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Abstract

We extend the Wi, algebra proposed by Pope, Roman and Shen, by
adding the affine su(N) algebra with level k. The central charge ¢ of this
algebra, denoted by s5u(V)r-Wi4eo, turns out to be ¢ = Nk. We also obtain
the supersymmetric extension whose bosonic sector is We, & Su(NV)-Wi4oo-
These algebras can be realized in terms of bilinears of free fermions and

bosons.
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The Virasoro algebra is the infinite dimensional Lie algebra which plays a central role
in two-dimensional conformal field theories. For some years several extensions of the
Virasoro algebra have been attempted. The typical one is Zamolodchikov’s Wy algebra,
which contains fields of conformal spin 2,---, N [1]. But, for N > 3, Wy doesn’t have
the structure of Lie algebra, on account of appearance of non-linear terms. Recently
new extensions of the Virasoro algebra have been considered, which can be regarded as
large N limit of Wy algebra. These extended algebras have fields of arbitrary conformal
spin [, [ > 2, and are Lie algebras. One example is the we, algebra[2], which is defined

in the following way:

WD, w] = ((G = Ym — (i = Dn)uwg 5. (1)

m n

The generator w() has conformal spin 7, and w(? corresponds to the Virasoro generator
L,,. The w, algebra can be naturally interpreted as the algebra of area-preserving
diffeomorphisms of 2-surfaces. But unfortunately this algebra admits central extensions
only in the Virasoro sector, so all the higher-spin generators act on the physical states
trivially. This situation spoils physical interest. In some recent papers, Pope, Romans,
Shen etc. have constructed and studied the new algebra W, [3, 6], which admits central
extensions for all sectors of arbitrary conformal spin. In addition, they constructed the
Wiis algebra[4], which contains the conformal spin 1 field, and super Wy, and their
realizations[b, 7, 8].

In this letter we extend the Wi, ., algebra by adding the SU(NN) Kac-Moody alge-
bra. Additional generators transform according to the adjoint representation of su(N).
We also construct its supersymmetric extension, whose fermionic generators transform
according to the N and N representations of su(N). These algebras admit free field

realizations and spectral flow invariance.

In ref. [4], Pope, Romans and Shen constructed the Wy, ., algebra, which contains
conformal spin i + 2 fields V?(z) (i > —1) (not primary in general). We first consider
adding SU(N) symmetry to this algebra. We take t* (a = 1,---,N? — 1) as basis of

su(N), which are traceless hermitian N x N matrices with normalization trt%t® = §.



We define the structure constants £ and the d**° symbol as follows:
[t %) = afetee, et ¢ }C = 24 (2)

The ¢*’s satisfy the completeness condition t7 4655 + %5065575 = 0a603y. In addition to
V(z), we introduce other fields W%%(z) (i > —1), which have conformal spin 7 + 2.
As usual, mode expansion of a field A(z) with conformal spin h is given by A(z) =
S A,z R

We require that J%(z) = 4¢gW~1%(z) ! should generate the affine 5u(NN) algebra with

level k& and W5 should transform as members of the adjoint representation of su(N):

[T Tl = af T+ 6 Oman 0k, (3)
5, WPl = afrewie. (4)

Then the commutators between V! and W5 are all determined by the Jacobi identity.

We call this Lie algebra as su(NV),-Wi, algebra and its commutation relations are as

follows:
Vi Vil = 3 d g7 (mn)Volir" + 696, n0q> ci(m), (5)
r>0,even
[Vring,a] — Z qr zg m Tl Werj T,a (6)
r>0,even
Wot Wil = gif™ 30 g (mm)Woll™ 4 6968 06 hi(m)
r>—1,odd
+ Z q g% (m,n) (dabCWZﬂ "4 5“bVZ+J M. (7)
r>0,even

The structure constants are given by/[7]

gij(mvn) = mQS:"J(Oa_%)NﬁJ(m?n)a (8)

Ve = S

k=0
X[(E +1+ 77”‘]r+1*k[m +1- m] [y +1+ n]k[y +1- n]r+1—ka (9>

1 3 rtl
—y—r =2y 5—r+2y -5+, -+
v y 1], (10)

Qﬁj(%y) = 4F3{ ? .1 Cq 5
=5, J—5ttj—r+3

lq is a parameter and we will fix ¢ = i in this letter.



ar, @2, a3, @4 7 C- (al)n(a2)n(a3)n(a4)n 2"
4F3[ by, by, bs ’Z} _nzzjo (b1)n(b2)n(b3)n !’ (11)

where [z], =x(x —1)---(r —n+1) and (2), = z(x +1)--- (x +n —1). The central
terms are given by

i+1 i+1

ci(m) = ¢ .71_—[_1(m+j) , =k 1__[ 1 m+j), (12)
(1) L 2nR((i41))? -
T i@+t T @i it (13)

The relation between ¢ (central charge of the Virasoro generator V°(z)) and k (level of

J%(z)) is also determined by the Jacobi identity:
c= Nk, (14)

so ¢ takes integer value for any unitary representation. In the case of N = 1, su(N)x-
Wiieo reduces to Wiyo. Instead of V(z) and W%%(z), we can take another basis

Wi@f) (z) (i > —1), which are defined by
Whed) (z) = L5*PVi(2) + 15 W (2). (15)

In this basis, V?(z) and W%?(2) are expressed as Vi(z) = W@ (2) and W(z) =
te W) (), and egs. (5)-(7) become

WD WseO] = LS g7 g8 (m,n) (ST WD 4 (<176 W07
r>—1
+6ij5a65575m+n,0q2iki(m)- (16)

Calculations are sometimes easier when we take this basis. We remark that above
commutation relations are compatible with the hermiticity properties of the generators:
Vit = Vi, Wit = Whe (Whedt = whii),

Next we consider the super extension of Su(N)-Wiin. As in ref. [7], we must
introduce the W, algebra, which is generated by conformal spin i + 2 fields f/l(z)
(¢ > 0), and consequently the super su(N),-W algebra contains the su(N)x-Wi4 o and

the W, algebras as bosonic parts. In addition we introduce the fermionic generators
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G**(z) and G**(z) (1 > 0,a=1,---, N') whose conformal spin is i + 2, and we require
that G&* and G%* should transform as members of the N and N representations of

su(N):

[5Gl = —tasGhr, (17)
15, Gol = 15,607, (18)

G and G4 have U(1) charges 2 1 and —1 respectively. This situation is a generaliza-
tion of the N-extended superconformal algebras which were simultaneously discovered
by Bershadsky and Knizhnik [9]. The (anti-)commutators are all determined by the
Jacobi identity, and the super su(N),-W,, algebra is defined by egs. (5)-(7) and

[Vnz,“‘/;ﬂ - Z qr Z] m n Vé—:-jn " +6Zj5m+n,0q2iéi(m)7 (19>
r>0,even
Vi G221 = D7 qral (m,n) G, (20)
r>—1
ViG] = X a1y e mGit, 1)
r>—1
Wi, GE) =ty 3 ¢ al (m,n)Gi", (22)
r>—1
Wi, GE) = 15, > ¢ (=1 al (m,n)Gi"’, (23)
r>—1
Voo G201 = 3 q"ad (m,n) Gl (24)
r>—1
[vrfwéz{a] = Z q T U )G;:-{-nraa (25>
r>—1
(G GI) = 0 X (ot VA + B )V
r>0
+tos q"b9 (m, )W 4 89696, 40 0q® i (m), (26)
r>0
[VTZ,VJ] = [W;zaavr{] = {va’maaGiﬁ} = {G:’;la’érg{ﬂ} = 0. (27)

The structure constants are essentially the same as those of super W, of [7]:

gfﬂj(mvn) = m(bi](O?O)N;’](m7n>? (28)

a(mn) = S+ 1)674(0,0) = (= r = 1)6%, (0, — )N (m,n), (29)

2U(1) current is defined by J(z) = —4qV ~1(z).



a(m,n) = (= 1)6%a(0,0) = (i + 26710, ~H)N T (myn), (30)

Wnn) = S+ +2- 00T
o1l 1
_(Z +] + 5 )¢r+1(% i))Nr—IQ ’ 2(m7n>7 (31)
b (mn) = —5((i+5+1-1) (5, 1)
i_l7'_l
—(i 4+ 5 =)l (5 =N ZF T E (myn). (32)
The central terms are given by
+1 7 1
j=—i—1 j=—i—1
221=341(4 + 2)! 2231 (3 + 1)!
éi = ; ! (Z+ ) c 5 éz = Z.(Z i ) é) (34>
(20 + 1)N(2i + 3)!! 3((2¢ + 1)!1)?

where ¢ (central charge of the Virasoro generator V°(z)) and ¢ are related to the level
k
¢=2k, =3k (35)

so ¢ must be an even integer for unitary representations. In the case of N = 1, super
Su(N)g-W reduces to super W, of [7]. We remark that the above (anti-)commutators

are compatible with the hermiticity properties of the generators :

V=V Wit = whe V=V Ghet = G (36)

n

The 5u(N)p-Wi 1o and the super su(N),-W,, algebras admit free field realizations.
Their generators can be represented in terms of bilinears of free fermion and free bo-
son fields. By introducing complex free fermions ¢*(z)=3%" w;’:z_”_% (o =1,---,N)
and a complex free boson 19p(z) = ¥ @,z ™! having the following operator product
expansions

B af
P (w) ~ o i0p(2)idp(w) ~

Z—w (z —w)?’

(37)
the level k£ = 1 realization of the super su(N)-W, algebra is given by

2] 1(]+1> J+1

J j+1 Jj+1—7r 7« VNeY .
Vi = 2 Sy (T e 6



j—1 Jj+1 2 ) _
we) = 2o e Sy () oo o

- R LR G VS e A A N TN '
P - 20 qrojﬂ(]r )(11)orostorio) - o
jo _ & I+l i e

o) = Zgtte s (VT (oo,
o) = ZJ(;(ﬁ,, Z W(jjl)()aﬂ NPT, (42)

The coefficients in the above reahzatlon are essentially the same as those of super W,
algebra of [7]. V°(z) and V°(z) are the Virasoro generators for N complex free fermions
and one complex boson, and the central charges are ¢ = N and ¢ = 2 respectively. Us-
ing the hermiticity properties of free fields (2t = ¥, af = a_,), we can check the
hermiticity properties of the generators, eq. (36), which is a good exercise of combina-
torics.

Due to the Kac-Moody symmetry, the su(N)-Wi, and the super su(N)-W, alge-
bras have the automorphism, so called spectral flow [10]. Namely (anti-)commutators
of these algebras are invariant under the transformations of the generators. Lower-order

examples are

48

Wkt — g ed) s Lk, (43)
WD = Wl — 2q(na + ns)Wintie 2y, + 00,0 b2k, (44)
WLehr = Wrbgfg)*ﬁa —4q(na + nﬁ)Wv?igrO:?i)*na

+8¢2 (2 (s — na)m + 0% + nans + né)WnﬂZ‘% — 680 5amak, (45)

G = G, (46)
G = Gty — §01Grlin,, )
(48)

G?Q’r’zal = Gzn(‘);‘na 5 anch"v‘na + %q2770é(2m + 57704)ng?:-77 ’

where 7,’s are arbitrary real parameters. The transformation of G4 is that of Gi* with
(Nas q) replaced by (=14, —¢), and V' are all left invariant. It can be understood most
easily by the free field realization egs. (38)-(42). The transformations of the generators

are derived from those of the free fields:
PY(2) = 219 (2), 0V (z) = 27U (2), '(2) = 0(z), F(2) = @(2),  (49)
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where the normal ordering : : is understood as : A(z)B(z) :=§, £ L A(z)B(z).

In this letter we have constructed the new higher spin algebra su(N)-Wiis, its
supersymmetric extension and their free field realizations. Although we do not have
complete analytic proofs for some of the results, we can check lower-order results by ex-
plicit calculations. For example, we have checked that the free field realization egs. (38)-
(42) give the correct (anti-)commutation relations: [X! Y7} eqs. (5)-(7),(19)-(27) for
i,7 < 10, so that the Jacobi identities are satisfied to this order. As is in [6], there
are (super-)wedge subalgebras which consist of {V’, W% : |m| < i+ 1} in the case of
SU(N)-Witeo, and {Vi, Vi Wie GIe  GIe : |m| < i+ 1,|n| < j+ 3} in the case of
super su(N)-W,, (NS sector), respectively. We can take the limit ¢ — 0 after some
redefinitions of the generators (for example, we replace W* with inﬁ“). In the case of
5u(N)g-Wiie0, we obtain the algebra which has non-trivial centers only in the Virasoro
and Kac-Moody sectors.

We are able to construct su(N)g-Wiio with no centers by applying the method
provided in ref.[5]. Here we take su(NV); instead of U(1) Kac-Moody algebra. Then the
remainder of the construction is performed in the same way as [5].

So far we have developed only the case of SU(N), but similar extensions for other
Lie algebras, such as SO(N), could be straightforwardly constructed. Some problems
are left as future subjects. For example, we have not discussed the representation
theory, the field theory corresponding to W.-gravity[11, 12] and the existence of the
Su(N)-Wi o type algebra for Wiy.
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Note Added

After this work was complete, we became aware of reference[13], where Bakas and
Kiritsis constructed the U(N) matrix generalization of W, algebra with central charge

2N, and gave its realization using N complex free bosons.
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