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1 Introduction

The Virasoro algebra plays a central role in two-dimensional conformal field theories.
For some years several extensions of the Virasoro algebra have been attempted. The
typical one is the Wy algebra, which contains fields of conformal spin 2,---, N. But,
for N > 3, Wy doesn’t have the structure of Lie algebra. Recently new Lie algebraic
extensions of the Virasoro algebra have been considered, which can be regarded as large
N limit of Wy algebra. Pope, Romans, Shen etc. have constructed and studied the
such algebras, what are called W, Wi, and super W[1,2,3].

In ref.[4], the new algebra su(N)g-Wiis is constructed, which contains the Wy,
algebra and the affine su(N); algebra as subalgebras. The supersymmetric extension
of the su(N)i-Wii is also constructed, and some properties (realization and spectral
flow) of these new algebras are studied. In this report, we present some additional
results of the study of these new algebras. Due to space limitations, we refer the

readers to ref.[4] for the definitions of these algebras and follow the notations of [4].

2 Algebraic Structure

In ref.[1], Pope, Romans and Shen defined and studied the lone-star product, which
is defined as follows:

i j I & r_ij i+j—r
Vm*Vrg = 5 Z q grj(mv n, /L) Vmi]n ) (1>
r=—1

where the coefficients g% (m,n, ) are defined in ref.[1] and g is an arbitrary real con-
stant. This product turns out to be associative. The following relation was also pointed

out:

{VisIml < i+ 1, «} ~U(SL(2,R))/1(Q — p), (2)
where U(SL(2,R)) is the universal enveloping algebra of SL(2,R), Q = (Ly)? —
s(LyL_+L_L,)is the quadratic Casimir operator of SL(2, R), and I(Q—p) is the ideal
generated by @ — u. One can extend the associative algebra {V:|m| < i+ 1, x} out
of the region |m| < i+ 1, and the central extension of the extended algebra is generally

non-trivial. It is the algebra W, (u) defined in ref.[1]. In general, the W (u) algebra
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contains the generators of negative spins, which are unphysical. The condition that the
fields of negative spins do not appear imposes strong restrictions on the allowed value
of pu. There are only two values of 1 under which all negative-spin generators vanish;
p=0,or —5. Wy (0) and W (—3) are W, and W, respectively[1].

The higher-spin generators of W, (i) can be constructed from the low-spin genera-
tors by the lone-star product. In the cases of W, and Wi, the higher-spin generators

can be constructed in the following way[1]:

We: VO = L, V!

m+n

= 4q(Ly * Ly, — +(m — 1) Lyngn), (3)

oy - oy - +2)((i + 1) — m?) L
VL = 4qLy« V! +2gmV}E + ie (49)*V i > 1,(4)
4(4(i+1)* = 1)
W1+oo :jm+n = jm*jna VT;I = %qjmv VO L, (5>
4 . , 1 1)? —m? :
Vit = 4qLox Vi +2gmVi + G+ 1)° ((H ok )(4q)2V,§{1, i > 0.(6)

44+ 1)2=1)
In consequence, one can construct the Wi, algebra without central extension from

the U(1) Kac-Moody algebra and its derivation d as follows[1]:

Vol = godm (8)
Voo = L= (d+ 3m)jm, (9)
. 1 (2 —m?) .
] - 1—1 4 27/71—2 > 1
= Bi(d,m)jm, (10)

where P;(d, m) are polynomials in d of degree i+ 1. The W, algebra can be constructed

from the Virasoro generators by the similar way[1]:

Vo = L, (11)
i F 1 il (Z - 1)(1 - m2) 277i—2

— _ >
v 4q(Lo + 2m)Vm 142 = 1) (4g9)°V==, i>1

= Qi(Lo,m)Lnm, (12)

where Qi([N/O, m) are polynomials in Lo of degree i. Furthermore one get the following

relations:

Wit oo(without central extension) =~ U(jm, d)/I(Gmin — Jmin), (13)
W (without central extension) =~ U(Ly)/I(LymLy — (Lo +m)Limgn).  (14)



Now we can represent the su(N)o-Wi 4 algebra by the above notations as:
Vi = P(d,m)jm, Wit =P(d,m)jnt*, i>-1 (15)

where t* denote the basis of su(N). The W2 algebra, obtained by Bakas and Kiritsis[3],

is also represented in a similar way:
Vi = Qi(Lo,m) Ly, Wi = Qu(Lo,m)Lint®, i >0. (16)

The 5U(N)p-Wi oo algebra contains the W2 algebra as its subalgebra nontrivially, and
then the central charge ¢ of the former relates to the central charge ¢ of the latter by
¢ = —2c. This relation is the same as that between W, and Wy, .[1]. WX (¢ = 0) and

su(N)op-Wiis are also realized as enveloping algebras:
wheE=0) ~ U (L, t%)/I(Lyn Ly — (Lo 4+ m) Ly,
tatb . %ifabctc . dabctc . %5@())’ (17>
SUN)o-Wisoo = U(m, dot) /I (Gmn — Jmin, 140 — $if2%1° — d**1° — L5%)(18)
Now we introduce the algebra W2 (1), which is obtained by replacing the coefficients
g9 (m,n) of Su(N)g-Wiieo by g% (m,n, p). Immediately we obtain the following results:
W(;]X = Wg(O), @(N)k"wl-i—oo = W(;]X(_
W = WL(0), Witeo = WL (—

); (19)
)- (20)

N N L

WX (1) without central extension contains so-called wedge subalgebra W2 (1), as sub-
algebra, which consists of generators V!, W5 |m| < i+ 1. We have the following rela-

tion:

W ()0 = USL(2,R) ©u(N)/I(Q — i, 198 — Lif™etc — deee — L5™).  (21)

Setting j,, = ™’ d = iL, and L, = iem™? L then WL and 5u(N)o-Wijoe can be

regarded as the algebras of operators which act on the N-dimensional vector-valued

functions on S*.



3 Geometric Interpretation

The W, algebras with non-zero g values are all isomorphic to each other. Any other
algebra appeared in this report has this property. We can consider the ¢ — 0 limit of
these algebras and the resultant algebras are not isomorphic to the original ones. For
example, one obtains the w,, algebra[l] as the ¢ — 0 limit of the W, algebra. The
Weo algebra is geometrically the algebra of area-preserving diffeomorphisms of 2-surface.
What are the geometric meanings of su(N)g-Wi o and super su(N)g-Wo, 7 After some

redefinitions of generators, we can take the ¢ — 0 limit of the su(N)g-Wiio algebra:

Wi, vl = (m(j+1) —n(i+1)ogd, + Sm(m® — 1)696°8 00, 4,5 > 0,(22)
W wi] = (m( + 1) = n(i + Dywly, >0, j>-1, (23)
[wit wi] = i f P wn L A km 066785, i > 1, (24)
il = 0, j> -1, (25)

ol vd] = metul, j>0, (26)
vl vl = dmdmine, (#1)

where ¢ = Nk = ¢ but the above algebra is closed for arbitrary ¢, k£ and . These

commutators without center can be realized in the following way:

. o 0 , -0
U:n — (Z +m+ I)I'H_myl—’_laiy _ (Z + 1)$l+m+1yl%, (28)
wi,a _ ta$i+m+1yi+1, (29)
vt = ma™ (). (30)

The vector fields v!, are the Hamiltonian vector fields which generate the canonical
transformations (in other words, area-preserving diffeomorphisms) on 2-surface(z,y).
We can regard w’® as the generators of the local gauge transformations of SU(N)
bundle on 2-surface. The geometric meaning of v,! is not clear.

The result of ¢ — 0 limit of the super su(N)g-Wy, algebra (N > 1) is more or less

complex. After some redefinitions of generators we can take ¢ — 0 limit and obtain

[V V2] = cMpin 067 0" (31)



05, 5] = —gmin ", (32)
04, @01 = Gudn, (33)
[wid s gi] = —tisgmin s (34)
(w32 = thaGmin (35)
[wie, wi®] = i fPuwtTI L kmd 85T 6%6 0, (36)
{on0, g5y = 208 gwniy +2(3% — D)0 v, (37)
[0 0] = (m(j+1) —n(i+1)o5, + C;;ém(m2 —1)675%8 1m0, (38)
B, 0] = (m(j+1) —n(i+1)v,i,, (39)
[0, wi] = (m(j+1) = n(i + 1)w,is, (40)
[0, 9% = (m(+3) —nli+1)gmi, (41)
[0, 3] = (m(+3) —n(i+1)gnin, (42)
{go.92°} = Aan ") = [v,, wi®] = 0. (43)

This algebra without center can be realized as follows:

U = (i+m+ 1)xi+my"+1§y -+ 1)$i+m+1yiaa:c’ (44
. . .. DE'+D'E 0 _ 0
i _ i+m+1, i+1 — 9~ 0% — 45
(N z ( 2(%_1) BIE + aga)’ ( )
Wi = gitmrLyitlga(_ga )i + foge i) (46)
m Y bt 5B % pps
gi’o‘ _ :L'Her%yH%(D@a + Ei + zeaeﬁi) (47)
A 00« ' E 008"’
. - . Y 2 NN,
gzﬁa _ mz-‘rm-{-%yz-‘r%(D/QOé + E’i _ fgaeﬁi% (48)

00 E 008
where D, D’ E and E’ are arbitrary real parameters. By rescaling the fermionic co-
ordinates 6% and 6%, two parameters can be absorbed. These generators generate the

volume-preserving diffeomorphisms of the superspace (z,y,6%, 0% a=1,...,N).

4 Anomaly-free Condition

In refs.[5,6] the anomaly-free conditions for W, Wi, and super Wy, are consid-

ered by the BRS formalism and it is shown that their critical central charges are —2,
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0 and —3, respectively. We do not ask here whether there exist the physical string
models which possess the symmetries according to those algebras. However, it is inter-
esting that we can extract the significant results in spite of the appearance of infinite
number of ghost fields, and it is expected that there may be the theories in higher
dimensions which consist of finite number of fields[5,6]. In this section we will compute
the anomaly-free conditions for su(NV)-Wi . and super su(N)-W..

Let us fix our notation. A field A(z) with conformal weight h, is expanded as
A(z) = S A,z7""h4a where sum is taken over n € Z — hs. We consider only the case
2ha € Z and denote the Grassmann parity of A(z) by (—1)4. (Anti-)commutation
relation is defined by [A,,, B,}=A,,B, — (—=1)42B, A,,. Normal ordering (AB)(z) of
the two fields A(z) and B(z) is defined by (AB)(z) = ¢, 2 -1 A(z)B(z) and its mode

2wt x—2

expansion is

(AB)y,= > ABup+ (=D Y B, A, (49)

p<—ha p>—ha
The step function 0(P) takes 1 if the proposition P is true, and 0 if P is false.
At first we review the construction of BRS charge. Let us consider the following Lie

algebra generated by the field J4(z) with conformal weight h4 (€ %N):

[‘Lﬁ? JnB = 7;fABC(’rn’a n, Z)ch + 5AB5m+n,0kA(m)’ (50)
2hs—2
ka(m) = ka J[ (m+j—ha+1), (51)
j=0

where the structure constants f45,(m,n,l)= fA8.(m,n)d,1n, and the central terms
k4(m) satisfy the Jacobi identity. For each J#(z), we introduce the ghost field c4(2)
with conformal weight 1 —h4 and antighost field b*(z) with conformal weight ha. ca(2)
and b(z) are both Grassmann (—1)4*! and their (anti-)commutation relations are
lcam b2} =0 0mimo  ( ca(2)b®(w) ~ O ). (52)
z—w
Setting hapc = ha + hp — he, we can rewrite the structure constants f54,(n, m) as

hapc—1

ifP%nm) = > ifPUn+ he — Unypooroa[—n — m — hely, (53)
k=0



and using these coefficients we define the ghost currents J;}L(z) as follows:

hapc—1

T(2) = >0 ifPea(=1)P (@M repdt bt (2), (54)
k=0

(T = AP m, (1) Pep bl ). (55)

The above equations need a little explanation. Of course the second equation needs
some regularization, and we define the regularization of J;}Lm by the first equation *.
The algebra generated by J;}l(z) is the same one generated by J4(z) except for the

center. The center of ghost currents are

hapc—1hacp—1

k,ilh - Z Z i NBAC,ki ~C’AB7kJ(_1)B+hABC
k=0  k'=0
h —-1- ol —1-F !
><( ABC k+l€) (hACB k +/€) ‘ (56)
(2hy — 1)!
The BRS current J5%5(z) and the BRS charge Qpgrg are given as:
JPM(2) = (eadM)(2) + 5(cadip)(2) + 0(ha € N)k a0 ca(2), (57)
_ dz _prs
Qprs = 4 o (2) (58)
(= carmdip+ 5P mD)(=1)Pca mes bl ). (59)

Here we define again the regularization of the third line by the second line. The coef-
ficients k4, which do not contribute to ()grg, are determined by the requirement that
JPES(2) should be a primary field of conformal weight 1 with respect to the total Vira-
soro generator. The nilpotency of Qprs (Q%rgs = 0) is equivalent to the condition that
the central charge k' *=k, + k%" of the total current JA, ,(2)=J4(2) + J2(2) is equal
to 0. So, to obtain the anomaly-free condition, we have only to compute the center of
the ghost current. The total current can be expressed as [Qprs, b (2) }=JA,.(2).

To avoid the repetition, we present the expressions for the ghost currents corre-
sponding to the super su(N)-W,, algebra. The coefficients N*¥(m,n) (eq.(9) in ref.[4])

can be rewritten as follows 2:

. r+1 W (T 4 1
Nmen) = Y (0T ) o2 = 2y + 2 — K
k=0

IThis regularization may be different from the usual normal ordering : : only by constant in zero
mode, which gives an intercept.

2eq. (60) is needed when we express the (anti-)commutation relations in OPE form[1].



X[x+1+ml wly+1+nle (60)
r+1
= Y NYn+y+1mkl-n—m—(z+y—r+2) (61)
k=0
r+1
= Y N¥m+z+1pp[-n—m—(x+y—r+2)], (62)
k=0

N3 = (=1)TINYE

= (=) (T —II; 1) Qy+2—r2e+2y+4—r|y1k. (63)

We replace the coefficients N*¥(m, n) in the structure constants d* (m, n) (d = ¢,§,a,,b,b)
by N >Y and N,/,wk’y, and denote the resultant coefficients by d% 2, and d .. respectively.
Let us introduce the ghost fields (¢ ba(@8) (& bi), (v>*, f5*), and ( b 3he) cor-
responding to W@ Vi Gt and G respectively. These fields satisfy the following
OPE’s:

, , S 50 58y o 54

i,(a) ,(v6) ~ Gt ~

NN (w) ~ e E @ (W) ~ (64)
) . Si saB ) ' 5id §eB
i, 7,8 ~ <00 JsB8 ~
VR (W) ~ —— () (w) ~ (65)

The ghost currents for the super su(N)-W,, algebra are constructed by the method
mentioned above. The results are

i+j+1r+1

W;}l(aﬁ)(z) _ _ = Z Z qug;]k 8T+1—kcj,(76)akbiﬂ'—n(av))(z)
j> 1 r=—1 k=0
_'_(_1)1"(ar+1fkcj,(ory)8kbi+]’*7¥(’75))(Z))
i+7 r+1 ) o
_|_Z Z quaijk ar+1fk,7j,aakﬂz+]fr,a)<z)
>0 r=—1 k=0
+(—1)r(5”+1_k7j’“5k5i“_r"’)(2))7 (66)

A ity r+1 o
Uae) = =X 2 S q i@ @ )
7>07r>0,even k=0
i+ r+1 ) o
+Z Z quai]k ar—f—l—k;yj,aakﬁz—&—]—r,a)(z)
j>0r=—1k=0
H(=1) (TG BT (2)), (67)
, g o+l g . L
lgﬁz(z) — Z Z Zqra;ilzg(arJrlfkcy,(ﬁa)akBHJfr,ﬁ)(Z)

j>—1r=—1k=0



ol o
2 P q a0 BT (2)
j>0r=—1k=0
i+j+1 r B ) o
DI WA CRE A RERO
>0 =0 k=0
ity 7

=33 N (0T (2), (68)
>0 =0 k=0
+j r4+1

7;,}6:(2) _ Z Z Zq l]z ar—l—l kc] (aB) 8kﬁz+] 7"6)( )
j>—1r=—1k=0
i+j r+1

_|_Z Z Zq ~’JZ ar+1 kcjakB%Fj ra)(z)

>0 r=—1k=0
itj+l oy
_Z Z Zqrb;q{]i(arfkf—yj,ﬁakbﬂrjfr,(aﬂ))(Z)
>0 =0 k=0
it+j T

=3 3D GBI ) (2). (69)

§>07=0 k=0

When we calculate the center, we must regularize the summation with respect to
the field index, since there exist the infinite number of fields. The method of the
regularization is as follows. We take W, i.e. the first term of eq. (67), for illustration.
The center of ghost takes the form -, (rational function in j), where the origin of j
is V7. We divide this rational function into the polynomial and fractional parts. We
expand the polynomial part in j 4 % and decompose the fractional part into the partial
fractions. If the origin of j is the fermionic generator, we expand the polynomial part
in j4 1 3. After the explicit calculation, the expressions to be summed with respect to

j are
141 2 1 1
ir " : . 70
Zp J+ +pr G torts 2~ gl (70)

We regularize these as follows:

h i+1 2r+1 _1
~9

3Actual calculation shows that the polynomial parts have only even power terms with respect to
j+% (or j+1). j+% (or j+1) are chosen in order to respect the symmetry of (b, ¢) system: h <> 1—h

5].
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where ((s, a) is the Hurwitz’s zeta function, and the sum with respect to j in the second

1
2r+3 2r+1

term is equal to — The Hurwitz’s zeta function is defined by

> 1

C(S,(l) = Z (

———— (Res > 1, Z 72
2 iy ay (Res a & Z<) (72)
and analytically continued to the whole complex plane in s (except s = 1). When s

takes a nonpositive integer value, ( is represented by the Bernoulli polynomial:

Coma) =2 g T g, (73)

n=0

The special values which we will use are

1 3 1 1
In the case of W, we have py; = —1, pgop = % fori =0, p1o = —%, p11 =0, p1o = —23—0,
Pro = % for i =1, po3 = —%7 D22 = —%, P21 = %, D20 = —%, Phy = 41458, Phy = 5362010

for i = 2, etc. We have checked ¢9" = 2 for i < 5 (we have also explicitly checked
the results given in the rest of this section for i < 5.). In refs. [5,6], Q%pg is directly
evaluated and ¢" = 2 is checked for i < 16[6].

The contribution from the first term of eq. (66), which is the ghost current of su(N)-
W10, has the same form as eq. (70) 4. But the sum is taken over the region j > —1,
because the origin of j is W7, In the expression corresponding to eq. (71), {(—2r, %)
and 2"

P m appear. Since both of these are 0, we obtain

" = NE9" = 0. (75)

In the case of the super 5u(N)-W,, the ghost central charge ¥ of W1, ., contains
the contribution from the bosonic ghost (the second term of eq. (66)). This contribution

is written in the form of the sum of

1 1
ON x (pi(j +1) , 76
x (Pl +1) +Z Pels Tar v 3 2]—2r+1)) (76)

over j > 0 (the origin of this j is the fermionic generator G7.). We regularize this as

follows: . 5
i r -1
gh 1/
=2N x 3 0, 1 ; - o 1) T
zfermwmc (p C( ) +7§)pzr]z% 2] —2T+1> ( )

40Of course coefficients p,p’ are different and upper bound of r may be different.
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where 2" -1 — L We have, for example, p_; = —% fori = —1, py = _é7

J=0 25—2r+1 T 2rf1
noo_ 1 s _ 1 /o9 /o 157 s :
Poo = 35 for i = 0, p1 = —=5, Pi1 = gi» Plo = ¢ 10r ¢ = 1, etc. and we obtain
h - gh o . . . . . .
Clermionic = Nk} ermionic = IN. Taking into account of the contribution from the fermionic
h h )
ghost ¢p.pnic = NE. .. =0, we obtain
9 = Nk9" = N. (78)

From the Jacobi identity, we have ¢ = 2 and ¢9* = 3. These could be also evaluated
by the explicit calculation: in fact we have can =0,8"=Nx0+ % + N x 0+ %

fermionic

5. The total central charge of the ghost currents for the super su(N)-W,, algebra is
I @ = N 4 2. (79)

In conclusion, the anomaly-free conditions turn out to be ¢ = 0 for su(N)-Wi, 4, and

¢+ ¢ = —N — 2 for super su(N)-W.

5 Representation Theory

In this section we consider the irreducible unitary representations of the su(N)-
Wit algebra which can be realized by free fields. We especially analyze the case of
k = 1, because then the Virasoro generator V°(z) is equal to the sum of the Sugawara
forms of the (1) and su(N); currents[7], so the analysis becomes very easy.

The highest weight state (HWS) of su(N)-Wj,« is the state which vanishes by the
actions of {V/ W& . m > 0} and Wg* of positive roots, and is the eigenstate of Wg*
contained in the Cartan subalgebra and Vj. The HWS is also the eigenstate of s5u(N);.
The HWS’s of su(N); contained in the fermion Fock space of the free field realization
(eqs.(38,39) in ref.[4]) are

Pyt 0) 1=1,2,--- N —1
1) =1 10) | = (80)
O, 0y 1= —1,-2,---, —(N —1).

>The first (second, third, fourth) term is the contribution from the first (second, third, fourth) term
of eq. (68) and the third (fourth, first, second) term of eq. (69) respectively.
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The state |I) is the HWS of the I’-th rank antisymmetric representation, where [’ =
[+ 0(l < 0)N. The state |I) is also the HWS of 5u(N);-Wiis. The eigenvalues of
Wi (1o sum over ) is obtained as follows:

1 1>0, a=1,2---1

0 otherwise.

2i=1((i + 1)1)?

i,(aa) o
Woll) = (20 + )N

The conformal weight of |I) is h; = %W Neglecting the dependence on the eigenvalues

of higher-spin generators, we obtain the character formula:
iy ~

XZ(T; 9079") _ tru)qvoo—%ei90J0+i§.%caT»tan _ e—xf,u(N)l(Q,T), (82)
n(7)
where ¢ = €™ (1) = go [1,>:1(1 —¢"), and Xl' )1(9, 7) is the character formula of
the I’-th rank antisymmetric representation of su(N);. In derivation we have used the
fact that the generators of su(N)-Wi o do not change the U(1) charge.
In the rest of this section we give some comments on the irreducible unitary rep-
resentations of Wi (c = 1) and W (¢ = 2) realized by the free fields. The free field

realization of Wi, with central charge ¢ = 1 is constructed by one fermion(eq.(40) in

ref.[4])[1]. The HWS of U(1) current J(z) contained in the fermion Fock space are
Yo s p_ua|0) 121
1) =14 10) [=0 (83)
1/_}*%1;*%”'1;*7251|0> [ < -1,
where the U(1) charge of |l) is [. These states are well known in Sato theory[8]. The

states |I) are also the HWS of Wi, ., and the eigenvalue of Vj are computed as follows:

(—=1)" 1>0
21 1(z+1) imln(zﬂl Didor z+1+s) i+1
1 [ <O0.

The conformal weight of |I) is hy = 31>, Taking into account of the fact that V;, does not
change the U(1) charge and neglecting the dependence on the eigenvalues of higher-spin

generators, we obtain the following character formula:

Xi(7:0) = trg*o Tz = — (85)
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The free field realization of W, with central charge ¢ = 2 is constructed by one
free boson(eq.(42) in ref.[4])[3]. The Fock space of boson is obtained by the actions
of negative-mode oscillators on the momentum eigenstate |o,a) (pla, @) = ala, @),
pla, @) = ala,a)). The state |a, @) is created from the vacuum state |0,0) by vertex
operator : €' @?t@? . (). The unitarity requires @ = «*. The HWS of the Virasoro
generator V°(z) in the boson Fock space are |, @), (a_1)'[0,0) and (a_;)!|0,0), (I > 1),
and these states are also the HWS of W,,. The eigenvalues of Vi are

201+ 1), 14 (=1)

‘70i|0z,07> = Qi) eTe 5 o, &), (86)
oo @)10.0) 2l i+ ) ) 100)
i (@_1)!0,0) CESI (@_1)!0,0). (87)

For the states |a, @), Bakas and Kiritsis have obtained, by using the Z,, parafermion,

the following character formula[3]:

~0 2 qaa
XOl(T) = tr a,a qVO 24 — .
o 0(r)?

(88)

For 10,0), («_1)!|0,0) and (a@_;)!|0,0), we must subtract the zero norm states. For

example, the character of |0,0) is

Xvac(7—> = q72*24(1 + q2 + 2q3 + 4q4 + 6q5 —+ 11q6 + .. )
-2 n\l—n
< g ]I0—-g)" (89)

n>1

where A < B means that B — A is ¢-series with positive coefficients.

Representation theories given in this section are insufficient. We need further inves-
tigations (higher level, higher center, super, etc.).

Recently, in the context of the two dimensional quantum gravity, the relation be-
tween the Wi, algebra and K P hierarchy has been studied by Fukama, Nakayama
and Kawai (Tokyo preprint UT-572). We expect that our su(N),-Wi, . algebra relate

to multi-component K P hierarchy.
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