion relations

Any 500

and normalization condition,

> Pupiay(lm) = Po s ag(lm), Y Papeag(lm) = P oy (Lm + 1), (4.66)

ao

> Prpeay(lm) = 1. (4.67)
ag, :*,an
From (4.65) we have
I,m

Py nan(1sm) = Zih 18 (D) () O ()G (2) - 01 2)

< B () A () ) (2) - @) (2) ). (4.68)

By using
a,b a a a,b
B (w) BO (u) AY) (u) = B (u) A® (u) g (w), (4.69)

which is derived from (4.41) and (4.59), it can be written as

Py, . (l, m)
= i o0 ( D) (1)) (1) B@) (1) A1) (1)
Ol ) (7). @l o) ()t () . o) 4.70
X Py (2) w (2)®y (2) N (2) (4.70)

(@0) _(ag,a Un—1,0 A 5Oy — al,a
= Zy Gy Wyygeo (ar“Hc” L) ()« ) ()P () L e 0>(z)),
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where the partition function Z,,, is given in (4.45). Using this expression and (4.61), the
cyclic property of trace, (4.55) and (4.64), we can reproduce the recursion relations (4.66).

By changing spectral parameters of VO’s we can formulate more general quantities

Pa’”? 70/0 (l m zn’ . ’Z} ) (4-71)

21
= ZZ},IZGGO trHl(ig) (SU*4AHSL°)(I)%0@1)(Z’1) .. .q)(v?/n—l,an)(Z;)q)%n,an_l)(zn) .. .(I)S\‘;lyao)(zl))‘
We remark that these LHP’s are independent of z = 2?* because
tr(x_4/\HC(’)(wi)) =tr (wHOw_HOx_4/\HCO(wZ~))
- tr<x_4’\HCw_HOO(wi)wHC> - tr(x_4’\HCO(%)). (4.72)

By averaging P, ... q,(l,m) over m we obtain

Z
an; . 7a0 Z l an, a0 l? m) (4-73)
= 7 Gy b1, (H D (z) - B (B (2 - 2 (7)),

where Z; is

—ar\H _
= Z Zim = Z Gatrﬂgaw e = Z GaXimal(z™™). (4.74)

a

For later use we define the following quantities
_ a0
Qu ol 210) = Zi5) Gl e (x NH ap(z)o), (4.75)

Z m _ _ (ag)
Qura (152]0) = ZZ—Q% ol 210) = 7 Gl tr, 00 (x AN ap(z)o),

m

where Og(z) = B0 (2) -+ @t 1) (2)@lam 1) () ... @{#9)(2) and O is a linear map
O : ”Hl('z)l — ”Hl('z)l Note that Qq, ....ao(l,m;2|1) = Py, ..qo(l,m). Like as P, ..., (I, m),

Qa, a0 (I, m 5 2|O) satisfies recursion relations. From (4.61) we have

ZQ% JLm;2|0) = Qayyao (1, M5 2| O). (4.76)

If O satisfies @%’b)(z)(’) = f(z)OCI)gﬁ’b)(z) where f(z) is a function independent on a and

b, then we have another recursion relation from (4.64)

ZQ% J(,m;2|0) = F(2)Qany ey (L, m 415 2|0). (4.77)

Type I VO’s are half-infinite transfer matrices but a ‘physical’ transfer matrix is the

row-to-row (or column-to-column) transfer matrix discussed in the previous subsection.
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The column-to-column transfer matrix 7., which adds one column from west to east, is

a linear map

Teal(u) © Hy — H,, (4.78)
where 7—7; is defined by
7 (k) gy(k) _ (k) (k)
n=PH" H=H. eH. (4.79)
k m
Here the numbering of sites in the south direction is the original one (i.e. increasingly
from south to north ---,—2,—1,0,1,2,---) and the zeroth site is identified. Its matrix
element is
— & laosbo) (bo,ao0)
7201(U/)"'a—laoal“',“'b—lbobl"' = (I)S (Z)aoa—l"',bob—l"'q)N (Z)bobl"',aoal-“? (480)

and its matrix form is

(a,b) a “

(Tea(m) ™ = 06V (2) @ 0 (2), (4.81)
where a, b are heights on the zeroth site. 7., with different spectral parameters commute
each other

[7201(“)7 7201(1))] - 0, (482)
because

b,c)

= 30 (2)80 (1) @ (@ (21) B0 (22)) (4.83)
(a,9) (9,¢) trx(c,9) (9,a) (a.c)
= 0L ()00 (2) © (AN (22) 00 (1)) = (Tean(n) Tea(uz))
g

where we have used (4.49), (4.53) and (4.39).

When we consider the action of 7., in this vertex operator approach, it is convenient
to regard a state of ﬁl C H/ ® H; as a linear map on H;. In general for two vector
spaces V; (i = 1,2) a vector of V; ® V5 can be regarded as a linear map from V5 to V; by
fi® fo € Vi@ Ve filfy where f; and f, are understood as column vectors. When there
is an isomorphism P : V; — V5, a vector of V; ® V5 can be regarded as a linear map on
Va,

f)=fi® fe Vi@ Vo Pfi'fy € End(V3). (4.84)

Similarly
(fl="ho'fhe Vi®V)" = f'fiP! € End(V}). (4.85)
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Inner product (pairing) of two vectors |f) = f1 ® fo,|9) = ¢1 ® g2 € V1 ® V5 can be
expressed as a trace over V5,

(flg) ="f191 - ' faga = try, (fztfﬂy1 - P91t92>, (4.86)
For A=A ® Ay (A; € End(V;) (i = 1,2)), [f) = /1 ® fo and (f| ="f1 ®"f2, we have the

following correspondence

A|f> = A1f1 ® A2f2 = P(A1f1)t(A2f2) = PA11D_1 ) Pf1tf2 ) tA2, (4-87)
(fIA="f1A1 @ fods = " foA) (" fLA) P ="Ay - fol i P71 - PA P,

and

(f1Alg) = ([1Ag) = trvs (L AP - (PAP™ - Pgilgs-'42)). (488)

Using this correspondence Tg, acts on a vector |f) € H, as
(7201 ) Z P (b)_l : f : q’%’a)(z)a (489)

where in the RHS f is understood as a linear map on H;, which does not change the

central height (f : H\” — (). The translation invariant vacuum state |vac) is given by

vac)@ = /G~ (4.90)

In fact it is translationally invariant

(Teatwlvac))” =2 e VG 8 (2)
_ Z\/*xq,\H(“ )(xZ’\z)P(brl(I)S\b,’“)(z)
_ *”H(“)Zq)“” ba) () (4.91)
_ @x—szg) = |vac)@.

For O =1 ® 'O where O is a linear map O : ’Hl(a) — %l(b), we have

<V&C|6|V&C> = ZtrH?( /Gax—z\HE?) . P(a)P(b)*l . /Gbfo)\Hg’) . O(b,a)) ) (492)
a,b

In particular when O is a linear map O : ’Hl(a) — ’Hl(a), we have

(vac|O|vac) = Z(“)<Vac|(5|vac)(a), @(vac|Olvac)® = G atly @ ( 4AHg)(’)),(él.9i’>)
(vac|vac) = ZG trH(a)( 4AH81)) =7. (4.94)
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Therefore LHP (4.73) can be written as a vacuum expectation value with the fixed central
value _
(“0)(vac|(’)|vac>(a°)
(vac|vac)
where 5 = 1®'O with O = (I)E/?/o,al)(z) e (I)%/nq,an)(z)q)%manq)(z) . (I)S\C;l,ao)(z)‘

Similarly the row-to-row transfer matrix, which adds one row from south to north,

P, .a(l)= (4.95)

can be written as
(Toow() ™ = 89 1) 0 02+ o T (4.96)
and it acts on a state |f) € H; as
(7;0W(u)| f>) Y 3" PO (PO ) (271, (4.97)
b

The state (4.90) is translationally invariant

(Fonliae))” = 32 PR ()P0 G )
_ (a) _ “1_(ba), _
_ Z\/*$ 2\H ( )( 2, 1)P(b) q)g;/, )(z 1)

o G
- \/cTax—%H( 2ol @ al (=) (4.98)

= /G M = vac)@.

We remark that these 7., and 7. are defined on an infinitely large lattice from
the beginning in contrast to those in subsection 4.1. Their excited states are created
by another type of vertex operators, type II VO's, from the vacuum state (Note that we
need also the translation non-invariant ‘vacuum’ states to obtain a complete set of excited
states) [50]. We will give an example in subsection 5.4. Commutation relations for type
IT VO will be given in subsection 4.4, section 5 and section 6.

In the rest of this subsection we assume that W has the crossing symmetry,

Z f )\—u) - gbgdW(Z Z u) (4.99)

Remark that unitarity (4.39) and crossing symmetry (4.99) imply the second inversion

W

relation (4.40). We also remark that there are models which enjoy the second inversion
relation but do not have crossing symmetry. Here we assume the crossing symmetry.
Then graphical argument shows that CTM’s in the thermodynamic limit are ((4.41) with
P =1)

AW () = OO (u) = g 208"

(a) (a)
cH D — H 4.1
B@(u) = DO (1) = /Gua— 20w’ Lim Lim 2 (4.100)
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and type I VO’s are related each other,

B (2) = 5—5@5&’”(:5%), (4.101)
@fga’b)(z) _ @S\‘}”’)(z), (4.102)
o (2) = (/G (@™z) = 8" (2). (4.103)
We write
() = B0 () ¢ H > MG (4.104)
0 () = Bl (2) + HY, S HO, (4.105)

Then ®(@Y(z) and ®*(*¥(2) enjoy the following properties,

QD) () = | [ G p(ah) (3227), (4.106)
a
q)(a,b)(z )(I)(b C)(Zl) = %:W(b LZ Uy — UZ) (I)(a,g)(zl)q)(g,c)(z2), (4‘107)
wHe @@ ()w=Ho = @b (yyz), (4.108)
Z *(©9) ()@ () = 1, (4.109)
9
@) (2)d*B) () = 4, . (4.110)

The first equation is (4.101), the second one is (4.49), the third one is obtained by (4.55),
the fourth one is (4.61), and the fifth one is derived by using (4.106), (4.107), (4.99),
(4.38) and (4.109). Multi-point LHP (4.70) becomes

P oo (1, m) (4.111)
)Gy e (DI 00 () ) ()0 ) ). @010 (),
’ l,m

b d
Since the Boltzmann weight is invariant under 180° rotation W(a d‘u) = W<b ¢ ‘u),
c a
P, ...a, (1) satisfies
Py ao(l) = Pag oo (1). (4.112)

Eq. (4.89) becomes
(Tcol(u)|f>)(a) = Z (I)(“:b)(z) f- q><b:a>(z). (4.113)

In section 5 and subsection 6.4 we will calculate LHP’s by using bosonization technique
for the VO's.
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4.3 Introduction to quasi-Hopf algebra

In this subsection we illustrate an outline of a quasi-Hopf algebra. For more details we
refer the readers to refs.[11, 26]

In quantum mechanics, we know an addition of angular momentums very well. For
two particles system the total angular momentum J is obtained simply by an addition of

each angular momentum J® and J®,
J=J0 4 J?, (4.114)

In mathematics, this formula is written in the following way; JW acts on the represen-
2)

=,

tation space V3, J!
by,

acts on V5, and the total angular momentum J acts on Vi Vs

T=J@1+1®J. (4.115)
This is called the tensor product representation of Lie algebra so(3). If a system has
rotational symmetry, for example the Heisenberg spin chain (XXX spin chain), one can
apply the representation theory of the rotational group SO(3) (or its Lie algebra so(3))
to it. But if the system is perturbed and looses the rotational symmetry, then one can
not apply so(3) to it. Some models, however, have a good property. For example the
XXZ spin chain has the same degeneracy of energy as the XXX spin chain. To treat such
models we need some deformation of the Lie algebra or some deformation of the tensor

product representation.

1. algebra and coalgebra

Let us begin with the definitions of an algebra and a coalgebra. For simplicity we take
the complex field C as a base field. An algebra A is a vector space with two operations,
product (multiplication) m and unit u, which satisfy

AARA — "9, A A  product m:ARA— A

id®ml lm unit u:C— A (4.116)

A®A — A associativity mo (m®id) = mo (id ® m),

m

and mo (id®u) =id =mo (u®id) (A®C, A and C® A are identified). If we write
m(a ® b) = ab, the associativity becomes a usual form (ab)c = a(bc).
A coalgebra is defined by reversing the arrows. A coalgebra A is a vector space with

two operations, coproduct A and counit e, which satisfy
AQARA <29 A® A coproduct A:A s AQA
id®AT TA counit e:A—=C (4.117)
A®A — A coassociativity (A®id)o A= (1d® A)o A,
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and (id®e)oA=id=(e®id) oA (A®C, A and C® A are identified).

Let us introduce 0 (0 : A A —- A® A, 0(a®b) =b®a) and define m' = moo
and A’ = 0 o A. An algebra is called commutative if m' = m, and a coalgebra is called
cocommutative if A’ = A.

2. Hopf algebra

A Hopf algebra is a set (A,m,u,A,e,S) satisfying the following conditions: A is an
algebra and a coalgebra; m, u, A, £ are homomorphism; antipode S : A — A satisfies
mo(S®id)oA=uoe=mo (id® S)oA. S is an anti-homomorphism.

We give two examples of a Hopf algebra, a group G and a Lie algebra g, exactly
speaking a function algebra of group Fun(G) and an enveloping algebra of Lie algebra
U(g) respectively. Their Hopf algebra structures are

Fun(G) = Map(G, C) Ul(g)

product (fifo)(x) = fi(x) fo(x) XY

unit (u(a))(z) =a u(a) = al

coproduct (A(f))(x1,22) = f(z1z) AX)=X®1+10 X (4.118)
counit (e(fN(x) = fle) e(X) =0

antipode  (S(f))(x) = f(z7") S(X) ==X,

and (m(g))(xz) = g(z,z) for g(z1,x2) € Map(G x G,C), and A(1) = 1®1, (1) = 1,
S(1) =1 for U(g). Roughly speaking A, ¢ and S correspond to

Fun(G) U(g)

product of G tensor product rep. of U(g) (4.119)
unit element of G trivial rep. of U(g) '

n O >
T T2

inverse element of G contragredient rep. of U(g).

Fun(G) is a commutative (and non-cocommutative) Hopf algebra and U(g) is a cocom-
mutative (and non-commutative) Hopf algebra. Non-commutative and non-cocommutative
Hopf algebra may be regarded as an extension (deformation) of group or Lie algebra in
this sense. This is the idea of quantum group (quantum algebra).

The quantum group (quantum algebra) is a Hopf algebra. We give an example of the
quantum group, U,(sly), which is a deformation of U(sly). U,(sly) is generated by ¢ = ¢",
e and f, which satisfy

[h, €] = 2e Ah)=h®1+1®h e(hy=0  S(h)=—h
[h, f] = =2f Ale)=e®1+tQe £(e) =0 S(e) = —t7'e (4.120)
e, fl=E A =FfRtT+10f  (f)=0  S(f)=—ft
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This quantum algebra appears in the XXZ spin chain as a symmetry,

[HXXZa Uq(5[2)] =0,

-1 g+ qil —q!
Hxxz =J Z( z+1 + Sz z+1 + T i z+1) + J 4 (Si - S?V)a (4121)
=1

h= 2255, e = Zqu<i255si+, f= Zsi‘q‘zm%f,

where §= 15 and s* = s' +is% In the ¢ — 1 limit, U,(sly) reduces to U(sl,).

3. quasi-triangular Hopf algebra

Using the coproduct, a tensor product representation of two representations (m;, V;) (i =

1,2) of the Hopf algebra can be defined in the following way,
((m ®m) oA,V ®V2)- (4.122)
Coassociativity implies the isomorphism,
MeWheV;=2V, e (V,eVs) (as A module). (4.123)

But cocommutativity does not hold in general, so the following isomorphism depends on
the detail of the Hopf algebra:

Vi®V, = V2 ® Vi (as A module). (4.124)

[V

Of course we have V; ® V5 =2 V, ® V] as vector space, by Py, 1 V1 @ Vo = Vo ® V7,
Py, v, (v1 ® v3) = vy ® v1. But the problem is the commutativity of the action of A and
Py,

Drinfeld considered the situation that the isomorphism (4.124) does hold. A quasi-
triangular Hopf algebra (A, m,u, A, e, S, R) (we abbreviate it as (A4, A, R)) is a Hopf al-

gebra with a universal R matrix R, which satisfies

R € A® A : universal R matrix
A'(a) = RA(e)R ' (Va € A),
(A®id)R =RMR®  (:®id)R =1, (4.125)
(ido AR =RMRII - (id@e)R = 1.

Then we have an intertwiner
Ruivy = Pry o (m@m)(R): Vi@V, — V3@ Vi (as A module), (4.126)
and R satisfies the Yang-Baxter equation,
R R R(23) _ REIRII)R(12) (4.127)
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4. quasi-triangular quasi-Hopf algebra

As presented in 2 the quantum group is obtained from the Lie algebra by relaxing one
condition, cocommutativity. Here we relax one more condition, coassociativity. Coasso-

ciativity (4.117) is modified by a coassociator ® in the following way,

® € A® A® A : coassociator
(id® A)A(a) = (A ®@id)A(a)®™"  (Va € A),
(dRdRA)P- (ARId®Id)P=(1®P)-((d®ARId)P- (Px1), (4.128)
(i[d®e®id)® = 1.

A quasi-triangular quasi-Hopf algebra (A, m,u, A e, ®,S,«, 3, R) (we abbreviate it as
(A, A, ®,R)) satisfies (4.128) and

R A A
A'(a) = RA(@)R™  (Va € A),
(A @id)R = BRI (13T R (23)(123) (4.129)

(id ® A)R = 49(231)_IR(B)¢(213)R(12)<I>(123)_1,
where ®312) means ®G12) = ZZ Z;iX, Y, for ® = ZZ X;®Y;® Zi. a, € A satisfy

Y XiBS(Yi)aZ; =1, (4.130)

Z S(b;)ac; = e(a)a, ZbZﬂS(Ci) =¢c(a)f (Va € A), (4.131)

where A(a) =) ,b; ® ¢;. Then R enjoys the Yang-Baxter type equation,
R(12)®(312)R(13)@(132)7173(23)@(123) — @(321)73(23)@(231)7173(13)@(213)7{(12). (4132)

A quasi-Hopf algebra with & = 1 is nothing but a Hopf algebra.

5. twist

Quasi-Hopf algebras admit an important operation, twist. For any invertible element
FeA®A((e®id)F = (id®e)F = 1), which is called as a twistor, there is a map from
quasi-Hopf algebras to quasi-Hopf algebras:

quasi-Hopf algebra — quasi-Hopf algebra
F

(A,A,®,R) — (A,A D R). (4.133)
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New coproduct, coassociator, R matrix etc. are given by

F € A® A : twistor
A=FA(@)F~" (Vae€ A),
~ -1
b= (F<23> (id ® A)F) o (F<12>(A ® id)F) , (4.134)
R = FCORF™,
F=e, §=8, a= ZS Jae;, = st 9:),

where >°.d; ® e; = F~' and Y, f; ® g; = F. We remark that an algebra A itself is
unchanged. If a twistor F' satisfies the cocycle condition, this twist operation maps a
Hopf algebra to a Hopf algebra. For a general twistor F', however, a Hopf algebra is
mapped to a quasi-Hopf algebra:

Hopf algebra —— quasi-Hopf algebra
P

(A, A,R) —— (A,A 3 R). (4.135)

Let H be an Abelian subalgebra of A, with the product written additively. A twistor
F(\) € A® A depending on A € H is a shifted cocycle if it satisfies the relation (shifted

cocycle condition),

F() : shifted cocycle
& FRINARI)FWN) = F® N+ ) (ide A)F(N), (4.136)

for some h € H.
When a twistor F'(\) satisfies the shifted cocycle condition, we obtain a quasi-triangular

quasi-Hopf algebra from a quasi-triangular Hopf algebra by twisting,

Hopf algebra —— quasi-Hopf algebra

(A,A,R) Yo (4,A,,8(\), R(\), (4.137)

and we have

d(\) = FEN)FE) (X 4+ W)L
(A @id)R(N) = @G (NRII(NRE) (X + p1), (4.138)

) =
(1d® ANRA) = RID (A + BOYRID(\)BI2) (1)

and R matrix satisfies the dynamical Yang-Baxter equation,
RUD(A + hOYREDNREDI(N + AD) = REINRII(N + RHYRID(X).  (4.139)
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4.4 Elliptic quantum groups

The solutions of YBE ( R-matrices) are classified into two types, vertex-type and face-type.
Corresponding to these two there are two types of elliptic quantum groups (algebras).

The vertex-type elliptic algebras are associated with the R-matrix R(u) of Baxter [51]
and Belavin [52]. The first example of this sort is the Sklyanin algebra [53], designed as
an elliptic deformation of the Lie algebra sl,. It is presented by the ‘RLL’-relation

RO (g — 1) LD () L) (13) = L (1) L (1) RO — ), (4.140)

together with a specific choice of the form for L(u). R and L depend on an elliptic

modulus 7. Foda et al.[23] proposed its affine version, Aq,p(f/s\lg),
R (uy — ug, ) LW (uy) L (u3) = L® (ug) LY (uy) RY? (uy — ug, 7 — ¢), (4.141)

whose main point of is the shift of » by a central element c.

The face-type algebras are based on R-matrices of Andrews, Baxter, Forrester [54]
and generalizations [55, 8, 10]. In this case, besides the elliptic modulus, R and L depend
also on extra parameter(s) A\. As Felder has shown [24], the RLL relation undergoes a

‘dynamical’ shift by elements h of the Cartan subalgebra,

R (uy — g, A+ h) LD (ug, \) L@ (ug, A + hV)
= L® (ug, )LD (ug, A + AYRID (uy — uy, N), (4.142)

and the YBE itself is modified to a dynamical one (4.139), (4.20). As we shall see, a
central extension of this algebra is obtained by introducing further a shift of the elliptic
modulus analogous to (4.141) (see (4.196)-(4.197) and the remark following them).
These two algebras, RLL relations (4.141) and (4.142), seemed to be different but
Frensdal [25] pointed out that they have a common structure; they are quasi-Hopf algebras
obtained by twisting quantum affine algebras. Namely, there exist two types of twistors
which give rise to different comultiplications on the quantum affine algebras U,(g), and the
resultant quasi-Hopf algebras are nothing but the two types of elliptic quantum groups.
In [26] explicit formulas for the twistors satisfying the shifted cocycle condition were

presented and two types of elliptic quantum groups, Aqyp(;[n) and B, (g), were defined:

type twistor Hopf algebra quasi-Hopf algebra
face  F()) U(g) B,(g) (4.143)
vertex  E(r) U,sl,) 2T A, (s0).

The face-type algebra has also been given an alternative formulation in terms of the
Drinfeld currents. This is the approach adopted by Enriquez and Felder [56] and Konno

[57]. The Drinfeld currents are suited to deal with infinite dimensional representations.
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1. quantum group

First let us fix the notation. Let g be the Kac-Moody Lie algebra associated with a
symmetrizable generalized Cartan matrix A = (a;;); er [58]. We fix an invariant inner
product (, ) on the Cartan subalgebra h and identify h* with b via (, ). If {a;}ier
denotes the set of simple roots, then (o, oj) = d;a,j, where d; = %(ai, Q).

Consider the corresponding quantum group U = U,(g). Hereafter we fix a complex
number ¢ # 0, |¢| < 1. The algebra U has generators e;, f; (i € I) and h (h € b),

satisfying the standard relations

K] =0  (h,}l €b), (4.144)

[h, €i] == (h, ai)ei, [h, fz] == —(h, Olz)fl ('L S [, h € h), (4145)
41

[eia f]] = 5z]t17tz_1 (Zaj € [)7 (4146)

¢ )

and the Serre relations which we omit. In (4.146) we have set ¢; = ¢%, t; = ¢®. We adopt

the Hopf algebra structure given as follows.

A(h)=h®1+1®h,

Ale) =61+t ®@e;, Alfi)=f,0t7' +1® fi,
e(e;) = e(f;) =e(h) =0,

S(e;)) = —t;'es, S(fi) = —fiti, S(h) = —h,

4.147
4.148
4.149
4.150

~—~ Y~
~— — ~— ~—

where ¢ € I and h € b.
Let R € U®? denote the universal R matrix of U. It has the form

R=q"'C, (4.151)
C=3 a" g 0¢")C=1-D (g~ g ety @bifi+-o-. (4152)
peQ* i€l

Here the notation is as follows. Take a basis {/;} of b, and its dual basis {h'}. Then

T=> meh (4.153)
[

denotes the canonical element of h ® h. The element Cs = Zj ug,; @ u{ﬁ is the canonical
element of U; ®U_, with respect to a certain Hopf pairing, where U™ (resp. U~) denotes
the subalgebra of U generated by the e; (resp. f;), and Ufﬁ (8 € Q) signifies the
homogeneous components with respect to the natural gradation by Q* =Y. Z>oa;. (For
the details the reader is referred e.g. to [11, 59].) Basic properties of the universal R

matrix is given in (4.125).
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2. face type algebra

Let p € h be an element such that (p, ;) = d; for all i € I. Let ¢ be an automorphism of
U given by
¢ = Ad(qz ZiM=r), (4.154)

where {h;}, {h'} are as in (4.153). In other words,

de:) = eiti,  o(fi) =t; ' fi, (") =" (4.155)
Since
Ad(q7) o (¢ ® ¢) = Ad(g> T AUur)—AG)y (4.156)
we have
Ad(g") o (p® p)o A= Ao 6. (4.157)

For A € b, introduce an automorphism

pr = Ad(gZMMHEA0) = ¢2 0 Ad(g?). (4.158)

Then the expression (¢, ® id)(¢"R) is a formal power series in the variables z; = ¢?*)

(1 € I) of the form 1 — Z(ql — q; Dwieit; @ tifi + -+ We define the twistor F(\) as

i

follows.
[Face type twistor]
’“ -1
F()) = H(w’; ® id) (qTR) . (4.159)
k>1
Here and after, we use the ordered product symbol HAk =..-A3A5A,. Note that the
k>1

k-th factor in the product (4.159) is a formal power series in the z¥ with leading term 1,
and hence the infinite product makes sense. Then the face type twistor (4.159) satisfies
the shifted cocycle condition

FIN)(A@id)F(\) = FE A+ pV)(id @ A)F()), (4.160)

and
(e®id) F(\) = (id®¢e) F(\) = 1. (4.161)

A proof of this property and examples are given in [26]. In (4.160), if A = >, \;A!, then
A+ hM means Y, (A + hl(l))hl. Hence we have, for example,

Ad(@TYVEEY ()
Ad(gT YV EPY ()

FP (A + 1hY),
FPY(\ = 1hMW).
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For convenience, let us give a name to the quasi-Hopf algebra associated with the
twistor (4.159).
[Face type algebra] We define the quasi-Hopf algebra By x(g) of face type to be the set
(Uqg(g), Ax, @(N), R(X)) together with oy =, S(di)e;, Br =D_; fiS(gi), the antiautomor-
phism S defined by (4.150) and ¢ defined by (4.149),

Ax(a) = FU2(X\) A(a) FI2(\) L (4.162)
R(\) = FEYN) R FID (N, (4.163)
d(N\) = FEIN)FE(\ 4 pM)~L (4.164)

and Zz d; ® e; = F()\)_l, Zz fl & g; = F()\)
Let us consider the case where g is of affine type, in which we are mainly interested.

Let ¢ be the canonical central element and d the scaling element. We set
A—p=rd+sc+A—p (rs€Q), (4.165)

where A stands for the classical part of A € h. Denote by {h;}, {h’} the classical part of

the dual basis of . Since c is central, ¢, is independent of s'. Writing p = ¢*", we have

ox = Ad(P'* ) o @y, @y = Ad(g= MW 200, (4.166)
Set further
R(z) = Ad(z* ® 1)(R), (4.167)
F(z,)) = Ad(z* @ 1)(F(\), (4.168)
R(z,)) = Ad(z2®@1)(R(\)) = a(F(z—l, A))R(z)F(z, AL (4.169)

(4.167) and (4.168) are formal power series in z, whereas (4.169) contains both positive
and negative powers of z. Note that ¢“**T**°R(z)|,_, reduces to the universal R matrix
of U,(g) corresponding to the underlying finite dimensional Lie algebra g. From the
definition (4.159) of F'(\) we have the difference equation

F(pg®*"2,)) = (5 ® id)fl(F (2, A)> "R(pg*" 2), (4.170)

with the initial condition F'(0,A) = Fg(A), where Fjg()) signifies the twistor corresponding
to g.

3. vertex type algebra

When g = ;[n, it is possible to construct a different type of twistor. We call it vertex type.
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Let us write h; = a; (i =0,...,n—1). A basis of b is {ho,...,h, 1,d}. The element

d gives the homogeneous grading,
d, ;] = 0ioes, [d, fi] = =0i0 fi, (4.171)

foralli =0,...,n—1. Let the dual basis be {Ay, ..., A, 1,c}. The A; are the fundamental
weights and c is the canonical central element. Let 7 be the automorphism of U, (;[n) such
that

7(€) = €it1 mod ny  T(fi) = fit1 mod ns  T(Ri) = Rit1 mod n (4.172)
and 7" = id. Then we have

n—1-2i
T(A) = Nt mod n = ————¢. (4.173)

The element p = ZZ:OI A; is invariant under 7. It gives the principal grading
[p.eil = ei,  [p, fil = —1i, (4.174)
forall =0,...,n — 1. Note also that
(T®T1)oA=Aor, (1®7)(Cs) =Crp). (4.175)
For r € C, we introduce an automorphism
3y =10Ad @@ﬂ), (4.176)

and set
2

12

1 n
Tzﬁ(p®c+c®p—

c® (:). (4.177)

~ -1 )
Then ((ET ® id) (qTR> is a formal power series in p» where p = ¢*". Unlike the face

case, this is a formal series with a non-trivial leading term qT_T (14 ---). Nevertheless,
the n-fold product
- ~ o\ 1
I1 (&’: ® id) (qTR) (4.178)
n>k>1

takes the form 1 + - - -, because of the relation

> (Feid) (1-T) =0, (4.179)
k=1
We now define the vertex type twistor E(r) as follows.

[Vertex type twistor|

N\

BE(r) =] (7 ®id) (qTR)_I. (4.180)

E>1
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A
The infinite product H is to be understood as A}im . In view of the remark made
k>1 T N>k

above, E(r) is a well defined formal series in p». Then the vertex type twistor (4.180)

satisfies the shifted cocycle condition
EM () (A QI E(r) = E®(r + V) (id ® A)E(r), (4.181)

and
(e®id)E(r) = (id®¢e) E(r) = 1. (4.182)

A proof of this property and an example are given in [26].

[Vertex type algebra] We define the quasi-Hopf algebra Aq,p(s:\[n) (p = ¢*") of vertex type
to be the set (Uq(;[n), Ay, ®(r),R(r)) together with o, =, S(d;)e;, Br =Y, fiS(g:), the
antiautomorphism S defined by (4.150) and ¢ defined by (4.149),

Ar(a) = EMW(r) Aa) EMD(r)7Y, (4.183)
R(r) = E )R EMW (1)1, (4.184)
d(r) = E®(r)E® (r + M) L (4.185)

and Y, d; ® e; = E(r)™", 32, fi ® g; = E(r).
Let us set
R(Q) = (Ad(¢") @id) (¢ R), (4.186)
E(C,r) = (Ad(gﬂ) ® id)E(r). (4.187)
In just the same way as in the face type case, the definition (4.180) can be alternatively

described as the unique solution of the difference equation

12, L

Eprqgi¢,r) = (r@id) (B, r) - R (g0, (4.188)

with the initial condition E(0,7) = 1, where p = ¢*".

4. dynamical RLL-relations and vertex operators

The L-operators and vertex operators for the elliptic algebras can be constructed from
those of U,(g) by ‘dressing’ the latter with the twistors. In this subsection, we examine
various commutation relations among these operators. We shall mainly discuss the case
of the face type algebra B, \(g) where g is of affine type.

Hereafter we write U = U,(g), B = B,.(g). By a representation of the quasi-Hopf
algebra B we mean that of the underlying associative algebra U. Let (my,V’) be a finite
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dimensional module over U, and (7y,,V,) be the evaluation representation associated
with it where 7y, = 7y o Ad(29).
We define L-operators for B by

Li(z,0) = (mv,. ®1d) R*(N), (4.189)
RT(\) = ¢®HI2eR(N), (4.190)
R =(\) = REV(\) g ovd—dee, (4.191)

Likewise we set
R (2,0) = (v, ® T R E(N). (4.192)

Setting further
R'E(2,0) = Ad(z¢ @ HR*(N), (4.193)

we find from the dynamical YBE (4.139) that

R (2 \ 4 pOYRF) (7P \VR'F@) (22 \ 4 p()
29 23" 23’

_ R’ﬂ:(23)(z_§, )\)R’i(w) (q:tc(Q)z_;, \+ h(2))R’i(12)(z_;, A), (4.194)
’ C(3) P ’ P r_ P
R (@72 X+ BRI (2 YRTCI (2 )+ pY)
=R (2 NGRHIN (2 ) 4 p@)RHOD (g2 ), (4.195)

Applying 7y ® my ® id, we obtain the dynamical RLL relation,

Ry (2, A+ B Ly (2, VL (22, A + b D)

= Lt (2 VL (21 A+ B RUGD (2, ), (4.196)
R:;%Z)(qci_;; A+ h)L‘J;(l)(Zl, )\)L;V(Z)(ZQ, M+ h(l))
= L;VQ)(Z?) )\)L¢(1)(Z1, \ + h(Z))R$S/2)(q—c§_;, )\) (4197)

Here the index (1) (resp. (2)) refers to V' (resp. W), and h, ¢ (without superfix) are

elements of h C B. If we write
A—p=rd+sc+r—p (r,s €eCAepb), (4.198)

then

where hY is the dual Coxeter number. The parameter r plays the role of the elliptic
modulus. Note that, in (4.196)-(4.197), r also undergoes a shift depending on the central
element c.

Actually the two L-operators (4.189) are not independent. We have
Li(pgz, \) = ¢~ 2= (Ad(X,) @id) 'L (2, \), (4.200)
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where

Tve=> w(h) @k, Xy=n(g=""+027) (4.201)
J
Next let us consider vertex operators. Let (my,.,V,) be as before, and let V(1) be a

highest weight module with highest weight p. Consider intertwiners of U-modules of the

form
M () ¢ V(p) — V() Vi, (4.202)
UM () s Ve Vn) — V), (4.203)

which are called vertex operators of type I and type II respectively. Define the corre-
sponding VO's for B as follows [60]:

Y (2,) = (id@m)F(N) 0 B (2), (4.204)
T (2,0) = B () o (m @ id)F(A) (4.205)

When there is no fear of confusion, we often drop the sub(super)scripts V' or (v, ). It is
clear that (4.204) and (4.205) satisfy the intertwining relations relative to the coproduct
A, (4.162),

Ax(a)®(z,\) = ®(z,\)a (Va € B), (4.206)
a¥*(z,\) = ¥*(2,\)Ax(a) (Va € B). (4.207)

These intertwining relations can be encapsulated to commutation relations with the L-
operators.
The ‘dressed’ VO’s (4.204), (4.205) satisfy the following dynamical intertwining rela-

tions (see the diagram below):

Oy (22, N LT (21, ) = Ry (¢°2, X+ h) L (21, )y (22, A + V), (4.208)
L (21, VW (22, A+ b)) = U5y (20, A) Ly (21, A+ B2 REG(2L,0),  (4.210)
Ly (21, )Wy (22, A+ hY) = U5y (20, A) Ly (21, A + B Ry (72, ). (4.211)
+
VooV 5 V,eVmeW., —5 V,eVE) oW,
L‘%J( l}ﬁw (4.212)
Va ®@V(p) > VaoV() W,

Sw
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Ri Li
Va@W,V(p) —5 V, W, V(p) —— V,, W, ® V(u)

\P;Vl l% (4.213)

Va@Viv) » Va @ V(v

+
LV

From the theory of ¢-KZ-equation[61], we know the VO’s for U satisfy the commutation
relations of the form

» 21 (Vo) > 0y H 21
va(Z)q)Vu (21)@ Zq) ") (= )WI(/,L’ v Z)’ (4.214)
T () T () R (3 ZWH(M 3w ) (), (1.205)
BY™ (21) W) (29) = ZWI,H(,W l: 2_;)\Ilv(u’”)(f22)q’§f,’n)(2’1)- (4.216)
W
Here
Ryv(z) = PRyy(2), Plev)=1vou, (4.217)
va(—l) (7TVZ1® T‘-VZZ)R (4218)

is the ‘trigonometric’ R matrix. In (4.214)-(4.216) we used a slightly abbreviated notation.
For example, the left hand side of (4.214) means the composition

®(21)®id idoR(Z)

V(R) LV (1) @ Vi, V() @V ® Vy——2 V(1) @ V., ® Vi,

Similarly (4.215), (4.216) are maps
Ve @V, @V(k) — V(v), V,0V(k)—V()eV,, (4.219)

respectively. For U, (s:\[2), the formulas for the WW-factors in the simplest case can be found
e.g. in [62].

The ‘dressed’ VO’s satisfy similar relations with appropriate dynamical shift. Setting
Ryv(z,\) = PRyy(z,\), we have

Ryv (2,0 + )Y (20, \)@W (2, A)
=3 (2, ) B (zl,)\)Wl(Ml a

v

2—1), (4.220)
W (2, N (29, X+ BO) Ry (2, 0) 7!
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= Z WH( ,
(I)(V:N) MU (# K) A
\ (Zla ) 1% (227 )

_ZWIH( ,

Notice that the W-factors stay the same with the trigonometric case, and are not affected

_>\1;"“/(”’“')(z2, )\)\Il"‘}(”,’”)(zl, A+RMY), (4.221)

2Z2

_) W (2 @) (2, A+ bMWY, (4.222)

Z2

by a dynamical shift.

The case of vertex type algebras can be treated in a parallel way. See [26].

5. Drinfeld currents

The Drinfeld currents are suited to deal with infinite dimensional representations. We
explain it by taking U, (s,) as an example. (See [63] for general case.)

First let us recall the Drinfeld currents of Uq(;\[g) [64]. Let = (n € Z), a, (n € Zy),
h, ¢, d denote the Drinfeld generators of U, (;[2) In terms of the generating functions

vt(z) = foz‘n, (4.223)
v(g3z) = ¢ eXp<(q —q ") Zanz*”), (4.224)
plg22) = q" exp(—(q —q) Zafn2”>, (4.225)

the defining relations read as follows:

c: central , (4.226)
[h,d] =0, [d,a,) =na,, [d oF]=nat, (4.227)
[h,a,) =0, [h,z5(2)] = £225(2), (4.228)
[ O] = Mq‘c‘"'én m,0; (4.229)
(4 2¥(2)] = [QZ]qu”' "), lana (7)) = - (), (4230
(2 — ¢ w)a* (2)a* (w ") = (%2 — w)a* (w)a*(2), (4.231)
(2,2~ ()] = = (e )wlato) — S~ plaFw)), (4232

and the Serre relation which we omit.

For the level 1 case (¢ = 1), 2%(z) has the following free boson realization [65],

vt (z) = : exp(— Z ﬁ—?z”) s eyt (4.233)
n#£0 q
T (z) = : exp(z [Z—Tz”q”') Lo @yaott (4.234)
#0 -



where a,, (n € Zy) is given in (4.229), ay and @ are given in (2.49), and h = ay. For
general level ¢, Uq(s:\IZ) has the Wakimoto realization (see e.g. [66] and references therein).
We now introduce a new parameter p and modify (4.223)-(4.225) to define another set

of currents. For notational convenience, we will frequently write
p=q", p=pg=q", (4.235)

where r* is
rt=r—c (4.236)

Let us introduce two currents u*(z,p) € Uq(s:\IZ) depending on p by

ut(z,p) = exp(z ! a,n(q’"z)”>, (4.237)

n>0 [r*n]q

u”(z,p) = exp (— Z ﬁan(q#z)_”). (4.238)

n>0 a

We define the ‘dressed’ currents z,(z,p), z_(z,p), ¥*(z,p) by

r,.(2,p) = ut(2,p)x"(2), (4.239)
z_(z,p) = 27 (2)u"(2,p), (4.240)
U (zp) = ut (g2, p)P(z)u (a7 32, p), (4.241)
V7 (2p) = u(q 2z p)e(2)u (¢22,p). (4.242)

We call these as elliptic currents. They are ‘Drinfeld currents’ of U, (sl3) or Bq,A(s:\[Q) which
is nothing but Uq(f/!\[g) equipped with a different coproduct. We will often drop p, and
write z_(z,p) as x_(z) and so forth.

The merit of these currents is that they obey the following ‘elliptic’ commutation

relations:
O (2)* (w) = %p((qqui)) Gii*(gq_g)wi(w)wi(z), (4.243)
w+ (Z)wi(w) _ @p(pCI*Cf?i) @p* (p*qc+2i) wf(w)er(Z), (4‘244)

Op(pg=c2Z) ©p- (p*qc—2%)

O.. +5+22
R P () (1.215)
0,075 %)

VHE- ) = P et (), (4.246)
p\q " 2 w)
(o (2), 7 ()] = _1q_1 (8(a° )0t (gBw) — (g~ 2)p (g Fw)),  (4.247)
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where ©,(z) is given in (A.4). It is convenient to consider also the current

k(z) = exp (Z [ﬂan(q‘:z)ﬁ exp (— Z [ﬂa z’”) : (4.248)

>0 2n]g[r*n], a0 2n]ylrnly "
The ¢*(z) are related to k(z) by the formula
VT 2) = kg R(g2)k (g 2), (4.249)
£(z0,) | oy
where the function r ) 1
q2,pq 2P, 4 )o
£(zp,q) = 4.251
(552,4) (¢*2,p2:p,0%) o0 (4:250)
is a solution of the difference equation
(¢°2;P)oo
&0, Q8% p,q) = 75— 4.252
(75, 08 ) (P25 P)oo (4:252)
We have the commutation relations supplementing (4.243)-(4.247),
§(55p,q) €507 q)
k(2)k(w) = == “ k(w)k(z), 4.253
()k(w) §(5ip% ) §(55pia) (wlk(z) (4.283)
O,-(p*2qZ
b (w)k(5) ™ = 2P 0w) () (4.254)
O (p*iqfli)
O,(piq 12
b()r_(wh(z) = 2P W)y (4.255)

@p(p%Q%)
Elliptic algebra Uq,p(s:\lg) is obtained as a tensor product of Uq(;\[g) (Bq,/\(;\[g)) and a
Heisenberg algebra [(Q), P] = 1. For details see [57, 63]. (See also [67].)

5 Free Field Approach to ABF Model

Lukyanov and Pugai studied the Andrews-Baxter-Forrester (ABF) model and calculated
LHS’s by bosonizing VO’s in subsection 4.2 [21]. Here we explain their work.
r, B, x4(2), T(2), an, o, hn, Cig, etc. in this section are same as those in section 3.

In this section r is a positive integer,

rer, r>4, (5.1)
and r* is
r*=r—1. (5.2)
So we have . .
B:r—l’ agzm, p=r—1, p'=r (5.3)



5.1 ABF model

The ABF model [54] is a RSOS model associated to the vector representation of Agl)
algebra [10]. The height variables a, b, - - - take one of the r — 1 states 1,2,---r — 1 and
those on neighboring sites are subject to the condition |a—b| = 1. We write the Boltzmann
weight in the form

() = (* ) oo
where an overall scalar factor p(u) is given in (5.134) and chosen so that the partition

function per site equals to 1. Non-zero components of W are given by

W(ail ZI;U):L

W<ai1 afl u): [a[jz:]U] [1[41r]u]’ (5.5)
—7 a a la Jla—1] [~u]

W(a:Fl :1“): +[i] 1[1+“]'

Here [u] is given in (A.5) and we use a parameter x which is obtained from the original
nome p by the modular transformation (p = ™7 — 22 = ¢2"%). Low temperature
limit corresponds to z ~ 0 (p ~ 1).

This Boltzmann weight W enjoys YBE (4.3), initial condition (4.38), unitarity (4.39)

and crossing symmetry (4.99) (A = -1, G, = [a]),

1 —u) - [[Z%]W(Z Z u) (5.6)

In this gauge W enjoys also a reflection symmetry

b d

a C

W

(i o) = (o). o1

Along the additive variable u, we often use the multiplicative variable z = x2%.

We will restrict ourselves to the ‘regime III’ region defined by
0<zr<l -—-1<u<0. (5.8)

In this region W is positive. On the critical point (z — 1 (p — 0)), a correlation length
becomes infinite and this model becomes scale invariant, i.e. it has conformal symmetry.

So it is described by CFT, i.e. Virasoro algebra. In this case it corresponds to the minimal

unitary series with 3 = —*=. On the off-critical point (z < 1), which corresponds to the

(1, 3)-perturbation of the minimal unitary CFT, the Virasoro symmetry is lost but the
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DVA symmetry remains. In the low temperature limit (z — 0 with z = 22“(> 1) fixed
kept), W behaves as

pu) = 2%,

— a axl — a axl
1, W( ‘) 0, 5.9
(ail aiQU)_) axl o Y7 (5.9)
—_— 1 r—a—1 —— _1 a—1
w( " o W) s, () 5T e,
a+1 a a—1 a

Therefore ground state configuration is

l [+1 l I+1

I+1 l I+1 l

l [+1 l I+1

[+1 l I+1 l

(5.10)

In the notation of subsection 4.2 this corresponds to (i1,i3) = (I,{ + 1). We label this
ground state by an integer [ (I = 1,2,---,7r — 2) and m takes two values 0,1 € Z/2Z.
Since heights on neighboring sites differ +1, we have

HE =0 (m#l—k (mod 2)). (5.11)
Therefore we can identify
1
k k) ~u k
1Y = PHE =H . (5.12)
m=0

This space of states ’Hl(k), on which the corner Hamiltonian ch) acts, has two labels [ and
k with range 1 <[ <r —2, 1 <k <r — 1. This range is same as (2.23).
In the thermodynamic limit CTM’s (4.100) become

AB () = CW(y) = =20 B® () = DW () = /[k]22@DHE (5.13)

Careful study of the corner Hamiltonian shows that the character (4.43) agrees with the

Virasoro minimal unitary character [54, 9],

Xz,z—k,k(Q) = Xl\,/licr(q)a (5.14)
where x\(¢) is given in (2.37). This character x,"(¢), which agrees with DVA one,

should be understood as a character of the representation of DVA. Comparing the free
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filed realization given in subsection 3.4, we make an identification [21]

HP = 4, (5.15)
HY = a| | (5.16)
Lk

where £, is an irreducible DVA module given in (3.82) as a cohomology of the Felder
complex and d is realized in (3.43). We remark that Z;,, (4.45) is in fact m-independent,
Zio=211.

For later use we define W*,

(% ale) =7 (C ol

where p*(u) is given in (5.135).

xp*(u), (5.17)

r—r*

5.2 Vertex operators

Although bosons are already introduced in subsection 3.4, we present their definitions
again.

Let us introduce free boson oscillator o, (n € Z),

[n]z[2n]; [rn].
ny Om| = n+m,0 5.18
[CY o ] n [r*n]m +m,0 ( )
and use zero mode qy and () defined in (2.49) (or af in (2.72)). The Fock space F is

defined by

f.lyk = (COé,nl o Qg,, |al,k>Ba (519)
S D

m>0n1>->nm>0

where |a)p is given by (2.51) with replacing a, by h,,

k. (5.20)

alau)s = (ke — ao)lak)s, o —ao = =y [-— -

We use also free boson oscillator o, (n € Zy),

*

oo _ [la2n]s [rnl,
[rn], O, [om, O] = n [rn],

ofy = (-1 1k

O tm.o- (5.21)

Operators lA,IAc : Fig — Fi i are defined by
U, =1xidg,, klg, =Fkxidsg,. (5.22)

If [ and k appear in arguments of [u]* and [u] respectively, they can be realized by aj,

[u+1]" = (=1)"* [u — \/Wag] " on Fik, (5.23)
[u+ k] = (=1)!"* [u — \/Wa{)] on Fi. (5.24)

83



Elliptic currents x4 (z) for Ux(s:\[g) (or Bxy)\(g[g)) of level 1 (¢ = 1) are obtained by a
‘dressing’ procedure described in 4.4 5

vi(2)  Fie — Fron

zy(z) =: exp(—z On z_"> xeVFe et (5.25)

20 (]

r_(z) : Fre — Frr—2
/ *
r_(z) =: exp( E In z‘") : xe"VEQ VTt (5.26)
n

=

and they are interpreted as screening currents in subsection 3.4.

The elliptic version of VO’s (of type I and type II) are defined in terms of their
trigonometric ones and a ‘twistor’ given by an infinite product of the universal R matrix
described in subsection 4.4 4. They satisfy the commutation relations of the type (5.33)-
(5.35) below. As we do not know how to evaluate the twistor in the bosonic realization,
we have solved the relations (5.33)-(5.35) directly for ®.(z), ¥¥(2) (¢ = +1). We write
D4 (2) = Pyq(2) and Vi (z) = Ui, (z). We obtain the following : [21, 68]

type I ®.(2) : Frp = Frp—-
!

D _(2) =g :exp(—z n z”) : xe%\/?Qz%\/?afﬁ%, (5.27)

g [2n],
—u =14k 1
()= f  dle (e E SNER
Ca(2) [u— '+ 3] [k][k — 1]
type I UX(2) : Fip — Fioek
1 8% 1 T 1 [ r
U (2) = —= :exp(Z = z_"> : xe VTV rhtnE o (5.99)
Vi P\ 2 anl,
L 1
v = et (530
Cy=(z) [u_u - E] [[]*[i_ 1]*

dz’'
2miz’?

in (5.48) and (5.49). For k =1 (I = 1), we adopt the following prescription; set k = 1+ ¢
(I = 1+¢€) and take a limit € — 0 after all the calculation. (Another method of getting rid

/ . . . .
Here z = 22", 2/ = 2*, d2' = and normalization constants g and g* will be given

of this factor is a gauge transformation, see subsection 5.4.) The poles of the integrand of
(5.27)-(5.30) and the integration contours are listed in the following table. For example,

Cs(z) is a simple closed contour that encircles z'72™z (n > 0) but not =72z (n > 0).

inside outside
Co(z) | 2/ =22y | =g7172z | (n=0,1,2,-"). (5.31)

— * — *
C\I;*(Z) P 142r n, Z’Zl‘l 2r ny
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OPE formulas are given in subsection 5.a. In the conformal limit (3.23), g-2®_(2) reduces
to a primary field V,, ,(2) and g*2U* (2) reduces to Vs, (—2) (up to phase factor) where
V,(2) is given in (2.61). g~2®,(z) and g*%\lfi(z) reduce to primary fields with screening
current (screened vertex operator [34]). We can show that type I VO ®.(z) commutes
with BRST operator (3.80)

[X;, ®.(2)] = 0. (5.32)

Type II VO U¥(z) commutes with another BRST operator obtained by using(3.84), see
subsection 5.b.
The VO’s given above satisfy the following commutation relations (g1,£9 = +1),

( k k+ e

A . Uy — Ug | P (21) P (22), 5.33
k4 €9 k+51+52‘ ! 2> 1( 1) 2( 2) ( )

(1)62(22)(1)61(21): Z w

! R
51,62—:‘:1

s’l +s’2 =e1+eg

UL ()W () = > W

o
sl,EZ—il

*< f f+51
[+e, [4e1 42

E’l +E’2 =e1+eg

Do, (22) VI (21) = 7(ur — ug) VI (21)Pe, (22), (5.35)

where z; = 2 and 7(u) is given in (5.136).
Proof.  First let us show (5.33). For (g1,29) = (=1, —1), (5.33) is

D_(22)®(21) = plur — u2) P (21)P(22)-

This is an OPE rule (5.131) itself. For (g1,£9) = (=1, 1), (5.33) is

E k41
B, (2)P_(21) = W(i€+1 ; ‘ul —u2>(1>+(zl)(1> (22)
E k-1
+W(]%+1 ]2; ‘ul —’LLQ)(I)_(Zl)(I)+(ZQ)

We set (see subsection 5.a)

B1(2) = P A/ (s a0 ),

L [u—u — 3+ k] 1
(') = i , (5.36)
’ el i -
e ()0 ) = S = )0, [0 = 630
z_ (21)x (22) = h(u; —ug)z (22)x_(21), h(u)= B :L H (5.38)
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By using OPE rules in subsection 5.a, the above equation becomes

d2' @ () (21)r- () ps (uz, u's b+ 1) f (0 — wy)

Uy — u2) oy (ug,u'; E+ 1) f(u' — uy)

/
_ 7{ 4 ®_ ()@ (=) ()T

+7{ d2'® ()@ (a)r ()T e

~

E+1  k

Uy — U2) 0+ (ug, s ]Af)-

Careful analysis of the location of poles shows that we can take a common integration

contour. Therefore it is sufficient to compare the integrands,

. — ko k+1 .
o (ug, sk +1)f(u' —up) = W(A - ul—u2><p+(u1,u';k+1)f(u'—u2)
k+1
— k k-1 ;o
+W(IA~§+1 i ul—u2)<p+(u2,u,k).

This equation does hold by the Riemann identity (A.11). (g1,£9) = (1, —1) case is similar.
For (e1,e2) = (1,1), (5.33) is

D (22) P (21) = plur — uz) Py (21) P4 (22).

By using OPE rules, this becomes
e, §det @ ()8 ()n (o G s ik~ D, uti B F 0 = w)
— f s § dh e (0o (e ()

X (ur, s b — 1) (uz, us k) f (uy — uz) h(uy — up).

Detailed analysis of the location of poles shows that we can take a common integration
contour which is symmetric in 2] and 2. Consequently it is sufficient to compare the

integrands after symmetrization in 2] and 25. Here symmetrization means

§ el § do (o ()P
= faz § o (e (Flhs) + Flbih(ur — ). (539)

We remark that h(—u) = h(u)~!. Therefore we are enough to show

Yoo (un, s k) f (uy — wr) + (g > uh) x h(u) — uh)
) (g, s k) f (uy — ug)h(uy — uh) + () ++ uh) x h(u} — up),
and this is correct due to the Riemann identity (A.11).
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Next let us show (5.34). We set (see subsection 5.a)

V(o) = W (2o () (),

o (') = [“_ffif]* R (5.40)
S V(G
PG () = [ = )V o), () = L (5
£y (20)s () = B (1 — )y (22)zs (1), *(ur) = {Z * H (5.42)
We remark that

901 (Ua UI; a) = (:0+(_U7 —U,,; a) g (543)

= f-w)| (5.44)

h*(u) = h(—u) e (5.45)

and (5.17) and (5.7). Integrands of (5.34) are obtained from those of (5.33) by replacement
r—r* u — —u and ki — [. Careful analysis of the location of poles shows that we can
take a common (symmetric) integration contour for each case. Therefore (5.34) holds.

(5.35) is easily shown, although we have to take care of integration contours. O

The dual VO'’s are realized in the following way,

-1

O:(z) = \J[k] D _.(a722)\/[k], (5.46)

-1
w.() = il e/l (5.47)

and normalization constants ¢ and ¢* in (5.27) and (5.29) are

¥ 1 (1.4 xZT.x4 1,27')

-1 — 27 ) ) ) 00
g = x (22, 227 22r; 22) o (22, 22742, 2%, 227 (5.48)
- 1 2 g2t 42, g porty

o . (5.49)

(1-72, 1-27"*,1-27"*; 1-27"*)00 (1-4, r2r* : IL'4, 1-27"*)00

Then we have

D B (2)D.(2) =1d, (5.50)

e==%1
De, (2)@F (2) = 0ey e X id, (5.51)
1 :
Z Ut (2)W.(21) = & X id+--- (21 = 22), (5.52)
e==%1 22
651 €9 .
W, (21)¥, (22) = . — = xid 4 (21— 2), (5.53)

22
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and for d in (3.43)
w!O(2)w™? = O(wz), for O =, & U U, z.. (5.54)
We identify type I VO’s in subsection 4.2 and those here in the following way:

Pla=e9) (2) = D,(z) (5.55)

Y
'cl,u.

d*(@+29) () = @7 (2) (5.56)

Lia
Then eqgs. (4.106)-(4.110) correspond to (5.46),(5.33),(5.54),(5.50) and (5.51) respectively.

Next let us see how the DVA current is obtained from VO’s. Let introduce free boson
oscillator h,, (n € Zy),

*

0],

—

1 [T’I‘L]x !

hy, = (x — 2z 1) (=1)" n=(r—a" , 5.57
(@ = )R, = (o= e (5:5)
2l ] ‘
[y ] = (v — = 1)25 o] (11 1" 1] 2 0nt-m,0- (5.58)
As explained in subsection 3.4, the DVA current T(2) is realized as
T(z )—A+( )+ A (2 )
Ai(z) =:exp <i Z P ( ) x Vs, (5.59)
n#0
This T'(z) is obtained from type I VO’s by fusing them [69],
D, (z'72")®E (2177 2)
. e (@t 2 Y o
= (1= 2)0aT(z) 07> et (), (5.60)
or from type II VO’s
e, (a2 UL (0177 2)
1 . (272, x?—?r*;xél)oo
= ?%561,62 <_T(_Z)) : (—:U 2) (x4, 2 x4)oo +--- (Z, - Z) (5-61)
Higher DVA currents (3.132) in subsection 3.5 are also obtained by fusion,
, o id (1=0)
O, (z"7 N PE (2 2) = 6.,y _ +- (= 2), (5.62)
(1= 5)TyH()4; (G=1)
where A; is
1
Iy (ILA pA=2ri. IL‘ oo] 4= 2rz p—2ri. 1.4)00
Aj=ua> ](xQ w2200 ) H (222 x2 2ri; g4y (5.63)

i=1
and we have assumed that r is generic.
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5.3 Local height probability

Let us consider local height probabilities P, ... 4, (l). As remarked in subsection 5.1, we

have
- 1
Py, oo Z Pay oo (1) = = Pay o (I, L = a0). (5.64)
One-point LHP is already obtained in (4.44),
Pe(l) = Z; K] xun (). (5.65)
Here the partition function Z; (4.74) is
r—1
Zr="> " [kl xur(ah), (5.66)
k=1

where x;x(¢) is given in (2.37). Two-point LHP’s satisfy recursion relations (4.66)
D Pup(l) = R(1), D Pas(l) = Pu(l). (5.67)
a b

Since P,;(l) vanishes unless |a — b = 1 and 1 < a,b < r — 1, two-point LHP can be
determined uniquely by these recursion relations and expressed in terms of one-point
LHP. Starting from Py (l) = Py o(l) = 0, we obtain

k k

Py (1) = Pega (1) =Y (=1 Po(l) = 27" “(—=1)F*[a] x.a(2"), (5.68)

a=1 a=1

and this satisfies P.,_1(l) = P,_1,({) = 0 (which is equivalent to Z;o = Z;1). Pas(l) =
P, o(l) agrees with physical requirement (4.112). For higher-point LHP’s, however, the
recursion relations can not determine them. So we will use vertex operator approach.

As explained in subsection 4.2, local height probabilities can be expressed in terms of
corner transfer matrices and type I VO’s. In this case (4.73) with (4.111) becomes

P, ..a(l) (5.69)
= 27" [ag) t2, 0 (x4H§?°)q>*(ao,a1)(z) o an-1,n) () lenan-1) () . .@(al,ao)(z))‘
1

We evaluate this LHP using a free field realization of VO. Our identification of the space
of state and operators are (5.15),(5.16),(5.55) and (5.56). Then we have

Pav,aol) = 77 ao] tac, ,, (#1902, (2) -+ 07 (), (2) -+ @2, (2)), (5.70)

where ¢; = a;,_1 — a;. Since the type I VO has the property (5.32) (see also subsection
5.b), we can apply the formula (3.83) to the trace in the above LHP.
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We illustrate this free field calculation by taking two-point LHP as an example. Two-
point LHP is (¢ = £1)

Py cx(l) = Z; (k] trg, (:U4d@2(z)®5(z)>

= 2 VI = tre,, (v (5 22)0.()). (5.71)
From (5.71), (5.48) and OPE in subsection 5.a, we have

x2r—1<, x2r+1c; x2r)oo

(2¢, 23¢; 27)

Xtre, , <x4dg_1 cd_(27%2)0_(2)a_ () : z—%r?x'é—r }

= Zfl(va,xQ,:r?’";fcz’")oo]{@’( (5.72)
C

[k—l][u—u’—%—irl%])
=1 -w+y )
where z = 2%, 2/ = 2% and ¢ = 2;/ Calculation of trace is separated into two parts,

oscillator part and zero mode part. The oscillator parts are common for all Fock spaces

osc CY;L —_ n_—mn
trE) <x4d : exp (Z B (" — 2"z )) :)
n#0 r
_ 1 (ot 2h, e3¢, 22 22, ) 5.73)

(£U4; x4)oo (ZU2T+2, x2r+2, $5C, xSC*l; 272, xZT)oo,

where ¢ = %' and we have used (A.53) (Or use the formula in subsection 5.a). On the

other hand, the zero mode part,

Zero ’ r* r* r* - 1 - - l I:;
zero<x4d ( )7\/;a0+7x7\/;a0 [k][k ][U u 2 + ]), (574)

tr s
o Bk = 1) [ —w')
can be calculated by (3.83) with the Felder complex (3.79)

S}

N

CZj = f'leT*j,ka C’2j+1 = fflf2r*j,k- (575)

(5.74) becomes
[u—u' — 5+ K]

O (2 5.76
o o o0
where O, () is (this definition is different from [21], Off((”) — %Oz,k@*lo)
O0x(C) = Z(—l)jtrzcejm(x4d§*\/¥a6+%x*\/¥a6>
JET
3 (e ag) 2 a0 )G (57
JET

= A3 () F kD= (@W(—x4<r*k*”+”*>(agc)*%*)

_@8M* (_x4(r*k+rl+rr*) (xc)fw* )ZLAZk (xc)f2l> )
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So we have obtained an integral representation of the two-point LHP,

(ZUZ; a:.Z)S

Pe1i()=27" =y (5.78)

where [}, is

Iy = d2'F, = dC F, .
Lk j{,':Z_Z z,k(C) ﬁ[Clzl_C l,k(C)a (5 79)
@m%(aj—l-i-%c—l)

@ﬁr(l‘()

Next let us evaluate this integral. Fj () has simple poles at ( = z'*?" (n € Z). Since
O, x(C) satisfies

Fii(¢) = O (C)¢ =D g k=1 +1-k (5.80)

Ol,k(x4rm<) — Ol’k(C)<72r*mx74rr*m2+2r*m (m c Z), (581)
F,£(C) has the property
Fip(z'¢) = Fie(C). (5.82)
Consequently [;;, requires some regularization. We regularize I;; in the following way,
L =lmlf,, I = % d¢ (°Fk(C). (5.83)
Deforming the contour
= T+ § TR, (5.84)
C:CE,CEB,"',CE47‘71 |<|:‘1"4T
and using (5.82), we obtain
1
If, = — d¢ (°F, . 5.85
We remark that
# dCF4(C) =0, (5.86)
<:$7$3,"',$4T_1
namely
2r—1 .
> (-1, —1—alz " Opi(a'2) = 0. (5.87)
a=0
Using these and picking up residues at ¢ = z, 23, ---, 2% !, we obtain
1 2r—1 a .
Pos(l) = =————> —(=1)k — 1 — alz™ ¥ O (z'+?). 5.88
1,k (1) Zi(a" ) ; o (=1 alz Le(T ) (5.88)

We can check that this answer (and Py _1(l) = Py_1(()) satisfies (5.67) and P,(0,1) =0
(use (5.87)). Therefore this answer obtained by free field approach agrees with (5.68).
For multi-point LHP (5.70), we can write down its integral representation in a similar

way. (Evaluation of the integral is another problem.) See [21].
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5.4 Form factor

Let us recall the translation invariant vacuum state (4.90)
lvac) = \/[k] 224, (5.89)

and the action of the column-to-column transfermatrix (4.113)

Teon ) O.(2) fD_(2) ] 5.90
(Ta@In)” = X @)1 00|, (5.90)
where f is a linear map f : Ly, — L.

For the time being, we consider operators on the Fock spaces J;; not on the cohomol-
ogy L. Action of Teor is Teot(w)|f) =D ., P(2) - f- P_.(2). Let us define an ‘excited’
state

| Wy, -+, w1 ), =Vl (wp)- -V (wy)|vac) © Fip — Fios eike (5.91)

myttHE

(We remark that the original description of this ¥* is ¥* ® 1, see (4.87).) This state is

an eigenstate of T

Teot (W) - e, = S () W, (), ()[R 2 - B_i(2)

e==+1
= HT ) Wy we), (5.92)

2u w; = %% and we have used (5.35). Therefore type II VO creates (or

where z = x
annihilates) ‘particles’. But we remark that this state is a ‘true’ eigenstate of 7T, because
it is not a linear map on L;j in general. We will show when this state becomes a true

eigenstate.

To avoid ——— and factors we perform a gauge transformation (see (4.4))

VIRE=1] V-1

’W(‘CL Zu) - %W(Z Zu> F(a,b) = ([a][b])~*, (5.93)
(¢ ) = F*E“ b;? E :2; (00, ) = @B (99
O (2) =D (2), Di(2) =Dy (2)\/[k][k— 1], (5.95)
U (2) = U (2), W(2) = UL ()\ T — 1) (5.96)

W differs from W only in the following component

W<a:?:1 ai:l‘u> _loFU =4 (5.97)
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In this gauge the reflection symmetry (5.7) is lost. W™ is
a c

(2 ) = o ()

®.(z) and U*(z) satisfy (5.33)-(5.35) with (@, U*, W, W*) replaced by (®,U* W, W*)
respectively. (5.35) is also hold by replacing ¥* with U* and ® unchanged. Therefore the

u)) ‘ X (). (5.98)

—r*

state

[ =0 (wp) W (wr)|vac)  Fig = Fioscons (5.99)

Emy €L Em

which differs from (5.91) by a multiplicative constant factor dependent on f, is also an
eigenstate of Te.
How to realize the type II VO on the cohomology is discussed in subsection 5.b.

In order to interpret the state (5.99) as a linear map on L, the first requirement is

m 2n
Z g; = 0. Hence m is an even integer, m = 2n. Then H U7 (w;) and the BRST charge

=1 =1
satisfy the intertwining property
o o
Qu-TT W2 (w) = (1" T[ ¥ (w) - Qu (m=1r"=0.  (5.100)
=1 =1

Therefore this product of type II VO’s is a well-defined operator on the cohomology £; .
Explicitly it is

2n 2n
[T (w) on oy, (=1)" ] ¥, (wi) on Cojp. (5.101)
i=1 i=1
Consequently the state |way, - -, w1>;2n,---,51 with ZZZZI g; = 0 is a true eigenstate of 7.
(If m is an odd integer or ), &; does not vanish, then |wy,,---,wy), . _ is a map from

Fipto Frp (I'=1-),& # 1), namely in the original description it corresponds to a state
whose half is in the ground state [ and the other half in [’. As remarked in subsection
4.2, to obtain a complete set of excited states, we need not only the translation invariant
vacuum state (5.89) but also the translation non-invariant vacuum states.) The form

factors of local operator O are defined by

(vac|Olwp, -+, wi),, ... (5.102)
Next let us study (4.75) with the following O = Oy-
22 _ 2n
O = [ 92 (ws)  (w; =21, & =0). (5.103)
i=1 i=1
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In this model we have

Zim
Qapao (15 2|O0g-) = Z b ay(l,m; 2|Og) = Qan cao (L1 = ag ;2| Og-). (5.104)
m=0
This is the form factor of ®; , (2)---®; . (2)®Pu,_,-a,(2) " Pay—a,(2). (4.76) and
(4.77) with n = 1 become
Y Qureall;2105-) = Qu(l|Og-), (5.105)
e==+1
> Quate(1:204:) = G(2)Qu(l|O-), (5.106)
e=+1

where Q,(1|Oy+) = Qu(l; 2|Oy+) and G(z) is

= H T(w; — u). (5.107)

This Qa.(l; 2|Og-) is uniquely determined by these recursion relations and it is expressed
in terms of Q,(I|Oy-). Starting from Qo 1(/;2|Ow-) = Q1,0(l; 2|Og~) = 0, we obtain

Qui1a(l5210:) = D Qul0g-) = G(2) Y Ql0y-),  (5.108)
b= a?;(l)d 2) b%a?;})d 2)
Quar1(l;2|04-) = Z Qu(1|Oy-) + G(z Z Qu(1|0g-).  (5.109)
ba (mod 2) b= a(;od 2)

This answer should satisfy Q. ,—1(l;2|Owp+) = Qr_1,(1;2|Og-) =0
As an example let us calculate Qk(l|\ii(w2)\fli(w1)) by free field realization. By using
(3.83) it becomes

QuUUIT (1) ¥ (w1)) = Z; K] e, , (4495 (102) B (1))

— 7" k]z<trc2( (1) W% (w1)>+trc2j+l (w@i (wQ)fo:(wl))). (5.110)

JEZ

By using OPE and trace rule listed in subsection 5.a, we obtain
Qi (1|0 (w2) U™ (w;))
= 20y (f o) e )0 )
Cyx (w2)

X e (= ()" )

+% duw! (wyw) 2w (B (w)a (w'))
Cy=(w1)

(v — o' + 1+ 1]

[or — v — 3]
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X@er ( ( w'? )rx4(rl+r k+rr* )) 4llc)

wiws

X(wlwz)’l’”%w'kﬁfc“’” ’“"ﬂ<<‘1’* (w2) W2 (w1) ) (U (w2) 24 (w'))

HFW v HFW ar (B Fyp e (), (5.111)

i,j=1

where Fy p(7) is given in subsection 5.a. Qp_1x((; z|\TJi(w2)\TI*_(w1)) can be obtained by
using this result and (5.109). If you want to calculate it directly, you will follow

Q05 210 (w2) W (w1)) = 27 (k] b, (907 () (2) W (02) U (1) )

= 20 (e (491 () ()0 () (1)

JEL

it (4905 ()0 ()T (0 (01)) )
- (5.112)

5.a OPE and trace

OPE

We list the normal ordering relations used in section 5. Recall
r*=r—1.
For operators A(z), B(w) that have the form : exp(linear in boson) :, we use the notation
A(2)B(w) = (A(2)B(w))) : A(2)B(w) :, (5.113)
and write down only the part {(A(z)B(w))) :

(272007 ) oo

(e = o (1= O g, (5.114)
o @G,
(o (e () = 57 (1 O—(fwc;mw’ (5.115)
(ool = 5 g (5.116)
(@-()rs () = Grale)@- ) =2+ a (5.117)
(@ (2)r-(22)) = (o (2)P_ () = % (5.118)
(0 ()4 (22)) = (e ()T (20)) = 2 (fr—fxffr)lw’ (5.119)
(0 (2)r-(22)) = (o ()W (20))) = 2 + 22, (5.120)
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% ZC, 2r+2<-; 4, 2r ~
(@)@ (a)) = 5SS

. . e (GGt 2 )
<<\II—(Zl)\II—(’22)>> = 212 (.'L'ZC,"L'ZT*+2C;1'4,(L'2T*)OO,

(@ ()T (2)) = (V2 ()P (22)) = 21 %

where ¢ = 22 and we have used (A.50).

As meromorphic functions we have (z; = z*%)

®_(21) (22) )
U* (21) V7 (22) = U2 (20)WE (21)p" (w1 — u2),
D _(21)U" (2) = U* (29)P_(21)7(uz — uq)

L p+(u) _ ($2Z,$2T+22;x4,$2r)00
o) = S T e,
— T % p* (U) * ($2Z,$2r*+22;x4,$2r*)00
zoEmp (U,) - *+7’ p+(U) - 2r*+4 5. pd 21 !
pi(—u) (2,2 z; 24, 1% ) o
1O (—z271)
= 2
m(w) =2 Op1(—x2)
Note that
p*(u) = —p(u)
r—r
Trace

For an operator A(z) that have the form : exp(linear in boson) :, we write

A(z) = A®¢(2)A™°(2), A®(2) =exp (Z f‘fna,nz”) exp(z ffanz’”),

n>0 n>0
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where f2 is a coefficient. In this model A is x4, ® , ¥U*. For example,

! ! * r* o r*
P>(2) = exp (Z In z”) exp(— Z “n z"), P*r0(2) = \/ge%\/?QZ%\/;%JFE'

n>0 [2n]’” n>0 [2n]’”

For such operators Wick’s theorem tells us

Ar(z) - Anlzn) = [T €Ai(z:) A (z5)) x - HAi(zi) ) (5.139)

i<j
The trace of oscillator parts over the Fock space F = F;, can be calculated by using the
trace technique (A.53). We have

tr;(x“d"“ A=) :> - s x4 HFA 4 (5.140)

where F4 p(z) is given by

Pua(e) = exp( Y Haloal 0T pan). (5.141)

n>0 [ ' ]
We write down Fy p(z) (Remark Fa p(2) = Fp a(2)) :

(222, 2%, 2% ) oo

Fopar(2) = () (5.142)
(2742; 372, er)OO
Fr = , 5.143
2-2) = G (3143
1
Foiw = , 5.144
- (2) (—a3z, —x%2; 2%) oo ( )
Fy_ui(2) = (—a'22%), (5.145)
2r+3 . .4 ,.2r
Fo o (2) = (2772527, 57 oo, (5.146)

(1-52; x4’x2r)oo
(x2r*+5z; 374, x2r*)oo
Fy- o, (2) = (;;;3,2- PO (5.147)

Fy- 4 (2) = (222", (5.148)
Fa_o (e) = BETAE T (5119
Fy- we(2) = Efi iz: :Zz ij ii i; ;:, (5.150)
Fo_u-(2) = E ul z ; ii;z (5.151)
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5.b Screening operators and vertex operators

All the formulas in this subsection are understood as meromorphic functions.
Let us recall the screening operators (3.72) and (3.84)

[u—u' + L — f]*
X(z) = }{ & s () 2 Ry P (5.152)
Cx(2) [u—u — 3]
u—u' —i+k
X'(z) = % @'m_(z’)[ - 2 ] s Frg — Fip—2, (5.153)
Oy (2) [ —u' + 3]
where integration contours are
inside outside
Cx(z) | 2 =272y | o = 271727004 | (n=0,1,2,--). (5.154)
Cxl(Z) o — x1+2rnz o — x1—2r(n+1)z

These screening operators satisfy the following exchange relations [63]

[Ul — U9 — 1]* 2 [ul — Uz — Z+ 2]* [1]*

@)X (a) [ug — ug]* () [ur —uo]* 1= 2] = (m & ), (5.155)
N T T | R T o AT

X'(z1)X (22)—[u1 m—" X'(2) w2 (w1 <> ug), (5.156)

X (21)X'(29) = X'(22) X (21). (5.157)

®, and \Tfi can be expressed as (see (5.28),(5.30),(5.95),(5.96))

B (2) =D (2)X'(2), T (z)=T"(2)X(2). (5.158)
Here RHS’s are understood as the analytic continuation of A(z)B(z') from the region

|z] > |2'| and hence integration contours become (5.31).

Since screening operators and VO’s satisty

X (Z)f?a(w) = §>E(w)X (2), (5.159)
X' ()0 (w) = U (w)X'(2), (5.160)

IL &, (w;) and IL \TJ:(wZ) (>_;ei = 0) are well-defined operators on the cohomology
H°(Cyx) and H°(C],) respectively where the BRST charges are @, = X(1)™ and @, =
X'(1)™ (see subsection 3.4.3). On the other hand ®.(w) and ¥*(w) do not commute
with X'(z) and X (z) respectively, so they are not well-defined operators on the cohomol-
ogy H°(Cj,) and H°(Cy) in general. However we can find the following intertwining
properties.
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We can show that

~ ~ [u—v+1] [k] 3 [w—v+k [1]

X’(z)(l)_(w) = —‘I’_(w)X'(z) o= ] [];; ] +(w) ] [];- N 1], (5.161)
U T | L) T U R G 1
X () = 0 ()X O e o e+ ) e 6162
where z = 22* and w = 2?". By induction we obtain
X'(2)"®_(w) = _(w)X"(2)"An(u — v, k) + Dy (w) X" (2)" ' Bp(u— v, k), (5.163)
X'(Z’)"EIMU)) =§>—(W)X'(Z)"+13n(v - u, k: 2) + & (w)X'(2)" An(v — u, k - 2),(5.164)
X(z)"ilj"_(w) = \Eli(w)X(z)”A;‘L(u —0,1) + U (w) X (2)" ' Bl (u — v,1), (5.165)
X (2)"0* (w) = U () X (2)" ' B (v — u, | — 2) + W% (w) X (2)" AL (v — u, ] — 2), (5.166)
where coefficients are
B Su+n] [k—n+1]
Ap(u, k) = (—1) ol Th—2n 1] (5.167)
B n1 0+ k—n+1] [n]
Bu(u, k) = (1) a T (5.168)
. B Su—nl" [l —n+1]
Ar(u,l) = (-1) o 2] (5.169)
Bi(ul) = (—yprlozktn =1 o) (5.170)

[u]* [—2n+ 1]

Noticing the following properties of these coefficients

Appi(u, k) =0, Bpyi(u, k) = (=1)* for ¥ =k (mod r), (5.171)
Ar (w0 =0, Bfy(u,l)=(=1)"" for'=1 (mod r*), (5.172)

we obtain the intertwining properties (1 <1 <r* -1, 1<k <r—1)

X'(2)F 7, (w) = (-1 _,(w)X'(2)" on Fyp k' =k (modr), (5.173)
X'(2) 7 d, (w) = (=1) D __(w)X"(2)"* on Fyp k' =—k (mod r),(5.174)
X ()70 (w) = (=1)750*_(w) X (2)! on Fyp I'=1 (mod r*), (5.175)
X ()0 (w) = (=1)7 o0 _(w)X (2)" on Fup I'=—1 (mod r*).  (5.176)

Therefore [], ®.,(w;) and IL \TIZ (w;) (3_;€i = 0) are well-defined operators on the coho-
mology H(C},) and H°(Cy) respectively. However we remark that on Cy;,; and Cyjy
those operators should be replaced by £]]; d_, (w;) and £ IL \Tl*_gi (w;) respectively.
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6 DVA (Ag) type) and Dilute A; Models

In this section we introduce another deformed Virasoro algebra and study dilute Aj,
models by free field approach [48]. Both of them are associated to Ag) algebra.
r, B, x1(2), T(2), ay, al, hy, Cig, etc. in this section are different form those in

section 5.

6.1 DVA (4?)

Brazhnikov and Lukyanov [22] pointed out that one can associate to the algebra AéZ) a
deformed Virasoro algebra which is different from the one discussed in section 3. We
denote it DVA(A%Q)).

DVA(Agz)) is an associative algebra over C generated by T, (n € Z) with two param-

eters « and r, and their relation is [22]

+(x —a~

[Tn; Tm] - - i fl(Tnfle+l - Tm,ng,M)
+(-'L' — 1'_1)2 [r ha %]I[T]Z[T g HI[T — %]I [3n]x5n+m,0 (61)
5[5l
Jo[r — 1]a
]

where the structure constants f;, is given by

f(z) = Z fezl = exp <— Z(l‘ — xl)Q% e lrnl|(r = l)n]xz”> (6.2)

n>0

2—2r 3—2r 4 5 2r 2r+1.,. ,.6
1 (2 %z, %z, 02, 02, 0% 2, 0% 2 10 o

1 — 2z (P 2z, 2822wz, a2z, a2 +3z a2 +42; 20)

By introducing DVA current T'(z) = ZTRZ’”, the above relation can be written as a

nez
formal power series,

FETET (w) = T(w)T(2) ()

(! [+ %]m[r]w[r — 1,[r — %]m By _ (g3
= (r-27") BRI (572 - s(z=)) (6.3)
-1 [T]I[T B %]m[T B 1]“" 2w 2w -1
H(r— a7 i (5( )T (zw) — (22 2) T (x w)).
The notation of [22] is related to ours by zp;, = x2, % =, é =1-r, g(z) = f(2),

V(z) = T(z). For later use we add a grading operator d,

d, T, = —nT,. (6.4)
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The above relation (6.1) is invariant under

(i) azeat, rer, T(2) = T(2), (6.5)

i) ax—z, r=1-—r T(z)—-T(2). (6.6)
In the case of (i) f(z) is understood as the first line of (6.2). Let us introduce (3 as

B = (6.7)

then (2.19) becomes
2—r

V2r(r=1)
In the conformal limit (z = e" — 1, r : fixed), (6.1) admits two limits [22] related by
(6.6),

(6.8)

oy =

T(2) = 3= 2r +8r(r — DI (2L(2) + (1 - 20) + Z205) + O ('), (6.9)

8r(r—1)

T(2) = —1 - 2 — 8y — DI (L(2) — (1 —20) + £22) 4 0(t),  (6.10)

where L(z), L(z) are the Virasoro currents with the central charges ¢, ¢ respectively,

3(2 —r)?
r(r—1)

3(1+7)?
r(r—1)

c=1- =1-6a], ¢c=1- (6.11)
The highest weight representation is defined by the same manner presented in subsec-

tion 3.3. The Kac determinant at level N is [48]

det(()\; N,i|)\;N7j>)

1<i,j<p(N)
_ _ e (N —1k)
(aj’"l —x rl)(x(r n_ x (r 1)1) N P
= 11 < - (A = Ae) (A = Aug) . (6.12)

Lk>1
k<N

where A, and Xl,k are given by

1
r—s35lz
)\l,k = x—l?"-l—?k}(?"—l) +xlr_2k(r_1) - [ [1]2] ) (613)
5]z
Y l(r—1)—2kr —l(r—1)+2kr [T B %]m
ok = —a o - T, (6.14)
5l

and they are related by (6.6). In the conformal limit this Kac determinant reduces to the

Virasoro one with the proportional constant expected from (6.9) or (6.10).
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6.2 Free field realization
6.2.1 free field realization

Let us introduce free boson oscillator h,, (n € Z),

[y ] = (2 — x—l)% [”]x[[gz]]z[(j [;]1)”]9”5%%0, (6.15)

and use zero mode ag and @) defined in (2.49) (or af in (2.72)). Notice that [2n], — [n], =

[3n),[2]4/[3]s. The Fock space F, is defined as before.
The DVA(AgZ)) current 7'(z) is realized as follows:

T(2) = Ap(2) + Dol2) + A (2),
Ay(z) =:exp (j: Z hn(xigz)*"> : x gV I (6.16)
n#0

Ao(2) = — I [I]%]x D exp (Z B (272 — x"/Q)z_"> :.
21T n#0

To prove this we need (A.23) and the OPE formula,

FOAL()AL(w) = : Au(2) A (w) 3,
FEOAL()A+(w) =+ Au(2)Agp(w) : v (2T )y (272Y),

F(#)80(2)Ao(w) = : Ao(2)Ao(w) : (%), (6.17)
FEALEA(w) = 5 As()Do(w) 77" 2),

FE)A0(2) AL (w) = : Ag(2)As(w) : y(a*1L),

where v(z) is given in (3.41). The grading operator d is realized by
d — dOSC _|_ dZeI‘O
2

08¢ — i ([2,”]:’3 _ [Tl]x) Zero __ la/2 - i
= L T Lo — o (6-18)

n>0
which satisfies

c

[d, hy] = —nhy, [d,Ql=qay, dlogs = (b — 21

)|al,k}>B7 (619)

where ¢ and h;, are given by (2.17) and (2.18) respectively. We remark that T(z) =
—A4(2) + Ao(2) = A_(2) also satisfies (6.1).
|a)p is the highest weight state of DVA with A = A(«),

@) = [Aa)), (6.20)

(6.21)



The dual space F; becomes a DVA module by (2.63) with

‘T, = T_,, (6.22)
'hy = —h_n, eq.(2.66), (6.23)
and (2.67). By (6.23), Fr is isomorphic to Faa, o as DVA module,
Fr = Fong—a (DVA module). (6.24)
la)p < 200 — a)p. (6.25)

Note that A(a) = A(2ap — «) by (6.21).
In the conformal limit (x = e — 1, r : fixed), oscillator h, is expressed by a, in
(2.49) as follows:

™ — g p(r=n _ p—(r—1)n

1
= hi\/2 —1 . 2
fn = B/ 2r(r )\/x” —14+2™ 2rnh 2(r — 1)nh in (6.26)

Substituting this expression into (6.16) and expanding in %, we get (6.9) with L(2) in
(2.55) (or (2.73)).
The representation with A = Ay, is realized on Fj, = Fq, ,

Ak = Moug), (6.27)

where «; is given in (2.79).

6.2.2 Kac determinant

In the free boson realization the singular vectors can be expressed by screening currents.

A screening current z (z) is defined by

zy(2) =:exp (— Z Cn z‘") : ><e\/2(rr—1)Qz\/2(rr—1)%+2(rr—1), (6.28)

n#0 [N]w

where oscillators a, (n € Z) are related to h,, as

[(r = D)nla

hy = (iU - :L‘_l)(—l)npn]m _ [n]m n-

(6.29)

Like as (3.61) singular vector is obtained by the BRST operator. Screening charges and
BRST charges will be discussed in the next subsection.

Like as in subsection 3.4.2 let us introduce matrices C'(N, a) and C'(N, «) by (3.63)
and (3.64). Then their determinants are given by

det O(N, a)IJ = H <(Z;xél7‘k(1"l) o Ziéxiéhukk(ril))

Lk>1
k<N
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o . p(N—1k)
v (ng—il(r—l)-i-kr 4 Z—§x§l(7'_1)_kr)>> , (630)
= det C(N, 209 — ) - det D

H <<Z§x—§h«+k(r—1) _ Z—%x%lr—k(r—1)>

det C,(N, a)]’J

N—lk
L L(r—1)—kr —1  —L(r—1)+kr) 4 :
X (z2z2 + 2z 2x72 ,  (6.31)

where z = V2 (r—1)(e—ao)

The inner product of two states in the Verma module is given
by (3.67) where Gk f, is

Grr = < ('Mrla)g, h-rla)s >

1 (gt — Tt ‘,L.(rfl)i _ ‘,L.f(rfl)i k;
(SK,LH(Z( ) )> k!

- - il 6.32
; -1+ a7 ( )

and its determinant is (use (A.28) and (A.30))

i —1+a"
{ki} 1 T
Y, ik;=N

1 (27 — =) (p(r=Di _ p=(r=1)iy\ ki

=l (=) _ . —(r=1)1\\ P(N—Ik)
I1 ((x ’ l)(x — )> . (6.33)
it -1+
k<N
Therefore we obtain the Kac determinant (6.12),
det(h|T;Ty|h) = det C'(N, ) - det G - det 'C (N, )
- , (r— (N—1k)
(l.rl —r rl)(x(r i p—(r l)l) _ p
= H < o p— (A= Ae) (A — k) . (6.34)
LE>1
k<N
6.2.3 Felder complex
We consider the representation of A = A in (6.27) with (2.20) and (2.23), i.e.
2pl/
r= S (6.35)
Let us consider the Felder complex C 4,
e, e, o X0 o X (6.36)
where C; and X; : C; — Cjy (j € Z) are
Coj = Fioopjms  Cojr1 = Foimopjn, 6.37)
Xoj =Q1,  Xoji1 = Qp-i. 6.38)
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We assume that p’ is odd (we have not obtained the result for general even p'). BRST
charge @, (1 < m <p' —1) is defined by

Qomi1 = QlQS)Q(Q)---Qém), (6.39)
p+1

Qun = @5 QT Q2 : (6.40)

Here 1 and QY are

[u+ L)
Q1 = j[ dzwy(2)—— (6.41)
|2=1 T + 3]
1
dzydze vy (21)T4 (2
Ve )
[ur — usl* 1
g + L uy + L 6.42
[Ul—U2+1] [UI_UZ__] f2 (1 2 2 ) ( )
where [u]* is given in (A.6) with r* =7 — 1 and z = %, z; = z*“ and
£ (ur,us) = Ra+1]"a — T [ur — a]*Jus + a — 1] [ug — uy + a — 1]°
—[2a — 1]*[a + 3]*[us + a]*[us —a — 1]*[u; —uy —a —3]".  (6.43)
X satisfies the BRST property,
Xij_l - 0 (644)

We assume that this Felder complex has the same structure as the Virasoro case because
it formally tends to Virasoro one in the conformal limit (z — 1 and r and z = z** fixed

kept). Then the cohomology groups of the complex C, are

| 0 j#0
Hi(Cyp) = Ker X;/Im X, , = 770, (6.45)
Ly j=0,

where £; . is the irreducible DVA module of A = ); ;. The trace of operator O over L
can be written as (3.83).
The BRST charge commutes with DVA [48]

[7,,,Q)] =0 on Fry I'=1(modp). (6.46)

Singular vector can be obtained by @), like as (3.61).

6.3 Dilute A; models

In the following we fix a positive integer L > 3. The dilute A; model [70, 71] is an
integrable RSOS model obtained by restricting the face model of type A?’ [72]. In the
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L

and those on neighboring lattice sites are subject to the condition a — b = 0,4+1. The

dilute A7, model, the local fluctuation variables a, b, - - - take one of the L states 1,2, - - -

Y Y

Boltzmann weights can be found in [71], eq.(3.1). For our purpose it is convenient to use
the parametrization given in Appendix A of [71], which is suitable in the ‘low-temperature’
regime. With some change of notation we recall the formula below [48].

Let v = e 2™¢ r = 1/(2)) and u = —uyi,/(2)), where A, ¢ are the variables used in
[71] and i stands for ‘u’ there. We shall restrict ourselves to the ‘regime 2%’ defined
by

0<z<l r=2——m —-=-<u<0. (6.47)

We have taken p' = L, p” = L+ 1 in (6.35), which corresponds to minimal unitary series.
(6.7) and (6.8) become

L+1 1

S = =1L, p'=L4+1, 6.48
5 0 Y p p (6.48)

L
and we set
r*=r—1 (6.49)

On the critical point (z — 1), this model is described by CFT, i.e. the minimal uni-
tary series with § = % On the off-critical point (z < 1), which corresponds to the
(1, 2)-perturbation of the minimal unitary CFT, the Virasoro symmetry is lost but the
DVA(A%Q)) symmetry remains. Changing an overall scalar factor we put the Boltzmann

weights in the form
a b —/a b
(c d u) =) (c d‘u>’ (6.50)

where p(u) is given in (6.126) and chosen so that the partition function per site of the
model equals to 1. W is

W(ail a ‘u) _1

a aFl1

_aa —rat1a o+ 3 fka — 3 \? [u
W(a aiiu):W( :1 fl‘u>:_<i j[Lia—l—i%]i > [1[+]u]’
—/a a —/a a [+a+ 1+ uly
W( tl au>:W(a a+1 >: j:[j::+—;+ [1[—1]11]’
UARBRDEICION & 65
W(ai 1 Z u) :W(Z a: 1‘u> T (G‘:lt)% [i[it;i;]:bh 11 [ﬂlL]u] [%[—th—]u]’
w( @ atl|\ _[F2a+1-w] [1] 20— 1 -] [u [1]

(ail a M>_ [£2a+1] [T4+u] ¢ [£2a+1] [B+u][l+u]
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—(aal\_[B+u [1] [-ul (1] [u]
W(, al) = B Dtdl+a BTt
Here
R ICE S RN IS TR | R (R I
G5 0 W=y A= Co G O

where [u] and [u]; are given in (A.5) and (A.7).
This Boltzmann weight W enjoys YBE (4.3), initial condition (4.38), unitarity (4.39)
and crossing symmetry (4.99) (A = =2, G, = S(a)),

bd 3 S(a)S(d) a b
W ‘—— ) = ([ 22D . 6.53
(a ¢l 2 “) S®)S(c) <c d “) (6:53)
In this gauge W enjoys also a reflection symmetry
a ¢ a b
W(b du)zW(C du). (6.54)

Along with the additive variable u, we often use the multiplicative variable z = z**. For

later use we define W*,

(2 ) =

where p*(u) is given in (6.127).

x p*(u), (6.55)

r—r*

Hereafter we assume that L is odd. The model has ground states labeled by odd
integers [ = 1,3,---,L — 2 [71]. They are characterized as configurations in which all
heights take the same value b. If L = 4n + 1, then the possible values are b =1 (1 <1 <
2n—1,1:0dd)orb=1+1(2n+1<1<L—2,1: odd). Therefore in the notation of
subsection 4.2 we have (iy) = (b), m =0 € Z/Z and %l(k) = ’Hfff}. In the thermodynamic
limit CTM’s (4.100) become

AW () = OW) (y) = =218 BW () = DB () = \/S(k)a2wDHE (6.56)

Careful study of the corner Hamiltonian shows that the character (4.43) coincides with

the Virasoro minimal unitary character [71],

Xu0.k(0) = x04 (9), (6.57)
Vir

where x,'}"(q) is given in (2.37). Comparing the free filed realization given in subsection

6.2, we make an identification

HY = £, (6.58)
HY =a| | (6.59)
Lk

where £, is given in (6.45) as a cohomology of the Felder complex and d is realized in
(6.18).
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6.4 Free field approach

Although bosons are already introduced in subsection 6.2, we present their definitions

again. Recall that
_ o L+1

7" o [
L+2
Let us introduce free boson oscillator av, (n € Z)

[n]([2n]: — [n]2) [rn]. 5

n [r*n],

r*=r—1.

[, | = n+m,0> (6.60)

and use zero mode ap and () defined in (2.49) (or af in (2.72)). The Fock space Fj is
defined by

-7:l,k = @ @ (Ca—nl T a—nm|al,k>Ba (661)

m>0mn1>>nm >0

where |a)p is given by (2.51) with replacing a, by h,,

L+1 /L
a6|al,k>B = (o — ap)|oyp)s, up— = — Tl + L—+1k (6.62)

We use also free boson oscillator o, (n € Z)

Pl o g = Ple((2nle = [ole) o).

on = (=1)" rn], n [rn],

n

Onim.0- (6.63)

Operators lA,lAc : Fii, — Fi are defined by (5.22).
Elliptic currents x4 (z) for Ux(Ag)) (or Bx,,\(Agz))) of level 1 (¢ = 1) are obtained by a

‘dressing’ procedure described in subsection 4.4 5

v1(2) + Fre = Fiook

zy(z) =: exp(—z Zn z_”)  xeV eV et (6.64)

=

r_(z) : Fre = Frr—1
!/ *
r_(z) =: exp( E “n z*") :xe VaQy Vit (6.65)
n

=

x4 (z) is interpreted as a screening current in subsection 6.2. Note that z_(z) is not a
screening current.

VO’s are obtained by solving the relations (6.74)-(6.76) below directly for ®.(z), ¥*(z)
(e =0,%1). We write ®4(2) = ®14(2) and ¥ (2) = ¥,(z). Results are

type I  @.(2) : Fip = Fip-

!/ *
P_(2) = Vg exp(— Z ﬁz") : Xe\/ng\/g“{ﬁ%r, (6.66)

n#£0 T [n]x
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1 [u—uy + k4

() = 15 }[ dz,®_(2)- (1) et e (6.67)
Co(z) \/[kJr%]Jr[k_ %]Jr [u—u1+5]
Bi2) = o dude® (@ () ()
Ct(2)
S(k—1) 1 [u—uy + 2k — 3] [uy — uy + k)4 (6.68)
SH) G- 32h-2 W-wm+d [m-wmti
type Il WX(2) : Fip — Frooek
1 o 7 — 1, r
U* (z) = : exp — ") xe VR Varhtar 6.69
= oS g ) e e (6.69)
. . X 1 [u—uy — l[]
U(2) = ine ]{ dzy U (24 (21) —— : [u_; i (670
632 VIR - D)y e
V() = aF G dade ¥ @) (2)
Ci(2)
17 1(7 17% 1% ° ’
SG) BU-DRI-2 f—w—3 n-wm-}

_ o 2u _ dz
Here z = 2™, z; = 2™, dz; = iz

given in (6.79) and (6.80). The poles of the integrand of (6.67)-(6.71) and the integration
contours are listed in the following table. For example, Cy(z) is a simple closed contour

that encircles 72z (n > 0) but not 172"z (n > 0).

2u and normalization constants g and g¢g* will be

inside outside
Co(2) | 2z =o'ty z) =g 717y
Ci(2) | 2z =alt¥ny 2] =g 172y
o = l‘l+2rn21 29 = 1.71721%,2, 1.71721%,21, 1.2727‘(714»1)21 (n — 07 1, 27 . )
Ci(2) | 2y = a7 1H2 1y z = gl77 Ny
er(Z H==z 14+2r*n 2 = xl—?r*nz
Zy =1 1+2r*nz1 29 = x172r*nz,x172r*nzl7 ‘,L.72727‘*(n+1)z1
(6.72)

OPE formulas are given in subsection 6.a. In the conformal limit (x = e — 1, r : fixed),
x4 (2) = 2Va_,,(—2) (up to phase), z_(z) — V4, ,(2) (up to power of z), g I0_(2) —

v

1,2

(2) (up to power of z), and g*2U* (2) — Vs, (—2) (up to phase and power of z),

where V,,(2) is given in (2.61). Type I VO ®.(z) commutes with BRST operator (6.38)

X, ®.(2)] = 0.
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The VO’s given above satisfy the following commutation relations (e1,£9 = 0, £1),

(1)62(22)(1)81(21): Z w

o
’sl,slz—O,il
El+5‘2=61+€2

( k k+ ¢

) . — ) D (21) Do (22), 6.74
L TR R

l[ lA—i‘ &1
* * _ * 2 2 * *
V()W () = §I_O:iw (§Z+sg Fyege™ —UQ)QE,Q(,ZZ)@E,I(ZI), (6.75)
51,52— ,E1
s’l+s’2=sl+52
Do, (22) V7 (21) = 7(u1 — ug) V7 (21) e, (22), (6.76)

where z; = 2% and 7(u) is given in (6.128). We do not present the tedious but straight-
forward verification of (6.74)-(6.76).
For the description of correlation functions we need also the ‘dual’ VO’s. Define

-1

O (2) = \/S(k) D_.(x732)\/S(k), (6.77)
Vo(z) = /S GV (a %)\ /S (3) (6.78)

and normalization constants ¢ and ¢g* in (6.66) and (6.69) are

o (1.’ er)oo (1.5, IL'B, er, 1.2r+1; 1.6, xZT)oo

g - (1.2; x?r)go(lzr—l; 1.27")00(1.27"; 1.27")30 (1'2, 1-3’ 1‘2“'3, x2r+4; 1'6, 1-27")00 ’
(37_1; x2r*)oo (373, ZLA, x?r*-i-?, x?r*—l—i&; 376, x?r*)oo

(2772; xr2rr )go(x2r*+1; xr2rr )Oo(x2r* ; er*)go (ZU, 276, x2r*+5, x2r*+6; 276, er*)oo

(6.79)

*

g =

(6.80)

Then we have

D 0i(2)2(2) =id, (6.81)

e=0,£1
q)az (Z)(D; (Z) = 561,82 X lda (682)
1
D Vi) le(z) = ;g o (2o =), (6.83)
e=0,£1 T
65 £
Ue, (1) V5, (22) = 1 _175_1 + (21— ), (6.84)
and for d in (6.18)
w!O(2)w™? = O(wz), for O =, & U W, z.. (6.85)

We identify type I VO’s in subsection 4.2 and those here in the following way:

Pple—=a) (2) = ®.(2)

6.86
-~ (6.86)

d*(+29) (1) = B2 (2) (6.87)

ﬁl,a



Then eqgs. (4.106)-(4.110) correspond to (6.77),(6.74),(6.85),(6.81) and (6.82) respectively.
Next let us see how the DVA(A%Z)) current is obtained from VO’s. Let introduce free
boson oscillator hy, (n € Zo),

[rn], '

[r*n], N
2n]: — [0, "

A = (—1)"(z — x’l)man =(x—az")
Do A = (o — g e el g (6.89)

n [2n]; — [n]s

(6.88)

As explained in subsection 6.2, the DVA(A%Z)) current 7'(z) is realized as

T(z) = Ay(2) + Ao(2) + A_(2),

As(z) =:exp (iZhn(xigz)’”> : xgV2rTTa (6.90)
n#0
1
"'~ 3lz -n n -n
Ao(2) = _ [1]2] :exp(Zhn(x Y ) ;.
21 n#0

This T'(z) is obtained from type I VO’s by fusing them,

., (x3172) D! (177" 2) (6.91)
6 ,.5-2r ,.6-2r., 6
B z +1 P o S e /b A S ,
= (1 - ;) (1) 0, 0T (2) -2 ™" (23, 2%, 222" 32 26 +o (F 2 2).

T(z) = —=A,(2) 4+ Ao(z) — A_(z) also satisfies (6.1), and it is obtained from type II VO’s,

W, (232U (37 2) (6.92)
! T 2 .3 .3-2r" 4-2r*. 6 00
- 1 - £ (_1)51+1551,52T(_Z) ’ (_ajir) (IL‘ U, y L ;T )

!
(25, 28,z 2" g1=2r; 26) +o (2 =)

z

Using these bosonized VO’s let us calculate LHP (4.73) with (4.111),

Py, a0
= Zl‘l S(ap) £, o) (xGH(@fLO)@*(ao,al)(z) . q,*(an,l,an)(Z)q,(an,an,l)(z) .. .@(al,ao)(z))‘
4

= 77 S(ao) bre, ,, (25102, (2) -+ @1 ()., (2) - @4, (2)), (6.93)

where ¢, = a;_1 — a;. Here we have identified the space of state and operators as
(6.58),(6.59),(6.86) and (6.87).
One-point LHP is already obtained in (4.44),

Pi(l) = Z;7 1 S(k) xux(2®), (6.94)

where x;.(q) is given in (2.37) and Z; (4.74) is
L
Zy =Y S(k)xie(z°), (6.95)
k=1
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which can be expressed in product of theta functions with conjugate modulus [71]. Two-
point LHP satisfies (4.112) and (4.66)

Pab Pba Zpab (696)

In contrast to subsection 5.3, however, this recursion relation does not determine P, ;(l)
uniquely. So we will use free field realization of vertex operator approach. Two-point
LHP Pk_g’k(l) is (6 = 0, j:l)

P csll) = 27" S(R) tre,, (2%02(2) . (2))

= 77 '/S(k)S(k — o) tre, (ﬁd@,g(ag*z)@g(z)). (6.97)

Since this is independent on z, we take z = 1. The evaluation of the trace yields the

following expressions:

9 S(k
Pi_1x(l) = d dw.

y Ul — 2k + 2][1)1 — Uy + k‘]+, (698)
[0 + 3][v1 — v2 + 5]
g Sk %
Posll) = 2 ]f d_wf dw, T(wr, ws)
Zilk+ sk = 3 Joows) oo ’
« [ ]+[U2 B k] , (699)
[vl + 1]y — ]
Peaall) = f $ . dudu, T,
Zlk+2]+2k‘] Cy(z-3)
'U1—2]€+1][U1—U2+k+1] [ l]
2750 (6.100)
[v1 + 1][vy — vy + 5][1}2 — 3]
where w; = 2% (i = 1,2) and Z(wy, wy) is
T(wy,wy) = g’ltrgl’k(xﬁdd),(x’3)x,(w1)<1>,(1)x,(w2))
= IOPE(wl, wQ)IOSC(wl, wQ)Izem(wl, ’U]Q). (6101)

Here ZOYE (wy, wy) is the OPE contribution

I (wy,we) = (@ (27— (w) ) (P (27 ) 2o (N( P (27" 2 (w2)))
x(@ ()@ (1)) (w)z(w2) ) (@ (1)z—(wz)),  (6.102)

and Z°€(wy, wy) is the oscillator contribution

T (wy,wp) = tre (287 5 @7 (@ H)a (w0 (1)2 (w) : )
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and Z7¢™ (wy, wy) is the zero mode contribution

T (wy,wp) = g e (2007 5 @ (@) (1) D (1) () )
=tz (dezero (2% wrws) V5% (ff?’wlwz)%)
JEZL

— 8(hi2rjk—37) (x3w1w2) %(—Z—QLJ')—%’?> (x_3w1w2) 5

_<cy _gr* Ly_rp,r*
— xG(hlsk 24)1' 3% (1‘3w1w2)2l rk+2r

(6.104)
% (@mm@“) (— B EADELR+LE+D) (34 40,) L)

—Ogran(ugn (M UEFDHEAFLERL) (x3w1w2)_L)$6lk(x3w1w2)_l> :
Using formulas in subsection 6.a we have

IOPE (wl, wg)IOSC (wh w2)

. 5.5 .6 .6 8 .8 2r+5 245, 6 2
gr* (°,2°, 2%, 2% 2%, 2®, ¥ T 2T 2t ) o
(341-77 IL'7, x2r+3, 1-27‘4»3, 1-27‘4»47 x2r+47 x2r+4, 1-27‘4»4; IL'B, er)oo

1, —1
(z2rlwp!, 242

w3 27 2r—1 2r+2, . —1. .3 ,.2r
Wi 7, 27 ) oo (T Twe, 2wy 27, 27 ) o0
1 } —1.
(xwy ~, 2twy; 23, 277) o (xwe, zhwy 5 23, %) o

X@m6 (Z) (.’L’ZZ, JISZ?I, IL'ZT?IZ, ‘,L.2r+5zfl; 1.67 er)oo

X

(6.105)

(z2, 27271, 222z, x2 421, 16 227)

The contours C (1), Co(z~*)UCy(1), Cy(z~?) are chosen as follows (n, m > 0); For all the
contours, the poles wy = x4+3m+27‘n7 wy = x4+3m+2rn7 x4+6m+2r(n+1)w1, p1H6(m+1)+2rn

w1 are
inside and the poles wy; = x—4—3m—2rn, Wy = x—1—3m—2rn, x2—6m—2r(n+1)w1, x—l—Gm—?rnwl
are outside. In addition,
inside outside
C+(1) wy = ‘,L.71+2r(n+1) wy = p—1-2rn
Wy = x1+2rnw1 wy = x—l—Zrn,x—l—anwl, x?—?r(n-i—l)wl
O[)(ing) U 00(1) wy = x72+2rn wy = x7472rn
Wy = x1+2rn Wy = x—l—?rn
C+(37_3) wy = x—2+2rn wy = x—4—2rn
wy = x1+2rn, .,L,1+2rnw1 wy = x1—2r(n+1), x—l—?rnwl,xZ—Zr(n—l—l)wl

113



For integral representations of general LHP, see [48].

Excited states are obtained by using type II VO and traces of type I and type II VO’s

are calculated similarly like as subsection 5.4.

6.a OPE and trace

OPE

We list the normal ordering relations used in section 6. r* is

r*=r—1.

Notation (A(z)B(w))) is given in (5.113) :

(U (2)V(2)) = 2

S _2C7 2r*+1c; 2r* o
(e en(e) = o (1= O e o™
% (1.2C,‘,L.2r71<-;x2r)oo
A 1=0) (¢, 27227 ) 5
- 14¢
<<a?i(21)$1(22)>> = % 1(1 —|—£U<)(1 _|_:L,71C)7

(- () = (ralz)@_ () = 2 + 2
B o (s B _ 27% (aj2r—1<; x%)oo
(@-(aa-(al) = o-(eop-(a == F BT
(@ o)) = o) () = o )
(¥ (e (2)) = ()W () = 2+ 2
B Z% (xQC’ 1'34—, x2r+3<" x27‘+4<'; 1.6, I?T)oo
<<q)7(21)q)7(22)>> - <1 (335Ca :L,GC,J:QTC, xQ’"‘HC; xﬁ, "L.Qr)oo )
- (C, $C, er*+5<, x2r*+6C; $6, er*)oo
(1-3<', I4C, x?r*-i—?é" 1-27‘*+3<'; IG, 1-27‘*)00 ?

(—2*¢, —2°¢; 2% o0

(w-(21)z-(22))

(- (2) W () = (V2 (21)P(22)}) = 2 '

where ¢ = 2 and we have used (A.50).

As meromorphic functions we have (z; = z

2ui)

ul—’LL2+1]* [Ul—UQ—%*
1740

UI_U2_1]*[_U1+U2_§*

vs(e1)as (22) = mzzm(zn{

uy — g — 1] [ur — ug + 3]
Ul—U2+1] [—’LL1+U2+%],

r (z1)r (22) = x_(22)x (21 %

(—QTC, _:UZC; xﬁ)oo ’

(6.106)
(6.107)

(6.108)
(6.109)
(6.110)

(6.111)
(6.112)

(6.113)
(6.114)

(6.115)

(6.116)

(6.117)

(6.118)
(6.119)



d_ _ = z_ d_ 6.120
(21)z—(22) r_(22) (Zl)[—u1+u2+%]’ ( )
up — uy — 1|
U (21)24 (2) = 24 (2)T" (1) [ = 2 2 (6.121)
[—Ul + ug — ) *
U* (z1)x_(22) = x_(29)V" (21), (6.122)
D_(21)P_(22) = P_(22)P_(21)p(ug — uy), (6.123)
U* (21)UF (22) = U (20) 0" (21)p" (u1 — ua), (6.124)
D_(21)U" (22) = U (22)P_(21)7(ug — uy) (6.125)
Here p(u), p*(u) and 7(u) are given by
- pi(u) (222,232, 22 32, 222 20 277 o
v = A2
< p(U) p+(—U) ) ,0+(U) (2752’, ZUBZ, $2TZ, x2r+lz 16 x?r) ’ (6 6)
. P (u) (032, e, 22 25, g2 85 48 )
r* = 12
‘ P (U) p*-l-(_u), p+( ) (Z,:L‘Z,$27*+5Z,x2r*+62,x6,$2r )oo ’ (6 7)
Ops (—22 1O s (—a?271)
m(u) == Op6(—x2)O 46 (—222) (6.128)
Note that 6,0 (221100 (21
" _ 2622 26T°2
p(u) = =plu) —— Op6(12)Oy6 (2%2) (6.129)
Trace

We use the same notation as the second part of subsection 5.a. The trace of oscillator

parts over the Fock space F = Fy, is
6d°s° osC(.,\ .\
trf(x LA ) = T xG H i, (6.130)

where F4 p(z) is given by

FA,B(zo=exp(2%[n1m<[2n]x—[n]w> e g g2 ) (6.131)

n>0 [ ] 1- 1-6”

We write down Fy g(z) (Remark Fy p(2) = Fp a(2)) :

4 2r*+7 2r*
(6.6 (z%2, z 2%, x )oo

Fr0.(2) = (%22 )°°(a; T xG ) (6.132)

2r+5 2r)
- _(Z) (ZU Z T ) ($72,$2r+42,$6,$2r)oo, ( )

(—252;2%) o

Foio (2) = , 6.134
v (2) (—2%z, —272;20) ( )
Fq’—,CEJr(Z) = (_xGZ;xG)OOa (6.135)
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2r+5 ... .6 2r
Fo o (2) = T )°°, (6.136)

(272528, 2%7) o

(x2r*+7z; ZL‘G, x?r* )OO

Fy- . (2) = (o) (6.137)

Fy-p (2) = (=2°22%)cc, (6.138)
8 9 2r4+9 2r+10 . .6 .6 ,.2r

Fo_o_ (2) = wra e o " as 537,37 ) (6.139)

(2112, 2122, 326, g2 75 4626 z2r)
6, 7, 20" +11, 20" +12..,6 ,6 2"
7 (2) = (2%z, 272, x 2, 228, 2% 2 ) o (6.140)
e = :
- (292, 2102, 22 85 g2 19 26 26 g2r7)

B (—210%, 21225, 25) o

(6.141)

(—£U7Z, _xsz; xﬁa xﬁ)oo .

7 Conclusion

In this lecture we have explained deformed Virasoro algebras (Agl) type and AgZ) type)
and elliptic quantum groups (face type algebra B, (g) and vertex type algebra Aq,p(;[n))
and studied solvable lattice models (ABF model in regime III and dilute A; model in

regime 2%) by using vertex operators and free field realizations.
We close this lecture by mentioning some related topics.

deformed W algebras (DWA’s): In CFT there are several extensions of the Virasoro al-
gebra, e.g. superconformal algebras, current algebras (affine Lie algebras), W algebras,
parafermions, which contain the Virasoro algebra as a subalgebra. For W algebras, see
review [73]. Wy algebra is a W algebra associated to Ay _; algebra. Deformation of
Wy algebra, which we denote DWA(Ax_;), was obtained in [18](see also [74]) and [20]
by using correspondence between singular vectors and Macdonald symmetric polynomi-
als or quantization of the deformed Wy Poisson algebra respectively. The deformed W),
Poisson algebra was obtained from the Wakimoto realization of Uq(s:\[N) at the critical
level by E. Frenkel and Reshetikhin [19] and they pointed out that deformed W cur-
rents in a free field realization have the same forms of transfer matrices in analytic Bethe
ansatz, dressed vacuum form. (Bethe ansatz is also a powerful method to study solvable
models [6, 75]) Based on this observation, DWA’s for arbitrary simple Lie algebras were
constructed [76]. See [77] for screening currents, [78] for relation to Aqyp(s:\[N), [79] for
connection to g-difference version of the Drinfeld-Sokorov reduction, and see [80, 81, 48]
for higher currents. DWA(Ay_;) appears in the AS\I,)_I face model [82, 77] and also in
the ABF model in regime II [83]. Since A®Y and AP are the only affine Lie algebras
of rank 1, those DWA closes for one current 7'(z), i.e. DVA. In CFT, Wy algebra does
not contain W, (n < N) algebra as a subalgebra explicitly except for n = 2 case which

corresponds to the Virasoro algebra. In deformed case, DWA(Ay_;) does not contain
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even DVA(ASI)) explicitly. As shortly explained in subsection 2.2.3, singular vectors of
Virasoro and W algebras imply that the correlation functions containing corresponding
primary fields satisfy the differential equations. For singular vectors of DVA and DWA,

do the correlation functions satisfy some difference equations?

K7 and q-KZ equations : In CFT Wess-Zumino-Novikov-Witten (WZNW) model has
gauge symmetries, i.e. affine Lie algebra symmetries [2]. Virasoro current is realized as a
quadratic form of affine Lie algebra currents (Sugawara construction). Consequently con-
formal Ward identity has rich structure, which is known as the Knizhnik-Zamolodchikov
(KZ) equation [84, 85]. Since the Virasoro algebra is a Lie algebra, we know a rule for
its tensor product representation. Moreover we obtain new realizations and character for-
mulas of the Virasoro algebra by coset construction [86]. On the other hand DVA is not
a Lie algebra and its tensor product representation is unknown. (We remark that tensor
product representations of Wy algebras in CFT are also unknown.) If there exists some
deformation of the Sugawara construction, it could give tensor product representations of
DVA but we do not know it at present. Rather we derive DVA or DWA from (elliptic)
quantum groups by fusion of VO’s [69]. g¢-deformation of KZ equation were presented
by I. Frenkel and Reshetikhin [61]. ¢-KZ equations are holonomic ¢-difference equations
for the matrix coefficients of the products of intertwining operators for representations
of quantum affine algebra. Connection matrix of their solutions gives a face type elliptic
solution of YBE. See [61, 87, 88, 16, 62].

massive integrable models : Integrable perturbations of CFT were studied in [12, 13,
14, 15] and (1,3)-perturbed CFT is described by the sine-Gordon model. Sine-Gordon
model is a typical massive integrable model. S-matrix was obtained by Zamlodochikov’s
bootstrap approach [4]. For form factors see Smirnov’s bootstrap approach [89] (see also
[90]). Lukyanov pointed out that DVA(A%I)) current 7'(z) in certain scaling limit gives the
Zamolodchikov-Faddeev (ZF) algebra of sine-Gordon model (before taking a scaling limit,
T(z) is interpreted as the ZF algebra for basic scalar excitation of XYZ spin chain) [91].
In section 3, z of T'(z) is introduced as a formal parameter, but here z of T'(2) is related to
the spectral parameter of the particle, like as lattice models in section 4, 5 (z = x?"). This
is contrasted with the CFT case, where z of L(z) is interpreted as a complex coordinate of
the Riemann surface. We can obtain integrable massive field theory models from solvable
lattice models by taking appropriate scaling limit. Particles in a field theory are created
by type II VO’s. For XXZ model, sine-Gordon model, Bullough-Dodd model and affine
Toda model see [92, 68, 22, 93, 94]. Field theory analog of transfer matrix and Baxter’s
(Q)-operator is studied in [95].

eight vertex model :  ABF model was studied by Lukyanov and Pugai by bosonization of
type I VO’s. An algebraic approach to the fusion ABF models was presented in [57, 63] on
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the basis of the quasi-Hopf algebra qu)\(s:\lg) and the elliptic algebra qup(glg). Bosoniza-
tion of VO’s for the Ag\l,ll face model was given in [82]. Another interesting direction is
to study Baxter’s eight vertex model and Belavin’s generalization. Lashkevich and Pugai
proposed a remarkable bosonization formula of the type I VO for the eight vertex model
[96]. They succeeded in reducing the problem to the already known bosonization for the
ABF model through the use of intertwining vectors and Lukyanov’s screening operators.
To understand their bosonization scheme, it seems necessary to clarify the relationship be-
tween the intertwining vectors and the two twistors F'(A) and E(r), which define Bq,,\(;[n)
and A, , (;[n) respectively. It is also interesting to seek a more direct bosonization, which
is intrinsically connected with the quasi-Hopf structure of Aqyp(s:\lg) and does not rely on
the bosonization of the ABF model.

supersymmetry : In string theory supersymmetries are essential to cancelation of diver-
gence and consistency of theory, and N = 2 superconformal algebra is related to many
interesting topics, e.g. chiral ring, mirror symmetry, topological field theory. Are there
‘good’ deformations of superconformal algebras? Super version (Z, graded algebra) of
elliptic quantum group was formulated in [97] along the line of [26] (See also [98]). Can
we obtain deformed superconformal currents by fusion of VO’s of this elliptic superalgebra
or higher level VO’s of U, (sly) [99] 7 See also [100].

As explained in the introduction our motivation is to find the symmetry of massive
integrable models, but present status is far from satisfactory. We hope that this lecture
can help the study in this (and also other) field.
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A  Some Formulas

In this appendix we give a summary of notations and formulas used throughout this

lecture.
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A.1 Some functions

Let us fix =, 7, r*. Following functions are used in this lecture:

" —
= Al
=2 2] (A1)
(Zp1 e = [ (L=pit - pit2), (A.2)
ni,-,nE=0
(Zla Ry P, apk)oo = H(Zjapla Ut 7pk)007 (A3)
7j=1
0,(2) = (p, 2,27 1 P)oc = D _(—1)"2"p2"" ), (A4)
neZ

W =[ul| ., [uff=[uly] (A.9)
[u] satisfies
[—u] = —[u], [u+r]=—[u], [u+7]=—[u)eTHD (z=e7), (A.10)
and the Riemann identity
[2u4][20s)[2us][2u4] (A.11)

= [Ul + U9 +U3+U4HU1 — Uy — U3+U4HU1 “+ U9 — Ug —U4][U1 — U9 + U3 — U4]

+[—U1 + U2 —|—U3 + ’LL4][U1 — U2 —|—U3 + ’LL4][U1 —|—UQ — Us + ’LL4][U1 —|—UQ + us — U4].

Lemma 4 in [43] is

1 - . [Vo(i) = Vo) — 1]
—,XS:H w-20+2- ] J+1]

[Vai) — Vo)

1<i<j<m
F(i)>a(j)
:—,H—- 11 - H —m+1]. (A.12)
mis [1] 1<i<j<m [Ul i=1

Along with the additive variable u, we often use the multiplicative variable
z=a™ oz =2, (A.13)
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and the following abbreviation for an integration measure

d dz;
dz= -2 gy = 27 (A.14)

2miz’ T 7 2mizy

(2;P)oos Op(2) and [u] have no poles and have simple zeros,

(Z;P)e = 2=p " (n € Zx), (A.15)
O,(2) : z=p" (mel), (A.16)
u] : u=rm (mez) (ie. z=a*m). (A.17)
For m € Z we have
! __cym rm+a
(I e R v (! (A9

where f(u) is regular at u = rm + a, and [u—ia]f(u) does not contain a fractional power of
2.

A.2 Delta function

Delta function ¢(z) is a formal power series
i(z) = Zzn, (A.19)

and has the property

$ 5 23(3) = Fla) (4.20)

Let F(z;q) be the following Taylor series in z,

n

1—¢%z
F(zq)=]] R (A.21)
i=1

1 m :
Here {— means }_, ., 2™ and parameters «;, 3; satisfy

Z o = Z B;, «y are all distinct. (A.22)
i=1

=1

Then we have a formula,

[0 ")

Flziq) — F(z ¢ ) =Y aid(q™z),  ai='r : (A.23)
Tl -
o
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Exzample: For a # a', we have

(1 o q%z)(l o q2(a+a’—b)z) (1 o q—QbZ—l)(l o q—2(a+a’—b)z—1)

- al-775  (0—q% Di-g¢%: 7
= —(a—a )P (s — 50, (A.21)

By taking a limit ' — a, we get

(1 _ quZ)(]_ _ q2(2afb)z) (1 _ q72bzfl)(1 _ q72(2a7b)zfl)

(1 _ q2az)2 (1 _ q—2az—1)2
= —(¢—q )’[b— algq*=0"(¢*2). (A.25)

A.3 Some summations

As it is well known in statistical mechanics, in order to calculate the following summation

> flhi ke, ), (A.26)

{k; >0}
N

Y ik;=N
i=1

it is convenient to introduce its generating function

Z Z [k, Ky, - - ‘)?JN = Z Z o f (R Ry 0)y Ft2hate (A.27)
N=0 {k;} k1=0 ka=0

Y, ik;=N

We have two formulas:

IT II% = 11 II® (A.28)

{ki} i {ki} i

Yik;=N Yik;=N
Y ko= > p(N—-Ik) (1<I<N), (A.29)
{k;} k>1
Y, ik;=N lke<N

where p(N) is the number of partition (see (2.13)). Generating function of log(A.28) is
1 ‘ 1 !
H X Z Y -logi, and that of (A.29) is H l « . From (A.29) we

__an _ __an _al
n>01 y i>0 1-y n>0 y 1-y
obtain
IT TIF®O* =[] Fayr™—», (A.30)
{k;} i Lk>1
X, ik; =N k<N

where F(z) is any function.
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A.4 Some integrals

We summarize the relations among the following integral with various contours [31, 34,
101, 30],

I = /dzl o dzy, F (A.31)
F e H (Zi_Zj)za'Hzial'f(zla"'azm)'
1<i<j<m i=1
Here f(z1, -+, 2y) is a symmetric function and has no pole at z; = z;. Parameters o and

o' are assumed to satisfy the condition (i) (and (ii) for (A.47)),

(i) m(m—1a+mad € Z, (A.32)
(i) m(m — 1)a+ ma' € mZ. (A.33)

Let us consider the following contours:

IKM

j

VAl

IBMP

Z
1 7

."22 IDF
Zy
%0 “1
0 1

7( dz / dzs / dzy- - / " deF, (A.34)
0 0 0

122



~dzpy, F
[I d .d 60
BMP = 21 dzm F

Ipyp = /dzl

IDF = /ledZmF,

1 21 z2 Zm—1
Inp = / dzI/ dzZ/ ng"'/ dz, F.
0 0 0 0

For Ik and I the contour for z; closes.

By analytic continuation these integrals are related as follows:

m—2 m—1
Ip = ()" ' [Ja=de)- [JO+a+a®+---+d ) T,
i=0 j=1

m—2 m— laJ 1
= H aa]—l H
=0 =1 7
. 2 i—1 ! . aj_l !
Ipup = [JA+a+ad®+-+d™") Tpyp =] (.
ey ey a—1
m—1 m—1
IBMP == (—1)mH(1—a'aJ)-IDF: H(a'aj—l)-IDp,
=0 =0
Ipp = [[a+a+a®+-+a ) Ipp=]]— Ipr.
j=1 jor @1
m—1
Ip = (I+a+a*+--+d7")

1

% (1 + alam—l + (alam—l)Q 4ot (alam—l)m—1> . [,BMP7

<.
Il

where a and a' are

and we remark that
d'a™ ' =1 for (ii), a'a™ ' # 1 for (i) but not (ii).

Under the condition (ii), from (A.41) and (A.44), we have

1a™m—1
Ipyp = —
m a—1

F-
We give an example of this kind of integral:

"

f(Zl,"',Zm) :H(l_zi)a )
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(zj =™, 0<b <Oy <--- <O <2m),

(A.36)
(A.37)

(A.38)

(A.39)

(A.40)

(A.41)

(A.42)

(A.43)

(A.44)

(A.45)

(A.46)

(A.47)



o, = ﬁ LU (U —YDa+a' + YI((j — Data” +1)

_ A48
L T(a) F((m—2+j)a+ao +a"+2) ( )
A.5 Hausdorff formula
For two operators A and B, we have a formula
e"Be ™ = ¢*1B,  (adA)B = [A, B], (A.49)

because two functions of ¢, e Be ™' and e'*d4 B, satisfy the same differential equation

f'(t) = Af(t) — f(t)A and the same initial condition f(0) = B. When A and [A, B]
commute each other, we have eABe™* = B+[A, B] and so e?ePe~4 = eBFH4Bl Therefore

we have a formula

[A,[A,B]] = [B,[A,B]] =0 = eef = ABleBed (A.50)

)

which is a special case of the Campbell-Baker-Hausdorff formula e?e? = eA+B+3[ABl+

A harmonic oscillator [a,af] = 1 and this formula are basic tools of free field realization.

A.6 trace technique

Let us consider one free boson oscillator, [a, a’] = 1. The Fock space F is generated by |0)
(al0) = 0), and its orthonormal basis is |n) = ﬁcﬁ”m) (n > 0). A trace over the Fock
space (trzO = > . ,(n|O|n)) can be expressed as a vacuum to vacuum amplitude. Let
us introduce another oscillator b, [b,b'] = 1, which commute with a and satisfy b|0) = 0.

Then we have the following Clavelli-Shapiro’s trace formula [102],

1 -
trf(yam@(a, aT)) - ﬂ<0|(’)(d, d)|0). (A.51)
Here d, d are
1 - Yy 7
d = o od=al+—2L—b [ddl=1. A.52
1_ya+ ) a+1_y7 [7 ] ( 5)
Especially we have
1 y
trr (yaTaeAaTeBa> — 1_6A3ﬂ7 (A53)
-y

where A, B are constants.
For reader’s convenience, we give three direct proofs of (A.53).

(i) The first method uses a cyclic property of trace. We have

f(4,B) = tre(y'oee™) Iyl <1)
_ tI'j: <6Ayafyafa63a> _ tI']: (yafaeBaeAyaT)

— eABy tr}_(ya’faeAyaTeBa> — GAByf(Ay,B), (A54)
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and
f(A, B) — o AB tr s (ya’faeBaeA(ff) — ¢~ AB tr s (eBy_layaTaeA(ff)
= e Btry <yaT“eA“TeBy71“> =e *Bf(A By™). (A.55)

(A.54) implies
f(A, B) = eABUH"+) £( 4y B) = P75 (0, B),

and (A.55) implies

f(0,B) = f(0,By) = f(0,By™) = f(0,0).
Since f(0,0) = ﬁ, we obtain (A.53).
(ii) The second method uses a coherent state |a) = e®¢'|0) (a € C), which satisfies a|o) =
ala), (alo’) = e and the completeness condition 1 =3 _ |n)(n| = [ dQTO‘e"a‘2|a)(a|,
where d?a = doyday with o = a1 + iay. The trace becomes

2
T T d*a _ 2 T T
tr;(ya agAa eB“> = [ —e7l (aly¥' et P a).
m

Since (aly*'@eAe’ eB|a) = B (aly' et |a) = P (aly’ o+ A) = eB(aly(a + A)) =
ePeery(etd) by completing the square and performing the Gauss integral, we obtain the
result.

(iii) The third method is a direct calculation.

=1
trr <ya7aeAaT eBa) _ Z = <0|ajnytﬂ'ae.»4aJr 6BaaTn |0>
n

n=0
_oo]'n nAaTT n _oo]'n nn Anil n n—Il_tn
= ;HQ (Ola"e™ (a' + B) |0>—n2%ay (Ola ;m ;)BT a0)
S n - 1 n n—l
-3y (e
n=0 =0

By interchanging the order of summations » > > = > ° > and shifting n =

m + [, it becomes
=1 m 2 (m+1 ’
ZE(AB?J) Z( ; )y

m=0 =0
Since 0%, ("F)y! equals to L (yd, +m) -+ (yd, + 1) S,y = W, we obtain the
result.
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