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Abstract

We investigate the two matrix model with the Z, symmetric even po-
tential of degree 2v. We determine the critical coupling constants, with
which the two matrix model realizes the minimal unitary model coupled
to two dimensional quantum gravity. By explicit calculation, the type
(p,q) = (m,m + 1) string equation is obtained for m = v +1 < 6. We

also discuss the Douglas’ P, () operators.
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1. To find a true stable string vacuum from among a large number of classical vacua, we
must study string theories nonperturbatively. Concerning the “space-time dimension”
less than 1, the matrix model and the double scaling limit technique allow us the
nonperturbative study of “string” theories[1]. One matrix model realizes 2d gravity
coupled to (p,q) = (2,2m — 1) minimal conformal matter, and its string equation
and correlation functions are closely related to the KdV hierarchy[1]. Douglas pointed
out that more general (p,q) minimal conformal matter coupled to 2d gravity can be
realized by p — 1 matrix model, and its string equation is related to the generalized
KdV hierarchy (p-reduction of the K P hierarchy)[3]. In fact, (p,q) = (3,4) and (4,5)
unitary minimal matters are realized by the two and three matrix models with quartic
potentials respectively[4, 5]. Relations between p — 1 matrix model and W, algebra,
topological field theory were also pointed out[6].

Recently Tada and Yamaguchi studied the two matrix model with a sixth order
potential and found that not only (p,q) = (3,8) minimal conformal model but also
(p,q) = (4,5) minimal unitary model are realized[7]. They conjectured that the two
matrix model with a higher order potential realizes all the minimal unitary models.
Moreover Douglas discussed all (p, ¢) minimal conformal models can be realized by the
two matrix model[8]!.

In this letter we will investigate the two matrix model with the Z, symmetric even
potential and try to show the Tada-Yamaguchi conjecture. By the method of [7], we
present the general expression for the critical coupling constants that correspond to
minimal unitary model, and express the Douglas’ P, () operators by the orthogonal
polynomial method. Since the matrix model has a definite normalization, we will keep

multiplicative constants carefully.

2. We will consider the two matrix model with the Z, symmetric even potential of

degree 2v, whose partition function is

Z=¢ = / AM,dM_e=S, 8 = tr(V(M,) + V(M) — eM M), (1)

L After completion of our calculation, we received ref.[9], where Tada also conjectured the same

statement and obtained (p, ¢) = (3,5) model by explicit calculation.



V(z) = . g% gy =1, 2
W=l Nt 2

where M. are N X N hermitian matrices. Introducing orthogonal monic polynomials
P;(x) of degree i[2]

hi
hidiy = [ dadyPy(y)e VYO p (), B = I 3)
i1
the partition function is expressed by F;’s. Polynomials P; satisfy the following recursion
relation:
wPi(w) = Yoy Pi(w) = 3 REPa (@), R =1, (4)
j k=0

where R’s are unknown coefficients? and matrix « is defined by this equation. Depend-
ing on the potential, this recursion relation contains a number of adjustable coefficients.
This is the reason why the two matrix model can realize the (p,q) minimal conformal
model for any p. In the case of the one matrix model with even potential, the recursion
relation contains only one coefficient. Therefore the one matrix model can realize p = 2
minimal conformal model only. In the case of the n-matrix model (n > 3), « is a general
lower triangular matrix.

All the necessary information for solving the two matrix model is contained in the

following equations:

v
CREH = FFiq- Fio V' (@) it1-2k,, (5 <k <w), (5)
v
CRyi]k_l = FipFigp—o- E+1—kvl(a)i—k,i+k—l> (1 <k< 5)» (6)
1= V,<Oé)m‘_1 - C.FZ‘. (7)

We first consider the naive large N limit, where F' and R are scaled as follows:
? 1 1

Let us denote the values of F' and R at x = 1 by

RM ~ RH(z), (1<k<w). (8)

FQ)=fo, R¥)=frll, 1<k <w). 9)

After eliminating R*!, we define a potential W (F) by the right hand side of eq. (7)

divided by N. Since the scaling laws arise from the singular behavior of F(x) in the

2Strictly speaking, the upper bound of sum over k is min(v, [%])
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vicinity of x = 1, the potential W takes the form W (F) —1 o (F — f5)™ near z = 1 at
the m-th order critical point. So, the m-th order critical coupling constants ¢ and gs;

are determined by the following requirement:
WS (fo) =0, 1<k<m-1), (10)

and W ( fo) =1. If we solve these equations completely for each m, we can draw the phase
diagram of the two matrix model. In actual calculation it is convenient to differentiate
W (F) under the constraints instead of solving RI¥l explicitly. However, this calculation
is very hard for large v. So we give up finding out all the solutions and try to find some
of the critical points.

Instead of eq. (10), we require
d,=0, 1<n<p-1), (11)

where d,,’s are defined by
_ 15 n, [F]
d, = oy ’;:0(2]{: —1)"ry. (12)

These equations with p = m are sufficient conditions for eq. (10), and the meaning of
them will be explained in the next section. Naive parameter counting shows that the
maximum value of m is v + 13. In the following we will concentrate our attention on
this case, i.e. m = p =wv + 1. Then eq. (11) is solved as follows:

W (=DM (U

= o k)’ (0<k<w). (13)

Using these values, dg, d,, d, 1 are given by

(Q’U)” (_1)v+1 (_1)U+1
do= —220" g =T gvoog o = AT ()2 14
T Qu_DI vl n=" - (14)
After some combinatorics, egs. (5,6,7) become
P, f o () =0 0<kso, 09
r — ~ . T = v
0 = g2j 0 27 ti—k+1 ~ 0 ) =N = )

3In general there are exceptional critical coupling constants which give m > v + 1.



where gy; = ((;]fo)l.),c 92 (2<j <), gh=1+and g) = i From this recursion relation,

one can obtain the critical coupling constants g5; (j = v,v—1,- -+, 0) easily; for example,

Yoo = 1/(20 —1),
gé(v—l) = 2v(v—1)/(2v - 3),
Go(p—zy = V(v — 1)(6v? — 14v — 1) /3(2v — 5),
Gow—sgy = 20(v —1)(10v* — 60v* + 83v* 4 160 +- 1) /15(2v — 7),
gé(v_4) = v(v — 1)(4200°% — 46200° + 16184v* — 1618003
—595302 — 831v — 45)/630(2v — 9),
oz = v(v—1)(2520% — 436807 + 274680° — 718080°
+53797v? 4 3359603 + T763v* + 886v + 42)/945(2v — 11).

(16)

Next we consider the double scaling limit in order to include the contributions from
the higher genus Riemann surfaces. As refs.[1], we introduce a lattice spacing constant
a such that the continuum limit is @ — 0. The renormalized cosmological constant is

pr = (1B — pleri)/a?, ie. g = % Introducing the scaled variable z,

l

1
yl-as mEmt, a=am, (17)
F and R™ have the following expansions:
1 ~9n N
NFz‘H ~ fo(1+ )] a*" fon(z — la)) (18)
n>1
om s v
R I @l —@), 1<k<g), (19)

n>1

REk] (3 < k <) have been exactly eliminated in terms of F; and RZW (1<k<3) by

Z=UR-

using eq. (5). The function fy(2) is related to the free energy as ﬁ%}— = f2(2)
Substituting these expansions into eqs. (6,7) and solving them order by order in a,
we obtain a coupled nonlinear differential equation, so-called string equation. This
calculation is tedious but straightforward. We expect that this string equation agrees
with the type (p, q) = (m, m+1) equation of the K P hierarchy (¢g-th flow of p-reduction

of the K P hierarchy). In fact we will check this conjecture for m < 6 in section 4.

3. To compare the string equation obtained in the previous section and the string equa-

tion in Douglas’ form[3], we introduce the normalized polynomials P;(z) = \/%Pz(sc)
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We define matrices Q and P as follows:

d .

wPi(x) = D Qi Py(x), —Pilw) = > PyP;(x). (20)
J J
Q and P satisfy the commutation relation
@, P =1, (21)

and this equation reduces to ['Q, Q] = %, because P is expressed as P = —c¢ 'Q+V'(Q),
where Q) is a transposed matrix of Q. In the double scaling limit, the matrix Q is

scaled as follows|[7]:

Qij = /Fij10i41, + Z ng](FzFiq E Fi+2f2k)7%5i+172k,j7 (22)

1 - F, RM FF, Firg op\ "3 _
T N = —a8+z NF (N N1 Eif%> el (23)
def \/ﬁZanQn, (24)

n>0

where £ y and R[ have the expansions egs. (18,19) and O represents %. Q. is a dif-
ferential operator of order n, and its coefficient of 0" is d,,. Therefore eq. (11) is the
necessary condition for the vanishing of Qn (1 <n <p-—1). In the next section we
will see that it is also sufficient. For later use, we rewrite Q,, as Q,, = d,,Q,. Expan-
sion of the transposed matrix ‘Q becomes \/iﬁ(tQ)w ~ Vo Xns0 d”@;fl, where { stands
for a formal adjoint of a (pseudo)differential operator. On the other hand '@ has the
following expansion:

1

v k 1
\/%(té)ij - / 1o | Z RH% 1 <FH}3€1 Fl‘}i;Q F]’\J[”) 26—(%—1)&@ (25)

Comparing eq. (23) and eq. (25), we obtain

> a"Qh(z) = > (~a)"Qu(z — a), (26)

n>0 n>0

where we write the z-dependence of the coefficients of 0 explicitly. This is a consequence
of the Zy symmetry. If @, = 0 (1 < n < m — 1), then, by using the above equation, we

can show that
Qh, = (=D)"Qm, Qhpr = (1) Qi1 + @), (27)
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where ' represents a differentiation, i.e. A" = >, a, 0" for A = ¥, a,0". Under the
condition Q,, = 0 (1 <n <m—1), by substituting these expansions into eq. (21), i.e.
[ﬁ@ \/%P] = & ~ @™ we obtain

()" g,

2dmdm-‘rl ' <28)

[5(Qu + (1™ QL 11), Qu] =

This commutation relation suggests the following identification of the Douglas’ P, @)
operators with (),,’s which are obtained from the orthogonal polynomial method,
dm

- 29
e (@)

Q=Qn P=3Qui+ (-1)"Ql) = Qo +

We remark that @ is the order @™ term of Q but P is not the order @' term of P.
This form of P was conjectured in [7]. @ and P have definite parity Qf = (—1)"Q,
PT = (=1)™*1P due to the Z, symmetry.

Let us recall the type (p, q) string equation in Douglas form[3]. @ is a differential
operator of order p and P = Q%Jr:

—1

b q
Q="+ {0" " cn}+cp Qr=0"+> b0 (30)

=2 n>2
In the case of the Z, symmetric potential, c,qq vanishes, and @) and P have definite
parity. Setting all the integration constants equal to zero, the string equation in Douglas

form ([P, Q] = const) is equivalent to[5]

const

bnzoa (q+1§n§p+q_2)7 prrqfl: (31)

(—H)mtig)

gy In the case of the Zy symmetric

In our case, p=m = v+1, ¢ = m+1, const =
potential, b,qq = 0 can be derived from other equations, and unknown functions are ¢y,

(I <n<[E)"

4. In §2,3, we have argued that the two matrix model with the critical coupling
constants eqs. (15,16) and eq. (13), gives the type (p,q) = (m,m + 1) string equation.

However there are some unproved facts. They are

i) @,=0, 1<n<m-1).

“In our notation, suffixes of fn,rilk],Qn,,Qn, Cny by, Uy, Tepresent “weight” n. 0 has weight 1.



(i) 5(Quer + (~1)"Qhr) = (@) 7

(iii) the string equation derived from eqgs. (6,7) agrees with the string equation
in Douglas form eq. (31) with p=m=v+1=¢— 1, const = m.

We only consider the case v = m — 1 > 2, because v = 1 case is trivial. For m < 6,

we have checked (i)(ii)(iii) by explicit calculation, and we are convinced that (i)(ii)(iii)

hold for all m. Here we give only the relations between fs,, rgﬁ and co,, because the

string equation has a lengthy expression for large v, and the critical coupling constants

can be easily obtained from eq. (16). They are

v=2: 02:%]“2, (32)

v=3:  cy=fo, == f)+ £2 (33)

v=4: o=3f a=22r"- )+ -1, (34)

v=">5: 02:§f2, 0425(( f4)+2f2_* 5)) (35)
co =208 + 7 +3f6) + 20 — £ 4501 — f) fo

AR -8R SR (36)

¢y is related to fy as co = 7 fo for all m.

5. In order to realize the general (p,q) minimal conformal matter, we must consider
the Z, asymmetric action[8, 9]. In this case P*(z), at, RM* g% etc. are introduced.
Corresponding to eq. (11), it is expected that the critical coupling constants of type

(p, q) are obtained by the requirement that d should vanish for 1 <n <p—1 and d;

1
T

should vanish for 1 < n < ¢ — 1, and the string equation is derived from [tQ_, Qﬂ =
One can change p by adjusting ¢ and V~, and ¢ by V*. From the parameter counting,
minimal values of v~ and v* are p— 1 and ¢ respectively, but in contrast to the unitary
case, the coupling constants are not uniquely determined.

One point functions of trM2" and trM, M_ are also calculable by the orthogonal
polynomial method. If we take appropriate linear combinations, the first derivative of
them with respect to pug show scaling behavior. We can find such linear combinations

by brute force for small v, but we have not succeeded in finding the general expressions.
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